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Golub- Kahan-Lanczos based preconditioner for 
least squares problems in overdetermined and 
underdetermined cases 

Liang Zhao a,& * Ting-Zhu Huang a | Liu Zhu b ] Liang-.Jian Deng a § 

a. School of Mathematical Sciences, 

University of Electronic Science and Technology of China, 

Chengdu, Sichuan, 611731, P. R. China 
b. Department of Mathematical Sciences, 

Clemson University, Clemson, South Carolina, 29634, U.S.A. 


Abstract 

We present an effective preconditioner for solving least squares problems 
in full ranked overdetermined and underdetermined cases. The precondi- 
tioner, generated from Golub-Kahan-Lanczos method, can approximately 
replace a few largest singular values by one without altering the rest. This 
property accelerates the convergence, thereby improves the efficiency of 
the algorithm for solving the least squares problems with ill-conditioned 
system matrix which is caused by large singular values. In this paper we 
focus on the overdetermined and the underdetermined cases. 

Key words: Least squares problems; Preconditioner; Lanczos bidiago- 
nalization process; Krylov subspace method; Golub-Kahan-Lanczos method 

AMSC: 65K05; 65F08; 65F10 

1 Introduction 

In this paper, we assume that the least squares problems are in the form as 

min ||6 — ■ Ax|| 2 , (1) 

*E-maik lzhao2@clemson.edu (L. Zhao) 

1 Corresponding author. E-mail: tingzhuhuang@126.com (T.-Z. Huang) 
i E-mail: liuz@clemson.com (L. Zhu) 

^E-mail: liangjianl987112@126.com (L.-J. Deng) 
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where A mxn is a full-ranked coefficient matrix which is large and sparse. 

In the situation that m = n, we can obtain an approximate solution by solving 
the linear system Ax = b and minimize the residual in the sense of 2-norm. 
The minimal norm residual method, based on the iterative Krylov methods, is a 
suitable algorithm to obtain the optimal approximation, and full details can be 
found in [2], We have superscript T denoted the transposition of a matrix, and 
use subscript to indicate the size of matrix. The overdetermined cases 

min || b - Ax || 2 , A £ R mxn , m > n (2) 

and the underdetermined cases 

min || b - Ax || 2 , A £ R mxn , m < n (3) 

are taken into consideration in the following. 

In this paper, we take the preconditioner as a left preconditioner in both 
overdetermined and underdetermined cases. To the overdetermined system (2) 
in least squares problems, we generally translate the corresponding linear system 

Ax = b,A£ R mxn , m > n, (4) 

into a normal equation by premultipling A T on both sides. R is the set of real 
number here and in the following. Similarly, we translate the underdetermined 
system (3) into a normal equation in the same way in the corresponding linear 
system 

Ax = b,A £ R m x n , m < n. (5) 

Thereby we have the normal equation in the following form 

A T Ax = A T b. (6) 

We notice that the coefficient matrix in (6) is symmetric positive definite, 
so the normal equation can be solved by the CG method[16]. Thanks to previ- 
ous researchers, many classic methods, such as CGNE [4] and CGLS[3], can be 
regarded as an extensions of the CG method and solve least squares problems 
efficiently. Similarly, the LSQR method[7] is an effective method for solving the 
least squares problems, so does the LSMR method[15]. 

For the symmetric positive definition (SPD) matrix, we know the convergence 
of iterative Krylov methods depends on the condition number k of the coefficien- 
t matrix, in other word, the spectral distribution, where k(A) = with 

Amax(kl) and A m in (A) denoting the largest and the smallest eigenvalues of A, re- 
spectively. To discuss the spectral distribution of A T A in (6), we give the singular 
value decomposition of the original coefficient matrix A as follow. Notice that all 
the matrixes in this paper are full ranked. 
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We have the singular value decomposition of A in this form 


cr i 


\ 


A — U n 


i DV nxn, D 


V-2 


(J n 


( 7 ) 


where U mxn and V nxn are both unitary matrices, cr, denotes the singular value 
that a i > cr 2 > • • • > cr n . From (7), we have 

A t A = V nxn D'- iv„, (8) 


which can be regarded as the eigenvalue decomposition of the coefficient matrix 
in the normal equation (6). 

If we denote E = diag{af, o\, ■ ■ ■ ,a ;?}, where r = min(m, n), it could be 

easily concluded that the spectral distribution of the coefficient matrix in (6) 

is E. Therefore, the condition numbers of linear systems can be presented as 
2 

k(A t A) = To accelerate the convergence, thereby improve the algorithm, we 
expect the condition number to be as small as possible. Therefore, removing the 
smallest eigenvalue from the spectrum of the coefficient matrix is purpose of the 
preconditioner. Also, we leave the rest unchanged. Such kind of preconditioners 
and relevant applications can be located in [8], [9] and [10]. 

Also, when the property of ill-condition is caused by a few largest eigenval- 
ues, we expect a preconditioner, from the similar point of view, to eliminate the 
largest eigenvalues from the spectrum in order to accelerate the convergence. A 
preconditioner formed by Lanczos bidiagonalization is formulated to change the 
largest singular values to one approximately without altering the others, so that 
the preconditioner change the corresponding eigenvalues in normal equations. In 
the ill-conditioned overdetermined case and the ill-conditioned underdetermined 
case, we utilize the preconditioner to speed up the convergence. To illustrate 
the effects of the preconditioners proposed in this paper, we utilize two meth- 
ods to solve a series of the least squares problems. Of course, we divide every 
experiments into two parts, using preconditioner and not using it. 

In the following sections, the process of Lanczos bidiagonalization will be 
stated in section 2; the preconditioners for solving overdetermined and underde- 
termined least squares problems (2) (3) will be defined in section 3; numerical 
examples are demonstrated in section 4; conclusions are presented in section 5 
finally. 
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2 The process of Lanczos bidiagonalization 


2.1 Standard Lanczos bidiagonalization 


Lanczos biorthogonalization, which can be located in [6] [4], is an important 
process in methods like LSQR[7], BiCG[ll] and BiCGSTAB[12], A variation of 
Lanczos biorthogonalization. formed as 


AV n — U n+ iB, B 


{ °t\ \ 

P 2 OL 2 

Pn Ot-n 

\ Pn+ 1 J 


(9) 


is denoted as Golub-Kahan- Lanczos method [5] , where V n and U n+ \ are both 
unitary matrices and we assume A is a matrix of size n x n. One characteristic of 
decomposition (9) is that the lower bidiagonal matrix B shares the same singu- 
lar values as A’s. Furthermore, we have analyzed and concluded in the previous 
section that the singular values distribution of A directly reflects the spectral 
distribution of A T A in problems (6). Hence we expect a preconditioner based on 
Lanczos bidiagonalization to optimize spectral distributions of system matrices in 
least squares problems. Some similar preconditioner based on the Golub-Kahan- 
Lanczos bidiagonalization for square coefficient matrixes has been proposed and 
applied. For example, inreference [13], the author optimized the spectral distri- 
bution of a ill-posed coefficient matrix by a Lanczos-based preconditioner. 

However, limited by the dimension of the coefficient matrix in overdetermined 
and underdetermined cases, the algorithm will break down when maximal number 
of iteration is greater than both row dimension and column dimension. There- 
fore, in order to be applied to overdetermined and underdetermined cases, the 
standard form of Golub-Kahan-Lanczos method requires modification. To extend 
applications of the Lanczos-based preconditioner, we define variants of the pre- 
conditioner which can be utilized in overdetermined cases and underdetermined 
cases, thereby it is available for least squares problems. At first, we give the 
standard algorithm for Golub-Kahan-Lanczos method as stated in [5]. 


Algorithm 1 Standard Golub-Kahan-Lanczos bidiagonalization 


Pi = II&II 2 , u 1 = Vo = 0 

for i = 1, 2, ..., n 

p k = A T u k - PkVk-i 
= \\Pkh 


Vk =^ 


q k = Av k - aku k 

Pk + 1 = \\qkh 

Hi i — fffc 

Uk+1 Pk + 1 
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The a! s and fi's generated in the above algorithm are equal to the ones in 
(9), also rows of V and U in (9) are obtained through Algorithm 1 as Vk and Uk 
respectively. Therefore, we could establish the Lanczos bidiagonalization form by 
a series of iterations performed according to Algorithm 1, when the coefficient 
matrix A is of size n x n. 

To define the Lanczos-based preconditioners in overdetermined cases and un- 
derdetermined cases, we have to modify algorithm 1, the standard Lanczos bidi- 
agonalization process, in order to accommodate the situations that the coefficient 
matrices are m-by-n and m n. 


2.2 Modified Lanczos bidiagonalization 


The main distinction between the overdetermined, or under determined, deter- 
mined and square cases is the dimension of the coefficient matrix A. As stated 
before, the matrix B , generated by Lanczos bidiagonalization, and A in (9) share 
the same singular value distribution. We limit the steps of Lanczos bidiagonal- 
izaion process under the minimal number between m and n where A is m-by-n. 
We utilize iterative Krylov subspace methods to solve the linear systems (6), with 
symmetric positive definite coefficient matrices. Therefore we conclude easily that 
the rank of B can not exceed the minimum of m and n. Then, a restrictive con- 
dition should be added to the corresponding Lanczos bidiagonalization process 
to terminate it in appropriate number of steps. 

Different from (9), We set a termination rule that the maximal iteration in 
Golub-Kahan-Lanczos bidiagonalization is less or equal to the minimum between 
the row dimension and the column dimension toensure that the algorithm will 
terminate in appropriate number of steps. Following this rule, we have the bidi- 
agonalization decomposition of A in overdetermined situation as 


( a± 

@2 «2 


\ 


AV n xn Umx(n+l)B n i B n | • . | ■ ( 10 ) 

fin CL 

\ fin+1 ) 

and the bidiagonalization decomposition of A in underdetermined situation as 

(on \ 

fi2 G 2 

AV n xm bJ nl x(m+l) B rn , B m ' . ' . • (11) 

fim Cl !n 

\ fim+1 J 

Considering the computational cost of the Lanczos bidiagonalization process, 
we try to avoid bidiagonalizing A completely. The preconditioner, mentioned in 
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the previous section and defined in the next section, is structured for the purpose 
of changing the largest singular values to one, in order to optimize the condition 
numbers of normal equation (6). Hence, we stop the Lanczos dibiagonalization 
process when the current smallest singular value a k , generated in the fctli step of 
Lanczos dibiagonalization process, is much smaller than the largest one 0 \. We set 
a scalar number 5 to be the threshold of termination, i.e, terminates when a k < 
dai- If the bidiagonalization process stops at the kth step, the bidiagonalization 
composition is of the form below 


AV n xk b^mx(fc+l)-®fc> 


\ @2 OC 2 


I fik j 

\ Pk+1 ) 


( 12 ) 


M Rezghi set the scalar number 5 as the square root of machine precision 
in [13] while applying it in ill-conditioned systems derived from blurring images. 
Since 5 is a scalar to judge whether we should terminate the Lanczos bidiago- 
nalization process and the Lanczos bidiagonalization process aims to remove the 
largest singular values, the choice of 5 has different effects in different numerical 
examples. We will present the influence caused the change of 5 under differen- 
t numerical examples and iterative methods in the section of experiments. In 
general ill-conditioned systems, we need not to set 6 so small and some cases 
will be presented in the 4th section. Here we add the above two restrictive con- 
ditions to standard Lanczos bidiagonalization, then we have modified Lanczos 
bidiagonalization as following. 


Algorithm 2 Modified Lanczos bidiagonalization 

1. ft = ||&|| 2 , Mi = -jfr, v 0 = 0, r = min{m, n}, 5 

2. for i = 1,2, ..., r 

3. p k = A T u k - p k v k - 1 

4. a k = ||p fc || 2 

5. v k = — 

6. q k = Av k - aku k 

7 - Pk+i = hkh 

8 - Uk + 1 = 

9. get singular values of B: ay, cr 2 , • • • , ay 

10. if a i < S&i, break down. 

11. end 


In this section, we introduced the standard Lanczos bidiagonalization process 
in Algorithm 1, and defined the modified Lanczos bidiagonalization process in 
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Algorithm 2, which is adapted to the overdetermined and the underdetermined 
situations. A preconditioner based on modified Lanczos bidiagonalization process 
will be introduced and defined in the next section. 


3 Lanczos-based preconditioner for least squares 
problems 

To solve the least squares problems formed as (2) and (3), we solve the cor- 
responding linear systems (4) and (5) instead by translating them into normal 
equations (6) respectively. If we have the singular value decompositions of A 
which are structured as (7), and the singular value distributions are scattered 
and wide, that is the largest singular value is much greater than the smallest 
one, thereby the condition number of the normal equation (6) will be terribly 
greater according to analysis of (8). For the purpose of speeding up the conver- 
gence, we expect to optimize, or reduce, the condition number of A T A. Since the 

2 

condition number of normal equations (6) could be presented as n(A T A) = 
where <j\ and a r denote the largest and the smallest singular value of A, enlarge- 
ment or elimination of the smallest singular values, and decrease or elimination 
of the largest singular values are both effective methods to reduce the condition 
number. Deflation-based preconditioners, like the deflation preconditioner and 
the balancing preconditioner [8, 9, 10], have such characteristics and properties to 
eliminate smallest eigenvalues of system matrix. We do not pay much attention 
to the preconditioners based on deflation, but the preconditioners functioned for 
decreasing, or eliminating, the largest ones are what we concern. In the follow- 
ing, all the preconditioners based on Lanczos bidiagonalization are defined for 
the overdetermined cases (2) and the underdetermined cases (3). 

First we shall discuss the situation of the underdetermined case. In linear sys- 
tem (5), the coefficient matrix A has the singular value decomposition illustrated 
as (7). We assume a diagonal matrix 

D k = diag{<Jh <r 2 , • • • ,a fc }, 

where a,; with 7 = 1,2,--- , k, denotes the first k largest singular values of A. The 
Lanczos bidiagonalization process for underdetermined cases within k steps have 
been proposed as (12). 

On the premise that B , which is structured by Lanczos bidiagonalization, 
shares the same singular values with A, we have the following conclusion that: 
the B rn derived from (11) has singular value decomposition form as 

Bm = U( m+ l)x(m+l) f Q ) Knxm> 
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where D in the above equation is equal to the one in (7), with U m+ \ and V mxm 
both unitary matrices. Similarly, the Bk derived from (12) has singular value 
decomposition form as 

Bk = Ok ( D * ) Vf, (13) 

where Dk has been defined at the beginning in this section, with Uk and 14 both 
unitary matrices. 

When we consider the underdetermined case (11), some deductions are stated 
as follow. We use singular value decomposition of B replacing the one in (11) 
and we have 


AV n 


= U n 


mx(m+l)^(ra+l)x(m+l) 


D 

0 


V T 

mxm 


(m+l)xra 


The dimension of matrices are denoted as subscripts in previous sections, and 
now the subscripts will be omitted for simplification. Then we postmultiply V 
on both sides and we have 


avv=uu^ y 


Here we set V = VV = {v\,v 2 , ■ ■ ■ , v m } and U = UU = {ui,u 2 , ■ ■ ■ ,u m+ 1 }. 
As for equation 

= 0 )■ 

we regard it as a singular value decomposition of A, similar to (7), approximately. 
If we set U m = {ui,u 2 , ■ ■ ■ , u rn }, the first m columns of UU, we assume that 


U m = U 

V = V 


where U and V are obtained from (7). 

Now we focus on the formulation (8). If a matrix is structured as 

P = VD~ 2 V T , 

then combining with the previous assumption(H = V), it gives that 

PA T A = VD~ 2 V T VD 2 V T 
= VIV T 
= 1. 

It seems that we could have obtained solution directly through the application 
of such a preconditioner P . In view of computation, however, it is inadvisable for 
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the following reasons: 1. the preconditioner P is based on a complete Lanczos 
bidiagonalization, so this process has expensive computational cost even no less 
than direct methods.; 2. the V is approximately equal to V in practical imple- 
ment, but we give the above deduction just in theory, without the consideration of 
computational errors. Although we can not utilize the preconditioner P in prac- 
tical computation, a variant of P based on incomplete Lanczos bidiagonalization 
is defined as follow to solve underdetermined least squares problems. 

Here we construct a preconditioner P which is similar with the one mentioned 
above with merely replacing B m ( from (11)) by B k { from (12)). After simple de- 
duction, we have 


P = V 


Df 0 




) 


where D k is from (13). We set V*, = VV k is the first k columns of V, where 14 is 
obviously the first k columns of V. Hence we set V = [14 ,V m - k }. Based on the 
definition of V, we have 

I = VV T = v k v k T + v m _ k v?_ k . 


Analyzing the above information, it gives that 

p = v k D- 2 v k T + v rn - k yZ- k 

= VV k D k 2 V k V T + (7 mxm - V k V?) 
= V(B T k B k )~ l V T +(I mxm -VV T ). 


where V and B k can both be obtained through Algorithm 2. If we utilize P as a 
left preconditioner in normal equation (6) for underdetermined cases (5), we have 

PATA = * ( 0 dL ) ^ 

where D m _ k = diag{a k+ i, <J k + 2 , • ■ ■ , cr TO } with of s denoting the m — k smallest 
singular values. 

According to the statement above, we can conclude that the Laczos-based 
preconditioner has the property to change k largest singular values of coefficient 
matrix A, or k largest eigenvalues of the system matrix in normal equation (6) 
in other word, to one without touching the others. The preconditioner is able to 
optimize the condition number of normal equation (6) when the ill condition is 
caused by these large singular values. Since k <C m, the computational cost is 
greatly reduced, so is the computational error. The conclusion, furthermore, is 
under the premise that the linear system corresponding to least squares problems 
is under determined, so that 

Punder = V (B k B k )~ 1 V T + (I nxn - VV T ) (14) 
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could be used as a left-preconditioner in underdetermined least squares problems. 
Next we consider the overdetermined cases. 

In the overdetermined cases, we construct a Lanczos-based preconditioner 
that follows the same strategy as stated in the previous subsection. To solve the 
overdetermined system (4), we solve the normal equation (6) instead to obtain 
approximate solution. Considering the decomposition form (8) of A T A, we expect 
to construct a preconditioner, similar to the underdetermined cases, presented as 


P = V 



0 

In— k 


V T . 


Through an analogical deduction to underdetermined cases, a preconditioner 
formed as 

Paver = V(BlB k )~ r V T + (J nxn - VV T ) (15) 

can be used as a left-preconditioner in overdetermined least squares problems. 
B k and V nxk can be obtained from Algorithm 2. Furthermore it is not computa- 
tionally costly because of k <C n. 

From the above discussion, we can see that the forms of the Lanczos-based 
preconditioners in over- and under- determined cases are the same, although we 
deduced them in separate ways. Also, such a preconditioner for the linear system 
with a square coeffcient matrix has the same form. Therefore, we can conclude 
that we deduce the preconditioners, proposed in this paper, from the point of 
overdetermined and underdetermined cases and ultimately get a result similar 
to the one in square problems, which has been proposed in [13]. Of course, the 
result of this paper can also be regarded as the expansion of the application of 
the Lanczos-based preconditioner into the overdetermined and underdetermined 
least squares problems. Now we unify the preconditioner as follow 


P = V{B T k B k )~ l V T + (/ - VV T ), (16) 


which can be used as a left preconditioner in ordinary linear systems, overdeter- 
mined least squares problems and underdetermined least squares problems. The 
relevant numerical experiments are presented in the following section, from which 
we can see the effects of Lanczos-based preconditioners. 


4 Numerical experiments 

In this section, we will take a series of numerical examples to present the effect 
of the Lanczos-based preconditioner in the least squares problems. At first, we 
introduce two iterative methods as the basic algorithm for solving these under- 
determined and overdetermined problems. Here, we choose an old and classic 
method as the first one for solving the least squares problems. It is the CGLS 
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method[3]. In this method, we first transform the least squares problems into 
symmetric positive definite(SPD) problems by the normal equations then solve it 
by the CG method[16]. Integrating the above ideas, we have the CGLS method. 
Now we present the preconditioned CGLS method algorithm 3, where we just 
consider the situation of left precondition. 


Algorithm 3 Preconditioned CGLS method 


1. 

select xq as the initial guess, ro — b — 

■ Ax o 

and P as the preconditioner 

2. 

initialization: we set r 0 = A T r 0 , r 0 = 

Pro , 

fo = zo 

2. 

for i — 0,1, 2, ... 



3. 

9i = Afc 



4. 

<*i = (fi,fi)/\\gi\\l 



5. 

%i+l &ifi 



6. 

^t+1 ^ i ^ i9i 



8. 

r i+ 1 = A T r i+ 1 



9. 

h + 1 = Ph + 1 



10 

• A = (a+i, fi+i)/(ri,fi) 



11 

fi + 1 — ? 1+1 + Pifi 



12 

. endfor 




The second method to solve the least squares problems is the BAGMRES 
method[14], a variant of the GMRES methodfl]. In this method, the least squares 
problems will be post- multiplied by a matrix R, an arbitrary nonsingular matrix. 
Now we give the BAGMRES method as Algorithm^ 
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Ex. 

Group and name 

id 

#rows 

#cols 

Nonzeros 

Problem kind 

1 

JGD_Forest/TF10 

1944 

99 

107 

622 

Combinatorial 

2 

JGDTorest/TFll 

1945 

216 

236 

1607 

Combinatorial 

3 

HB/wm3 

277 

207 

260 

2948 

Economic 

4 

Pa j ek/ S andi _sandi 

1520 

314 

360 

613 

Bipartite graph 

5 

Meszaros / refine 

1759 

29 

62 

153 

Linear programming 

6 

J GD _margulies / flower _4_1 

2155 

121 

129 

386 

Combinatorial 


Table 1: The structures of six test underdetermined problems 


Algorithm 4 BA-GMRES with k restart 

1. select xq as the initial guess, ro = B(b — Ax o) and iq = '^o / 1 1 '^o 1 1 2 

2. for i = 1,2 , m 

3. c Oi = BAvi 

4. for j — 1, 2, ..i,i 

5. h jti — (uii, vj) 

6. uji uji hj : iUj 

7. endfor 

8 . hi+i t i 1 1 1 1 2 

9- C+l ^i/ hi+l,i 

10. Compute y m to minimize 1 1 r ^ 1 1 2 = || ||ro|| 2 ei - || 2 

11. if 1 1 1 1 2 < t 

12. Xi = x 0 + [vi,...,Vi\yi 

13. stop 

14. endif 

15. endfor 

16. set Xq = Xk and return to line 2 until convergence 


In the following numerical experiments, the examples all come from practical 
applications from [17]. 

All the required information about the underdetermined and overdetermined 
cases is contained in Table 1 and Table 2 respectively. They both consist of group, 
number of rows, columns and nonzero elements and the type of problem of each 
example. 

In the next two subsections, we solve the above 12 problems by the PCGLS 
method and the BAGMRES method combined with the Lanczos-based precon- 
ditioners. Then we change the scalar 5, involving the termination rule of the 
modified Lanczos bidiagonalization, and show its influence on the iterative pro- 
cess. Because the preconditioner is designed to modify the singular values, the 
distributions of singular values under different scalar <5’s will be presented as well. 
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Ex. 

Group and name 

id 

Throws 

#cols 

Nonzeros 

Problem kind 

7 

HB/abb313 

5 

313 

176 

1557 

Least squares 

8 

JGD margulies/cat ears 3 1 

2151 

204 

181 

542 

Combinatorial 

9 

JGD margulies/cat ears 4 1 

2153 

377 

313 

938 

Combinatorial 

10 

JGD _margulics/flower _5 _1 

2157 

211 

201 

602 

Combinatorial 

11 

JGD _margulies / flower _7_1 

2159 

463 

393 

1178 

Combinatorial 

12 

Pajek/Cities 

1457 

55 

46 

1342 

Weighted bipartite graph 


Table 2: The structures of six test overdetermined problems 

4.1 The acceleration of iterative processes 

To discuss the acceleration of iterative processes, we refer to the PCGLS method 
and the BAGMRES method in [14, 4], For the BAGMRES method, we have the 
following relation between the initial residual and the one from the A;th iteration 
in underdetermined cases, 

\\Br k \\ 2 = \\CA T r k \\ < 2(^^) k \\Br 0 \\ 2 , (17) 

cr 1 + a m 

where C is a nonsingular matrix, k(C) is the condition number of matrix C and 
cr’s denote the singular values of BA. And we have the relation between r 0 and 
r k as 

j|5r fc || 2 = \\CA T r k \\ < 2^G)(^^) fc || J Br 0 || 2 , (18) 

ai+cr n 

where C is a nonsingular matrix, k(C) is the condition number of matrix C and 
tr’s denote the singular values of BA. More information of the above conclusion 
can be found in [14]. Now we give the convergence analysis of the PCGLS method, 
that is 

IMU < 2(^^)*||e„|U, (19) 

where r = min(m, n) and cr’s denoting the singular values of PA T A. 

Based on equation (17), (18) and (19), it is obvious that we can accelerate the 
convergence if the gap between the largest singular value of normal equations and 
the smallest one is narrowed. In this paper, the Lanczos-based preconditioner is 
just for resetting the largest singular values to one, which can be regarded as 
shrink of the singular value distribution. Now, the effect of the Lanczos-based 
preconditioner in underdetermined cases is shown from Figure 1 to Figure 6. 

In the numerical experiments, we set the tolerance tol = 10 -12 , the maximal 
number of iteration max{t = 1000 and the restarted number in the BAGMRES 
method restart = 600. Furthermore, the scalar 5 upon which to terminates the 
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Figure 1: Relative resid- 
uals vs iterations in 

TF10 


Figure 2: Relative resid- 
uals vs iterations in 

TF11 


Figure 3: Relative resid- 
uals vs iterations in 
wm3 




Figure 4: Relative resid- 
uals vs iterations in 

Sandi_sandi 


Figure 5: Relative resid- 
uals vs iterations in 

refine 


Figure 6: Relative resid- 
uals vs iterations in 

f lower_4_l 
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Figure 7: Relative resid- Figure 8: Relative resid- Figure 9: Relative resid- 


uals vs iterations in uals vs iterations in uals vs iterations in 

abb313 itercat_ears_4_l itercat_ears_3_l 



Figure 10: Relative Figure 11: Relative Figure 12: Relative 

residuals vs iterations in residuals vs iterations in residuals vs iterations in 

iterf lower_5_l iterf lower_7_l itercities 

Lanczos bidiagonalization process is 0.05 in the test. We set B = PA 1 in the pre- 
conditioned BAGMRES method and B = A T in the nonpreconditioned BAGM- 
RES method. From Figure 1 to Figure 6, we can see that both the BAGMRES 
method and the PCGLS method are accelerated by the Lanczos-based precon- 
ditioner as we expected. Next we show the iterative process while solving the 
overdetermined problems. 

Figure 7 to Figure 12 present the results of experiments with the tolerance 
tol = 1(T 12 , the maximal number of iteration maxJt = 1000 and the restarted 
number in the BAGMRES method restart = 600. The scalar 5 upon which to 
terminate the Lanczos bidiagonalization process is 0.05 in the test. Similarly, 
we set B = PA T in the preconditioned BAGMRES method and B = A T in the 
nonpreconditioned BAGMRES method. In Figure 7 to Figure 12, it is obvious 
that Lanczos-based preconditioners also accelerate the iterative processes in these 
overdetermined problems, so we think the proconditioner proposed in this paper 
is helpful to optimize the structure of coefficient matrix thereby accelerate the 
convergence. Moreover, all the numerical examples here are derived from practical 
applications. We believe, therefore, the Lanczos preconditioner has the result as 
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Figure 13: The distribu- Figure 14: The iterative Figure 15: The itera- 
tion of singular values in process of BAGMRE in five process of PCGLS 

TF10 TF10 in TF10 



Figure 16: The distribu- Figure 17: The iterative Figure 18: The itera- 
tion of singular values in process of BAGMRE in five process of PCGLS 

TF11 TF11 in TF11 

we expected. 

4.2 The influence of the scalar 5 

Referring to the illustration above, we have known that the scalar 6 is used as 
a termination rule during the implementation of the Lanczos bidiagonalization 
process. By the definition of scalar <5, the smaller the 6 is, the more large singular 
values will be replaced by one. It means that we can narrow the distribution 
of singular values. In the following experiments, we set the scalar <5 to three 
different values and take TF10 and TF11 as the underdetermined examples. We 
test the distributions of the coefficient matrix of corresponding normal equations, 
the iterative process of the BAGMRES method and the PCGLS method. The 
results of TF10 and TF11 with varying scalar 5 are presented in Figurel3-15 and 
Figure 16-18 respectively. 

As for the overdetermined cases, we take abb313 as the first numerical exam- 
ples. The singular values distribution and iterative processes of this example are 
illustrated by Figure 19-21. 
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Figure 19: The distribu- Figure 20: The iterative Figure 21: The itera- 
tion of singular values in process of BAGMRE in five process of PCGLS 

abb313 abb313 in abb313 



Figure 22: The distribu- Figure 23: The iterative Figure 24: The itera- 
tion of singular values in process of BAGMRE in five process of PCGLS 

cat_ears_4_l cat_ears_4_l in cat_ears_4_l 

Similarly, the singular value distribution and iterative process regarding to 
different 5 of the example cat_ears_4_l are presented in Figure 22-24. 

In the above twelve figures, we classify the 6 into three classes: the large delta, 
the middle delta and the small delta. The different 6 stand for different precondi- 
tioners, upon which we denote the corresponding singular value distribution and 
iterative process by colorful points and lines. Theoretically, the small delta is 
able to reset most largest singular values while the large delta reset least largest 
singular values. Furthermore, required data of the experiments is presented in 
Table 3 and Table 4, in which k stands for the step of the Lanczos bidiagonaliza- 
tion process, iter bagm res and iter pcgls represent the number of iterations of 
the BAGMRES method and the PCGLS method, respectively. 

From Figure 13, Figure 16, Figure 19 and Figure 22, we can observe that the 
preconditioner with smaller 5 indeed narrows the singular value distribution bet- 
ter than the ones led by larger 5 . However, we fail to replace the largest singular 
values by one, although the improvement has brought us better convergence that 
is shown in Figure 14-15, Figure 17-18, Figure 20-21 and Figure 23-24. Through 
Table 3 and Table 4, we can also find that the number of iterations decreases 
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Example 

TF10 



k 

iter BAGMRES 

iterpccLS 

Nonprec 


99 

333 

On 

O 

bo 

2 

99 

340 

5 = 0.3 

6 

97 

314 

5 = 0.05 

22 

83 

250 

Example 

TF11 




k 

iter BAGMRES 

iter pcgls 

Nonprec 


216 

1000 

On 

O 

bo 

2 

216 

995 

5 = 0.3 

5 

216 

972 

5 = 0.05 

24 

200 

872 


Table 3: The information along with the change of scalar 6 in underdetermined 
cases TF10 and TF11 


Example 

abb313 



k 

iter BAGMRES 

iter pcgls 

Nonprec 


101 

165 

On 

O 

bo 

2 

101 

159 

5 = 0.3 

5 

98 

152 

5 = 0.05 

24 

80 

112 

Example 

cat_ears_4_l 




k 

iter BAGMRES 

iter pcgls 

Nonprec 


125 

136 

On 

O 

bo 

2 

124 

135 

5 = 0.3 

5 

121 

130 

5 = 0.05 

40 

86 

90 


Table 4: The information along with the change of scalar 5 in underdetermined 
cases abb313 and cat_ears_4_l 

obviously while the 6 decreasing. In small-scale problem, the Lanczos-based pre- 
conditioner can reset the largest singular values closer to one than in large-scale 
problems, which is easy to testify by a simple numerical deduction. We suppose 
that the reason why the preconditioner fails to reset the largest singular values to 
one, just decreasing them instead, is the accumulation of calculation errors and 
the assumption 

U nl = U 
V = V. 

From another experiment, the matrix B constructed in Lanczos bidiagonalization 
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process has approximately equal singular values with coefficient matrix A. Merely 
focusing on the numerical value, the gap between the singular values of B and A 
may be underestimated and even ignored. Nevertheless, the gap will be enlarged 
when we assume the above equalities without considering the calculation errors. 
In the above experiments, we can also notice that the different 6 influence the 
iterative process distinctly in different method so the perturbation analysis of 
the Lanczos-based preconditioner may give us a theoretical explanation of the 
difference between the theory and the numerical experiment. This supposition is 
remained to be testified in the future work. 


5 Conclusions 

To the overdetermined and the underdetermined least squares problems, we 
choose the BA-GMRES method and the PCGLS method to solve them respec- 
tively. Variants of the Lanczos bidiagonalization process are defined in the sit- 
uation that coefficient matrices are not square, and the algorithm of modified 
Lanczos bidiagonalization is illustrated as conclusion. When we suffer from the 
ill-conditioned system matrices, the preconditioners based on modified Lanczos 
bidiagonalization, P structured for the overdetermined cases and the underdeter- 
mined cases respectively, are imposed on iterative Krylov subspace methods to 
accelerate convergence. Finally we prove our statements with numerical experi- 
ments and conclude that the preconditioner defined in this paper is effective to 
solve least squares problems in overdetermined and underdetermined cases. 

Acknowledgements. This research is supported by NSFC (61370147, 61170309), 
973 Program (2013CB329404). 
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Abstract 

In this paper, the exact closed-form solutions of the Prandtl’s boundary layer 
equation for radial flow models with uniform or vanishing mainstream velocity 
are derived by using the (G'/G)— expansion method. Many new exact solu- 
tions are found for the boundary layer equation, which are expressed by the 
hyperbolic, trigonometric and rational functions. The solutions are valid for 
all values of the parameter /?. It is shown that the (G'/G )— expansion method 
is effective and can be used for many other nonlinear differential equations of 
mathematical physics. 

Keywords : (G'/G )— Expansion method; Prandtl’s boundary layer equation; Exact 
solutions 
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1 Introduction 


Many real world problems in nonlinear science associated with mechanical, struc- 
tural, aeronautical, ocean, electrical, and control systems can be summarized as 
solving nonlinear differential equations which arise from mathematically modelling 
such problems. Therefore, the study of nonlinear differential equations has been 
an active area of research for the past few years. Investigating integrability and 
finding exact solutions to such nonlinear differential equations have extensive ap- 
plications in many scientific fields such as hydrodynamics, fluid dynamics, general 
relativity, condensed matter physics, solid-state physics, nonlinear optics, neurody- 
namics, fibre-optic communication and so on. These exact solutions, if reported are 
helpful for the numerical analyst to verify the complex numerical codes and are also 
useful in stability analysis for solving special nonlinear models. 

In recent years, much attention has been devoted to the development of several 
powerful and useful methods for finding exact and approximate solutions of non- 
linear differential equations. These research methods for solving nonlinear differen- 
tial equations include the bilinear method and multilinear method [1], classical Lie 
symmetry method [2], nonclassical Lie group approach [3], Clarkson-Kruskal’s di- 
rect method [4] , deformation mapping method [5] , homogenous balance method [6] , 
Weierstrass elliptic function expansion method [7], F-expansion method [8], trans- 
formed rational function method [9], auxiliary equation method [10], sine-cosine 
method [11], tanh-function method [12], Baeklund transformation method [13], sim- 
plest equation method [14, 15], exponential function rational expansion method [16] 
and so forth. 

Prandtl [17] initiated the concept of a boundary layer in large Reynolds number 
flows in 1904 and he also showed how the Navier-Stokes equation could be sim- 
plified to yield approximate solutions. Prandtl introduced boundary layer theory 
to understand the flow behavior of a viscous Newtonian fluid near a solid bound- 
ary. Prandtl’s boundary layer equations arise in various physical models of fluid 
mechanics. The equations of the boundary layer theory have been the subject of 
considerable interest, since they represent an important simplification of the original 
Navier-Stokes equations. These equations arise in the study of steady flows produced 
by wall jets, free jets and liquid jets, the flow past a stretching plate/surface, flow 
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induced due to a shrinking sheet and so on. These boundary layer equations are 
usually solved subject to specific boundary conditions depending upon the physical 
model investigation. Blasius [18] solved the Prandtl’s boundary layer equations for 
a flat moving plate problem and found a power series solution of the model. Falkner 
and Skan [19] generalized the Blasius problem by considering the boundary layer 
flow over an wedge inclined at certain angle. Sakiadis [20] studied the boundary 
layer flow over a continuously moving rigid surface with a constant speed. Crane 
[21] was the first one who investigated the boundary layer flow due to a stretching 
surface and developed the exact solutions of boundary layer equations. Gupta and 
Gupta [22] extended the Crane’s work and for the first time introduced the concept 
of heat transfer with the stretching sheet boundary layer flow. Schlichting [23] was 
the first to apply the boundary layer theory to the steady flow produced by a free 
two-dimensional jet emerging into a fluid at rest and solved the resulting ordinary 
differential equation numerically. Later, Bickley [24] solved the differential equation 
analytically. The concept of the boundary layer to laminar jets is discussed fully in 
standard texts on boundary layer theory such as by Schlichting [25] and Rosenhead 
[26]. More recently, the similarity solution of axisymmetric non-Newtonian wall jet 
with swirl effects was obtained by Kolar [27]. Naz et al. [28] and Mason [29] stud- 
ied the general boundary layer equations for two-dimensional and radial flows by 
using the classical Lie group approach and recently Naz et al. [30] provided the 
similarity solutions of the Prandtl’s boundary layer equations by implementing the 
non-classical symmetry method. 

The {G'/G) —expansion method is a powerful mathematical tool for finding exact so- 
lutions of certain nonlinear ordinary differential equations. The {G'/G )— expansion 
method was introduced by Wang in [31] for constructing the exact solutions of some 
nonlinear evolution equations. To express the applicability and effectiveness of the 
{G'/G) —expansion method, further research has been accomplished by a diverse 
group of researchers (see, for example, papers [32 — 34] ). The importance of our 
present work is to find some new class of exact closed-form solutions of Prandtl’s 
boundary layer equation for radial flow models with constant or uniform main stream 
velocity by employing the {G’/G)— expansion method. 
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2 Mathematical model 


The Prandtl’s boundary layer equation, for the stream function (f>(r,9), for radial 
flow with uniform or vanishing mainstream velocity is [26] 

1 <90 d 2 (j) 1 /<90\ 2 1 d<pd 2 (j) <9 3 0 

r d0 dr DO r 2 \d0 ) r dr d0 2 dO 3 


where (r, 0) denote the cylindrical polar coordinates and v is the kinematic viscosity. 
The velocity components u(r, 6) and v(r, 0), in the r and 9 directions, are related to 
stream function 0(r, 0) as 


u(r,9) = 

r dO 


( 1 d( f> 

v{r , 0) = — — . 

r dr 


( 2 ) 


By the use of Lie group theoretic method of infinitesimal transformations [2], the 
general form of similarity solution for equation (1) is 


■AM) = P-V/(0, z = L. (3) 

where (3 is the constant determined from further conditions and £ = 9/r @ is the 
similarity variable. By the substitution of Eq. (3) into Eq. (1), we obtain the 
third-order nonlinear ordinary differential equation in iL(£), viz., 


d 3 H , d 2 H 

V^r + ( 2 -( 3 )H- 


d{ 3 


de 


*»-<)-■ 


( 4 ) 


Equation (4) is the general form of Prandtl’s boundary layer equation for radial flow 
of a viscous incompressible fluid. The boundary layer equation is usually solved sub- 
ject to certain boundary conditions depending upon the particular physical model 
under investigation. Here, we find the exact closed-form solutions of Eq. (4) using 
the (G'/G)— expansion method. The paper is organised as follows. In Section 3, we 
provide a brief summary of the (G'/G)— expansion method. In Sections 4, we apply 
this method to solve nonlinear Prandtl’s boundary layer equation for radial flow. 
Finally, some concluding remarks are presented in Section 5. 
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3 A description of the (G'/G) — expansion method 


In this section, we present a brief summary of the {G'/G )— expansion method for 
solving nonlinear ordinary differential equations. The essence of the {G'/G )— expansion 
method is given in the following steps: 


Step 1 : We consider a general form of a nonlinear ordinary differential equation 


P 


’ dU d 2 U d 3 U 
dz ’ dz 2 ’ dz 3 ’ 


= 0, 


( 5 ) 


where U is an unknown function of z and P is a polynomial in U and its various 
derivatives. 


Step 2: According to the {G'/G )— expansion method, one assumes that the solution 
of ODE (5) can be written as a polynomial in {G'/G) as follows: 

M 


U(z) = £ ft 


i=0 


(G_ 

\G 


( 6 ) 


where G = G{z) satisfies the second-order linear ODE with constant coefficients, 
namely 


d 2 G G G „ n 

!^ + x ii + ~ 0> (7) 

with /3i {i = 0, 1, 2, ..., M), A and /i being constants to be determined. The inte- 
ger M is found by considering the homogenous balance between the highest order 
derivatives and nonlinear terms appearing in ODE (5). 


Step 3 : The positive integer M can be accomplished by considering the homoge- 
neous balance between the highest order derivatives and nonlinear terms appearing 
in Eq. (5) as follows: 


If we define the degree of U {z) as D[U (z)] = M, then the degree of other expressions 
is defined by 


D 


~d q U {z) 
dz q 


D 


U 7 


U q U{z) 
I dz q 


M + q, 

Mr + s{q + M). 


( 8 ) 
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Therefore, we can get the value of M in Eq. (6). 

Step 4 : We substitute Eq. (6) into Eq. (5) and then use ODE (7) to collect all terms 
with same order of (G'/G) together. The left-hand side of (5) is then converted into 
polynomial in (G'/G). Now by equating each coefficient of this polynomial to zero, 
we obtain a system of algebraic equations for /?*, A and fi. 

Step 5 : Since the three types of general solutions of Eq. (7) are well known, we 
substitute the values of /% and the general solutions of Eq. (7) into Eq. (6) and 
obtain three types of solutions of the ODE (5). 


4 Application of the [G'/G)— expansion method 


In this section, we employ the (G'/G )— expansion method to obtain solutions of 
Prandtl’s boundary layer Eq. (4). 


We assume that the solutions of Eq. (4) are of the form 




i = 0 


(9) 


where G(£) satisfies the second-order linear ODE with constant coefficients, viz., 

( 10 ) 


<PG dG 

+ A— — + fiG — 0 


dt 2 d£, 


with A and /i being constants. 


The balancing procedure yields M = 1, so the solution of the ODE (4) is of the form 

ff(() = Ao + A 1 (£fQy (11) 

Now substituting Eq. (11) into Eq. (4), making use of the ODE (10), collecting all 
terms with same powers of (G'/G) and equating each coefficient to zero, yields the 
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following system of algebraic equations: 

2f3A\ii 2 — (3A 0 Ai\n — Ai X 2 jiu + 2A 0 A 1 Xfi — 2 Ai/i 2 u — A\ii 2 = 0, 
3/M 2 Ar — f3A 0 AiX 2 — 2/3A 0 Aifi — AiX 3 u + 2A 0 A 1 X 2 — 8AiX/j,u + 4A 0 Ai/j, = 0 , 
pA 2 1 X 2 -3pA 0 A 1 X + 2pAjfi-7A 1 X 2 v + A 2 1 X 2 + 6A 0 A 1 X-8A 1 fiv + 2A 2 1 ii = 0, 

pA 2 1 X-2/3A 0 A 1 -12A 1 Xv + 4:A 2 l X + 4:A 0 A 1 = 0, 

3A 2 1 -6A 1 u = 0. 

Solving this system of algebraic equations, with the aid of Mathematica, we obtain 

A = 2y7b A) = Xu, Ai = 2 u. (12) 

Substituting these values of A 0 , Ai and the corresponding solution of ODE (4) into 
Eq. (11), we obtain the following three types of solutions of Eq. (1): 

Case 1: When A 2 — Aji > 0 


For this case we obtain the hyperbolic function solution given by 

( X C'isinh(A) +C 2 cosh(<$m 

m) = \ v+ 2»{--+ < 5 CiCOSh( ^ )+c . 2SillhW) ) . 

where 6 = ^ \J A 2 — 4/i, C\ and C 2 are arbitrary constants. 


(13) 


Reverting back to the original variables (r, 9), the corresponding stream function is 
given by 


4>{r, 9) = r 2 13 


Xu -f- 2u 


X Ci sinh ( 8 j|) + C 2 cosh ( 5 jr) \ 
2 + Ci cosh (5fp) + C 2 sinh (5^) ) 


(14) 


Case 2: When A 2 — Aji < 0 


Here we obtain the trigonometric function solution 

/ A -Cisin(e£) + C 2 cos(<5£)\ 
v 2 + 6 Cl cos(e£) + C 2 sin(e£) ) ’ 



(15) 
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where e = |a/4 /i — A 2 , C\ and C 2 are arbitrary constants. The corresponding stream 
function is given as 


4>(r, 9) = r 2 13 


A v + 2 v 


A —Ci sin (e^-) + C2 cos (eyg-) \ 
2 + e C] COS (£;$,) + C 2 Sill (e^r) J 


(16) 


Case 3: When A 2 — 4p = 0 


For this case we obtain the rational function solution 

H(() = A ! , + 2 i ,(-^ + 5 -W_ 


In the form of stream function, the solution is expressed as 

Hr, 0) = r 2 -' 3 Xu + 2u (~ + g 

\ z n-1 + <-/2pg 

where C\ and C 2 are arbitrary constants. 


(17) 


(18) 


5 Concluding remarks 


We have employed the (G / /G)-expansion method for obtaining exact closed- form 
solutions of the well-known Prandtl’s boundary layer equation for radial flow models 
with uniform main stream velocity. The advantage of this method is that in this 
method, there is no need to apply the initial and boundary conditions at the outset. 
This method yields a general solution with free parameters which can be identified 
by the specific conditions. Also the general solutions obtained by ( G' /G ) -expansion 
method are not approximate solutions. Prandtl’s boundary layer equations arise 
in various physical models of fluid dynamics and thus the exact solutions obtained 
maybe very useful and significant for the explanation of some practical physical 
models dealing with Prandtl’s boundary layer theory. 


38 


Taha Aziz et al 31-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


References 

[1] M.J. Carroa, L. Grafakos, J.M. Martell and F. Soria, Multilinear extrapolation 
and applications to the bilinear Hilbert transform, J. Math. Anal. Appl. 357 
(2009) 479 - 497. 

[2] P.J. Olver, Applications of Lie Groups to Differential Equations, Graduate 
Texts in Mathematics, Vol. 107, Springer- Verlag, New York, (1993). 

[3] Z Zhang and Yufu Chen, Classical and nonclassical symmetries analysis for 
initial value problems, Physics Letters A. 374 (2010) 1117— 1120. 

[4] S. Shou-Feng, Clarkson-Kruskal direct similarity approach for differential- 
difference equations, Connnun. Theor. Phys. 44 (2005) 964 — 966. 

[5] X. Xie, L.C. Musson and M. Pasquali, An isochoric domain deformation method 
for computing steady free surface flows with conserved volumes, J. Comput. 
Phys. 226 (2007) 398 - 413. 

[6] M. Senthilvelan, On the extended applications of homogenous balance method, 
Appl. Math. Comput. 123 (2001) 381 — 388. 

[7] E.A. Saied, R.G. Abd El-Rahman and M.I. Ghonamy, A generalized Weierstrass 
elliptic function expansion method for solving some nonlinear partial differential 
equations, Comp. Math. Appl. 58 (2009) 1725 — 1735. 

[8] A. Ebaida and E.H. Aly, Exact solutions for the transformed reduced Ostro- 
vsky equation via the F -expansion method in terms of Weierstrass-clliptic and 
Jacobian-elliptic functions, Wave Motion. 49 (2012) 296 — 308. 

[9] H. Zhanga and Wen-Xiu Ma, Extended transformed rational function method 
and applications to complexiton solutions, Appl. Math. Comput. 230 (2014) 
509 - 515. 

[10] Y. Chen and H. Gao, Auxiliary equation method for solving nonlinear Wick- 
type partial differential equations, Connnun. Nonlinear. Sci. Numer. Simulat. 
16 (2011) 2421 - 2437. 

[11] A.M. Wazwaz, A sine-cosine method for handling nonlinear wave equations, 
Mathematical and Computer Modelling 40 (2004) 499 — 508. 


39 


Taha Aziz et al 31-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


[12] A.M. Wazwaz, The tanh and the sine-cosine methods for the complex modi- 
fied KdV and the generalized KdV equations Computers & Mathematics with 
Applications 49 (2005) 1101 - 1112. 

[13] M.R. Miura, Backlund transformation, Berlin: Springer- Verlag; (1978). 

[14] A.N. Kudryashov, Simplest equation method to look for exact solutions of non- 
linear differential equations, Chaos Solitons Fractals 24 (2005) 1217 — 1231. 
27. 

[15] I.E. Mhlanga, C.M. Khalique, Exact solutions of the symmetric regularized long 
wave equation and the Klein-Gordon-Zakharov equations, Abstr Appl Anal 
2014, (2014) 1 - 7. 

[16] H. Xin, The exponential function rational expansion method and exact solutions 
to nonlinear lattice equations system, Appl. Math. Comput. 217 (2010) 1561 — 
1565. 

[17] L. Prandtl, Uber Flussigkeitsbewegungen bei sehr klciner Reibung. Verhanglg. 
111. Intern. Math. Kongr. Heidelberg. (1904) 484 — 491. 

[18] H. Blasius, Grenzschichten in Flussigkeiten mit klciner Reibung, Z. Math. u. 
Phys. 56 (1908) 1 - 37. 

[19] V.M. Falkner and S.W. Skan, Some approximate solutions of the boundary 
layer equations, Phil. Mag. 12 (1931) 865 — 896. 

[20] B.C. Sakiadis, Boundary-layer behavior on continuous solid surface: I. 

Boundary- layer equations for two-dimensional and axisymmetric flow, J. 
AlChe. 7 (1961) 26 - 28. 

[21] L.J. Crane, Flow past stretching plate, Z. Angew. Math. Phys. 21 (1970) 645 — 
647. 

[22] P.S. Gupta and A.S. Gupta, Heat and mass transfer on a stretching sheet with 
suction and blowing, Can. J. Chem. Eng. 55 (1977) 744 — 746. 

[23] H. Schlichting, Laminare Strahlausbreitung, Z. Angew. Math. Mech. 13 (1933) 
260 - 263. 


40 


Taha Aziz et al 31-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


[24] W.G. Bickley, The plane jet, Phil. Mag. 23 (1937) 727 — 731. 

[25] H. Schlichting, Boudary-Layer Theory, Sixth Edition, McGraw-Hill, New York, 
170 - 174. 

[26] L. Rosenhead, Lannnar Boundary Layers, Clorendon Press, Oxford, (1963) 
254 - 256. 

[27] V. Kolar, Similarity solution of axisymmetric non-Newtonian wall jets with 
swirl, Nonlinear Anal: Real World Appl. 12 (2011) 3413 — 3420. 

[28] R. Naz, F.M. Mahomed and D.P. Mason, Symmetry solutions of a third-order 
ordinary differential equation which arises from Prandtl boundary layer equa- 
tions, J. Nonlinear Math. Phys. 15 (2008) 179 — 191. 

[29] D.P. Mason, Group invariant solution and conservation law for a free laminar 
two-dimensional jet, J. Nonlinear Math. Phys. 2 (2002) 92 — 101. 

[30] R. Naz, M.D. Khan and I. Naeem, Nonclassical symmetry analysis of boundary 
layer equations, J. Appl. Math. Article ID 938604, 7 pages, Volume 2012. 

[31] M. Wang, X. Li and J. Zhang, The (G'/G)-Expansion method and travelling 
wave solutions of nonlinear evolution equations in mathematical physics, Phys. 
Lett. A. 372 (2008) 417 - 423. 

[32] A. Bekir and E. Aksoy, The exact solutions of shallow safer wave equation by 
using the (G'/G)-Expansion method, Waves in Random and Complex Media. 
22 (2012) 317- 331. 

[33] Ling-Xiao Li and Ming-Liang Wang, The (G / /G)-Expansion method and trav- 
elling wave solutions for a higher-order nonlinear Schrodinger equation, Appl. 
Math. Comput. 208 (2009) 440 - 445. 

[34] M. Mothibi and C.M. Khalique, On the exact solutions of a modified Kortweg 
de Vries type equation and higher-order modified Boussinesq equation with 
damping term, Adv. Differe. Equs. 2013, 2013 : 166. 


41 


Taha Aziz et al 31-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


On properties of meromorphic solutions for a certain 
^-difference Painleve equation 

Xiu-Min Zheng 1 * Hong-Yan Xu 2 and Hna Wang 3 


Abstract 

The main purpose of this paper is to investigate some properties on transcen- 
dental meromorphic solutions of a certain g-difference Paineve equation 

/(«*) + f( z ) + f(^) = + c ’ 

where a,b and c are complex constants such that |a| + |6| ^ 0. We obtain some 
results on the value distribution of f(z) and A q f(z) := f(qz) — f(z) , and the non- 
existence of rational solutions, which extend some earlier results by Qi and Yang, 
Chen et al. 

Key words: q - difference equation; solution; zero order. 

Mathematical Subject Classification (2010): 39A 50, 30D 35. 


1 Introduction and Main Results 

In this paper, we shall assume that readers are familiar with the basic theorems and the 
standard notations of the Nevanlinna value distribution theory of meromorphic functions 
such as m(r, /), N(r, /), T(r, /),•••, (see Hayman [12], Yang [19] and Yi and Yang [20]). 
We also use S(r, /) to denote any quantity satisfying S(r, /) = o(T(r, /)) for all r on 
a set F C [1, +00 of logarithmic density 1, where the logarithmic density of a set F is 
defined by 

If 1 , 

Inn sup : / -at. 

t — * oo log?’ J[i r ]nj? t 

Throughout this paper, the set F of logarithmic density 1 can be not necessarily the 
same at each occurrence. 

A century ago, Painleve and his colleagues [15] classified all equations of Painleve 
type of the form 

w"(z) = F(z\ w; w '), 

where F is rational in w and w 1 and (locally) analytic in z. They singled out a list of 
50 equations, six of which could not be integrated in terms of known functions. These 
equations are now known as the differential Painleve equations. The first two of these 
equations are Pi and P/j: 

w" = 6 w 2 + z , w" = 2 w 2 + zw + a, 

where a is a complex constant. 

‘Corresponding author. E-mail: zhengxiumin2008@sina.com. 
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Differential Painleve equations have been an important research subject in the field 
of the Mathematics and the Physics since the beginning of last century. They occur in 
many physical situations — -plasma physics, statistical mechanics, nonlinear waves, and 
so on. Therefore, Painleve equations have attracted much interest as the reduction of 
solution equations which are solvable by inverse scattering transformations, and so on. 

In the past 22 years, the discrete Painleve equations have become important research 
problems (see [7]). For example, the discrete P/ equation can be expressed by 

an + b 

Un+ 1 + Un-l = 1“ c, 

Vn 

and the discrete P/j equation can be expressed by 

( an + b)y n + c 

Un + 1 H - Un—1 — 1 2 ’ 


where a, b , c are real constants, n G N. 

In 2006-2007, Halburd and Korhonen used the analogues of Nevanlinna value distri- 
bution theory to single out the difference Painleve / and II equations from the following 
form 

w(z + 1) + w(z — 1) = R(z, w), (1) 

where R(z,w) is rational in w and meromorphic in z (see [9, 10, 11]). They obtained 
that if (1) has an admissible meromorphic solution of finite order, then either w satisfies 
a difference Riccati equation, or (1) can be transformed by a linear change in w to some 
difference equations, which include the difference Painleve / equation 


w{z + 1) + w(z — 1) 


az + b 
w(z) 


+ c, 


and the difference Painleve II equation 


w(z + 1) + w(z — 1) 


(az + b)w(z) + c 
1 — w(z) 2 


(2) 

( 3 ) 


where a, b , c are complex constants. 

Chen et al [4, 5, 16] studied some properties of finite order transcendental meromor- 
phic solutions of (2)-(3), and obtained a lot of interesting results. 

Recently, there were lots of results about ^-difference operators, g-difference equations, 
and so on (see [2, 6, 8, 18, 21, 22]), by applying the analogue of Logarithmic Derivative 
Lemma on g-difference operators, which was firstly established by Barnett, Halburd, 
Korhonen and Morgan [1] in 2007. By comparing these results of differences and q- 
differences, we find that the usual shift f(z + c) of a meromorphic function are replaced 
by the g-difference f(qz ), and the difference A c f = f(z + c) — f(z) are replaced by 
A g /(z) = f{qz) - f(z), q G C\{0, 1}. 

In 2015, Qi and Yang [17] investigated the following equations 


,/ x . az + b 

/M + /(-) = 7 jjr 

/M + /(-)= ( " z , + i>) /, ( t 

q 1 - f(z) 2 


( 4 ) 

( 5 ) 


which can be seen as g-difference analogues of (2) and (3), and obtained some theorems 
as follows. 
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Theorem 1.1 [17, Theorem 1.1]. Let f(z) be a transcendental meromorphic solution 
with zero order of equation (4), and a, 6, c be three constants such that a, b cannot vanish 
simultaneously. Then, 

(i) f(z) has infinitely many poles. 

(ii) If a ft 0, then f(z) has infinitely many finite values. 

(Hi) If a = 0 and f(z) takes a finite value A finitely often, then A is a solution of 
2 z 2 — cz — b = 0. 

Theorem 1.2 [17, Theorem 1.2]. Let a,b,c and \q\ ft 1 be four constants, (i) if a ft 0, 
then equation (4) has no rational solution; 

(ii) if a = 0, then the rational solutions of the equation (4) must satisfy f(z) = 
Bh^z y > where P{z) and Q(z) are relatively prime polynomials and satisfy deg P < deg Q 
and 2 z 2 — cz — b = 0. 

Theorem 1.3 [17, Theorem 1.3]. Let a,b,c be constants with ac ft 0, and f(z) be a 
transcendental meromorphic solution with zero order of equation (5). Then f(z) has 
infinitely many poles and infinitely many finite values. 

Inspired by the above results, we further investigate some properties of transcendental 
meromorphic solutions of the g-difference Painleve equation 

f(qz) + f{z) + f(^) = y^y + c, (6) 

which is different from (4) and (5) to some extent, and obtain the following theorems. 

Theorem 1.4 Let a, b, c be complex constants such that |a| + |6| ft 0, and f(z) be a zero- 
order transcendental meromorphic solution of the q-difference Painleve equation (6). 

(i) If a ft 0, p(z) is a polynomial of degree k(> 0) and \q\ ft 1, then f(z) — p(z) has 
infinitely many zeros; if a = 0, then the Borel exceptional values of f(z) can only come 
from the set E = {z\ 3 z 1 — cz — b = 0}; 

(ii) f(z) and A q f(z) have infinitely many poles, where A q f(z) = f(qz) — f(z). 

Theorem 1.5 Let a,b,c be complex constants such that |a| + |6| ft 0. 

(i) If a ft 0, then (6) has no rational solution. 

(ii) If a = 0, then (6) has a nonzero constant solution f(z) = B, where B satisfies 
3 B 2 — cB — b = 0. Furthermore, if c 2 + 126 = 0, then (6) has no nonconstant rational 
solution. 

2 Some Lemmas 

To prove our results, we require some lemmas as follows. 

Lemma 2.1 [14, Theorem 2.5] Let f(z) be a transcendental meromorphic solution of 
order zero of a q-difference equation of the form 

U q (z,f)P q {z,f) = Q q (z, /), 

where U q (z, f),P q (z, f) and Q q (z,f) are q-difference polynomials such that the total de- 
gree AegUftz, f) = n in f(z) and its q-shifts, whereas deg Q q {z,f) < n. Moreover, 
we assume that U q (z,f) contains just one term of maximal total degree in f(z) and its 
q-shifts. Then 

m (r,P q (z,f)) = o(T(r, /)), 
on a set of logarithmic density 1. 
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Remark 2.1 The above lemma can be called see as a type of a q-difference analogue of 
Clunie lemma, recently proved by Barnett et al; see [1, Theorem 2.1]. 

Remark 2.2 Here, a q-difference polynomial of f(z) for q € <C\{0,1} is a polynomial 
in f(z) and finitely many of its q-shifts f(qz), . . . , f(q n z) with meromorphic coefficients 
in the sense that their Nevanlinna characteristic functions are o(T(r,f)) on a set of 
logarithmic density 1. 

Lemma 2.2 [1, Theorem 2.5] Let f(z) be a nonconstant zero-order meromorphic solu- 
tion of P q {z,f) = 0, where P q (z,f) is a q-difference polynomial in f(z). If P q (z,a) ^ 0 
for slowly moving target a(z), then 

m{r , 7 ^—) = o(T(r, /)) 

J a 

on a set of logarithmic density 1. 

Lemma 2.3 [21, Theorem 1.1 and 1.3] Let f(z) be a nonconstant zero-order meromor- 
phic function and q £ C \ {0}. Then 

T(r, f{qz)) = (1 + o(l))T(r, /), N(r, f(qz)) = (1 + o(l))iV(r, /), 

on a set of lower logarithmic density 1. 


Lemma 2.4 (Valiron-Mohon’ko) ([13]). Let f(z) be a meromorphic function. Then for 
all irreducible rational functions in f(z), 


R(z,f{z)) 


ZZo aiWHzY 

E "= 0 b jZ)f(z)p 


with meromorphic coefficients ai(z),bj(z), the characteristic function of R(z, f(z)) sat- 
isfies that 

T(r, R(z , /(*))) = dT(r, f) + 0(tt(r)), 
where d = max{m,n} and ’L(r) = max i j {T(r, a,), T(r, 6^-)}. 


3 Proof of Theorem 1.4 


Suppose that f(z) is a zero-order transcendental meromorphic solution of (6). 

(i) Ifa ^ 0, and p{z) is a polynomial of degree k(> 0). Let p(z) = akZ k + - ■ ■ + a\Z-\-ao. 
Let g(z) = f(z) — p(z ). Substituting f(z) = g(z) + p(z) into equation (6), we have 

g(qz) + p(qz) + g(z) + p(z) + g(-) + p(-) = + b + c. 

q q g{z) + p(z) 

It follows that 


P q {z,g ) 


z z 

g(qz) + p(qz) + g(z) + p(z) + g(-) + p(-) 

l qq 

-(az + b) - c [g{z) + p{z )] = 0. 


\g{z)+p{z)\ 


(7) 


From (7), we have 


P q (z, 0) 


p(qz) +p(z) +p(~) 

q 


p(z) — ( az + b) — cp(z). 


(8) 
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If p(z) = 0, then P q (z, 0) = — (az + b) ^ 0. If k = 0 and p(z) = ao = a G C \ {0}, 
then P q (z, 0) = 3a 2 — (az + b) — ecu ^ 0. If k > 1 and a k is a nonzero constant, then, we 
have from (8) that 


P q (z, 0) = 


p(qz) + p(z) + p(-) 


p(z)-(az + b)-cp(z) = (q k +l+^)a 2 k z 2k + --- . (9) 


Since \q\ ^ 1, we have q k + 1 + ^ ^ 0, then P q (z, 0) ^ 0. Thus, we have by Lemma 2.2 
that 

m(r, -) = S(r,g). 

9 


Then, we get 
N 


’ / ~P 


= N 


= T(r,g) + S(r,g)=T(r,f) + S(r,f). 


(10) 


Since f(z) is transcendental, f(z) — p(z) has infinitely many zeros. 

If a = 0 and p(z) = (3 E, then we have 

P q (z, 0) = 3/3 2 — c/3 — 6 ^ 0. 

Set g(z) = f(z) — (3, by using the same argument as above, we can obtain N(r, ytrg) = 
T(r, /) + S(r, /).. Therefore, we can obtain that the Borel exceptional values of f(z) can 
only come from the set E = {z\3z 2 — cz — b = 0}. 

(ii) From (6), we have 


f(z) 


f( q z) + f(z) + f(-) 

q 


az + b+ cf(z). 


It follows from Lemma 2.1 and (11) that 

m ^r, f(qz) + f(z) + f(^) j = S(r, /). 

By applying Lemma 2.4 for (6), we have 

T (r, f(qz) + f(z) + f(^j = T(r, /) + S(r, /). 

And by Lemma 2.3 we get 

N (r, f(qz) + f(z) + < N ( r > f(Q z )) + N(r , f(z)) + N ^r, 

= 3(1 + o(l))N(r, f) 

on a set of lower logarithmic density 1. Thus, by combining (12)-(14), we have 


( 11 ) 


(12) 


(13) 


(14) 


T(r, /) < 3(1 + o(l))lV (r, /) + S(r, /). (15) 

Since f(z) is transcendental, f(z) has infinitely many poles. 

Next, we prove that A q f(z) has infinitely many poles. Set z = qw, then we can 
rewrite (6) as the form 

f(q 2 w) + f (qw) + f(w) = aq ™ + b + c. (16) 

f(qw) 
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Then it follows from (16) that 

f(qw) [ f(q 2 w ) + f(qw) + f(w)] = aqw + b+ cf(qw). (17) 

Since A q f(w) = f(qw)-f(w), we have f{qw ) = A q f(w)+f{w) and f(q 2 w) = A q f(qw) + 
A q f(w) + f(w). Substituting them into (17), we get 

[A qf(w) + f(w )] [A gf(qw) + 2A q f(w) + 3 f(w)] = ( aqw + b) + c [A q f(w) + f(w)] , 

i.e., 

-3 f{w) 2 = [A q f(qw) + 5A q f(w) - c] f(w) - ( aqw + b) 

+ [A qf(qw) + 2A q f(w) - c] A q f(w). (18) 

Since f(z) is a zero-order transcendental meromorphic function and z = qw , by Lemma 
2.3, we get that f(w) is of zero order. Thus, by Lemma 2.3 again, we have that 
f(w),A q f(w),A q f(qw) are of zero-order. Then by Lemma 2.3 again, we have 

N(r, A q f(qw)) < N(r , A q f(w)) + S(r, /). (19) 

Thus, from (18) and (19) we have 

2 N(r, f(w)) =N (r, [A g f(qw) + 3A q f(w) - c] f(w) - {aqw + b) 

+ [A g f(qw) + A q f(w) - c] A q f(w) 

<N{r, f{w)) + 5 N(r, A q f(w)) + O(logr) + S(r, /). 


That is, 


N(r, f{w )) < 5 N(r, A q f(w)) + S(r, /). 


Then, it follows from (15) and (20) that 


T(r, f(w)) < 15 N(r, A q f(w)) + S(r, /). 


(20) 

(21) 


Since f(z) is transcendental, that is, f(w) is transcendental, we have from (21) that 
A q f(w) has infinitely many poles, that is, A q f(z) has infinitely many poles. 

Therefore, we complete the proof of Theorem 1.4. 


4 Proof of Theorem 1.5 


Sppose that f{z) is a nonzero rational solution of (6), and has poles z\, Z 2 , ■ ■ ■ , Zk- Then, 
we let 


&isi 

{z - Z.i) Si 


&is 1 

{z - Zi) 1 


i = 1, 2, . . . , k 


be the principal parts of f{z) at Zi respectively, where ctj Si 0, . . . , a.i Sl are constants, 
Thus, we can write f{z) as the following form 


/(*) 




where /3 q, /3i, ■ • • , Pm are constants. 




(z - Zi) 


■ Po + PlZ ■ 


PmZ r - 


(22) 
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Next, we affirm that 0 m = • • • = 0\ = 0. Suppose that 0 m ^ 0 (to > 1). For 
sufficiently large z, by (22), we have 


f(z) = 0 m z m (1 + 0 ( 1 )), 

(23) 

f(qz) = 0 m q m z m (l + o(l)), 

(24) 

f(p=0mq- m Z m (l + o(l)). 

(25) 

f(qz) + f(z) + /(-) f(z) = az + b + cf(z). 

(26) 


Substituting (23)-(25) into (26), we have 

(1 + q m + q- m )P 2 m z 2m (l + o(l)) =az + b + c0 m z m ( 1 + o(l)). 


Since \q\ ^ 1, we have 1 + q m + q~ m ^ 0. And since 0 m ^ 0, we can see the above 
equation is a contradiction for sufficiently large z. Hence we have 0i = ■ ■ ■ = 0 m = 0. 

(i) Suppose that a / 0. If 0o ^ 0, then for sufficiently large 2 , by (23)- (25), we have 

f(qz) = f{z) = f(p = 0o + o(l). (27) 

Substituting (27) into (26), we conclude that 


(3/?o + °(1))(A) + o(l)) — az + b + c(0 o + o(l)), 


which is a contradiction to the assumption that a / 0. Thus, 0o = 0. Then we have 
00 = 01 = •• • = 0m = 0. Thus, f(z) can be rewritten by (22) as 


/(*) 


R( z ) ’ 


(28) 


where 


P{z) = pz k + p k -iz k 1 H b po, R{z) = rz f + r t ^ 1 z t 1 H h r 0 , (29) 

where p,Pk- i, • • • ,Po and r,ry_ i, . . . ,ro are constants such that pr ^ 0 and k < t. Then 
substituting (28) into (6), we have 

P(qz)P(z)R(z)R(p + P{z) 2 R{qz)R{ -) + P(pP(z)R(qz)R(z) 

= (az + b)R(qz)R(z) 2 R(-) + cP(z)R(qz)R(z)R(-). (30) 

Then since k < t, we can see that the degree of the left side of (30) does not exceed 
2k + 2 1, and the degree of the right side of (30) is equal to 1 + At by a ^ 0. Thus, we can 
get a contradiction. Therefore, we have that (6) has no nonzero rational solution when 
a / 0. 

(ii) Suppose that a = 0. If f(z) = B is a nonzero constant solution of (6), we can 
easily get from (6) that B satisfies 3 B 2 — cB — 5=0. Now, we prove that (6) has no 
rational solution if a = 0 and c 2 + 125 = 0. Suppose that f(z) is a nonconstant rational 
solution of (6). Since 0 m = 0 (m > 1), f(z) can be rewritten as the form (28), where 
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P(z) and R(z) satisfy (29) with k < t. Suppose that k < t. Substituting (28) into (6), 
we have 

P(qz)P(z)R(z)R(~) + P{z) 2 R{qz)R{~) + P(-)P(z)R(qz)R(z) 

q q q 

= bR(qz) R{z) 2 R(—) + cP{z)R{qz)R{z)R{-). (31) 

q q 

If k < t, then it follows from (31) that there exists only one term bR(qz)R(z) 2 R( |) with 
maximal degree, which is a contradiction. Thus, we have k — t. Then, it follows by (29) 
and (30) that 


pq k z k + pk-iq k 1 z k *-| p 0 pz z + p k -iz k 1 H \- po 

rq t z t + rt-\q t ~ 1 z t ~ 1 + • • • + ro rz* + rt-iz t_1 + • • • + ro 
+ pg~ k z k + + • ■ • + Pq 

rq~ t z t + + • • • + ro 

_ b(rz* + r t -iz t_1 H h r 0 ) 

pz k +Pk-lZ k ~ 1 4 h Po C ' 


Then it follows from (32) that 

3 B 2 -cB-b= 0, 

as z — > oo, where B 0. Therefore, f(z) can be rewritten as 

/W = B+g|, (33) 

where G(z) and H(z) are relatively prime polynomials and satisfy degG(,z) = p < 
deg H(z) = v, B is a constant satisfying 3 B 2 — cB — b = 0. Denote 

G(z) = € zk + 1 + ' ' ' + £o> P( z ) = + Wu- i% v 1 + • • • + t]q, (34) 


where £, £ m _i, • • • ,Po and r?, r/v-i, ■ ■ ■ , are constants such that £77 7^ 0. Substituting 
(34) into (6) and noting 3 B 2 — cB — b = 0, we have 

(4 B - c)G{z)H(qz)H(z)H( p + BG(qz)H(z) 2 H( p + BG(pH{z) 2 H{qz) 

= - G(qz)G(z)H(z)H(p - G{z) 2 H{qz)H{ Z ~) - G(pG(z)H(z)H(qz). (35) 

By observing the coefficients and degrees of all terms of the above equation, and com- 
bining with v > /x, we have that the term with maximal degree of (35) is 

[(4 B - c) + Bq^~ v + Bq v -»] ^ 3 ^ +3l/ . 

Since 3 B 2 — cB — b = 0 and c 2 + 125 = 0, we have B = |. And by |q| 7^ 1, we can get 
that (4 B - c) + Bq»~ v + Bq v ~>* ± 0. In fact, if (4 B - c) + Bq»~ v + Bq v ~^ = 0, i.e. 


B = 


c 

4 + q»~ v + q^-v' 


Then, we have 


c 


c 


4 + q»~ v + q v -» 6' 

By solving the above equation, we get |q| = 1, a contradiction. Thus, (35) is a contra- 
diction for sufficiently large z. Therefore, if a = 0 and c 2 + 125 = 0, then (6) has no 
nonconstant rational solution. 
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Abstract 

We prove necessary and sufficient conditions for the strong convergence of the mod- 
ified two-step iteration process to the fixed point of asymptotically demicontractive 
mappings in real Banach spaces. 
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Key words and phrases: Iteration process, asymptotically demicontractive mapping, 
Banach space 


1 Introduction 

Let K be a nonempty subset of a real Banach space X and X* be its dual space. We 
denote by J the normalized duality mapping from X into 2 X * defined by 

= eX*:(x,n = \\x\\ 2 = \\r\\ 2 }, 

where (•, •) denotes the generalized duality pairing. If X is strictly convex, then J is 
single- valued. In the sequel, we shall denote the single- valued duality mapping by j. 

Let T : K —> K be a mapping. 

* Corresponding author 


1 


52 


Shin Min Kang et al 52-60 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Definition 1.1. T is called a k- strictly asymptotically pseudo-contractive mapping with 
sequence {k n } C [1, oo), lim, woo k n = 1 if for all x, y £ K there exists j(x — y) £ J{x — y ) 
and a constant k £ [0, 1) such that 

{{ I-T n )x-(I-T n )y,j(x-y)) 

> 5(1 - k) ||(/ - T n )x -(I- T n )yf - i(*5 - 1) ||l - 9 || 2 <L1) 


for all n £ N. 

Definition 1.2. T is called an asymptotically demicontractive mapping with sequence 
{k n } C [0, oo), lim, woo k n = 1 if F(T) = {x £ K : Tx = ,x} / 0 and for all x £ K and 
x* £ F(T), there exists k £ [0, 1) and j(x — x*) £ J(x — x*) such that 

( x — T n x,j(x — x*)} > -(1 — k) \\x — T n x || 2 — ^(/c 2 — 1) \\x — £*|| 2 (1.2) 

for all n £ N. 

Definition 1.3. T : K — > K is called uniformly L-Lipschitizian if there exists a constant 
L > 0 such that 

\\T n x — T n y\\ < L \\x — y\\ , (1.3) 


for all x, y £ K and n £ N. 

The classes of /c-strictly asymptotically pseudo-contractive and asymptotically demi- 
contractive mappings are introduced by Liu [3] . It is easy to see that a /c-strictly asymptot- 
ically pseudo-contrative mapping with a non-empty fixed point set F(T) is asymptotically 
demicontractive. 

In Hilbert spaces, it is shown in [3] that (1.1) and (1.2) are equivalent to the following 
inequalities: 


II T n x - T n y || < k 2 n \\x - y || 2 + k ||(J - T n )x -(I- T n )y\\ 2 

and 

II T n x - T n y\\ 2 < kl \\x - yf + ||x - T n x f , 


respectively. 

By using the modified Mann iteration method [4] introduced by Schu [7], Liu [3] proved 
a convergence theorem for the iterative approximation of fixed points of /c-strictly asymp- 
totically pseudo-contractive mappings and asymptotically demicontractive mappings in 
Hilbert spaces. 

Osilike [6] extended the results of Liu [3] about the iterative approximation of fixed 
points of /c-strictly asymptotically demicontractive mappings from Hilbert spaces to much 
more general real (/-uniformly smooth Banach spaces, 1 < q < oo and specifically proved 
the following results. 
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Theorem 1.4. Let q > 1 and X be a real q-uniformly smooth Banach space. Let K 
be a closed convex and bounded subset of X and T : K — »■ K a completely continuous 
uniformly L-Lipschitizian asymptotically demicontractive mapping with a sequence k n C 
[1, oo) satisfying — 1) < oo. Let {a n } and {/3 n } be r eal sequences satisfying the 

conditions 

(i) 0 < a n ,fi n < 1, n > 1; 

(ii) 0 < e < c q a.n~ 1 ( 1 + L/3 n ) q < \q{l — k)(l + L)~^ q ~ 2 ^> — e for all n > 1 and for some 
e > 0; and 

(iii) E“=i fin < oo. 

Then the sequence {x n } generated from an arbitrary x\ G K by 


j Un — (1 fin)x n + fi n T X n , 

^■£ 71+1 — (1 e%n)x n -\- a n T y n . n 1 

converges strongly to a fixed point of T. 

Remark 1.5. For Hilbert spaces, in Theorem 1.4, if we put q = 2, c q = 1 and j3 n = 0, 
then Theorems 1 and 2 of Liu [3] follow. 

Recently Chidume and Maru§ter [1] made a comprehensive and very useful survey on 
the main convergence properties of the modified Mann iteration method for the demicon- 
tractive mappings. 

The purpose of this work is to prove necessary and sufficient conditions for the strong 
convergence of the modified two-step iteration process to the fixed point of asymptotically 
demicontractive mappings in real Banach spaces. Our results extend and improve the 
results of Igbokwe [2], Liu [3], Moore and Nnoli [5]. 

2 Main results 

The following results are useful: 

Lemma 2.1. ([8]) For all g, g G X and j(g + g) G J(g + ?), 

||£ + <?|| 2 < |M| 2 + 2Re(g,j(g + g )} . 

Lemma 2.2. ([2]) Let X be a normed space and K be a nonempty convex subset of X . Let 
T \ K —> K be uniformly L-Lipschitzian mapping and let {t n } and {fin} be the sequences 
in [0, 1]. For arbitrary g\ G K, generate the sequence {g n } by 

j Qn + 1 — (1 t>i ) g n T t n T Ln , 

\g n = (1 - fd n ) Qn + PnT n g n , n > 1 . 


Then 


II Qn ~ T g n \\ < || g n — T n g n || + L(1 + L) 2 g n -\ — T n 1 g n - 1 


We now prove our main results. 


(2.1) 
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Lemma 2.3. Let X be a real Banach space and K be a nonempty convex subset of X . 
Let T : K — ► K be an uniformly L—Lipschitzian asymptotically demicontractive mapping 
with a sequence {k n } C [l,oo) such that lim, woo k n = 1. For arbitrary g\ £ K. generate 
the sequence {g n } by 


j Qn+i — (1 tn ) g n T- t n T g n , 

\g n = (1 - Pn)Qn + PnT n Q n , fl > 1, 


where {t n } and {/3 n } are the sequences in [0, 1] satisfying 

(i)E~l*n = OC, 

(ii) hm n — >oo bn — 0 — fin' 

Then (a) the sequence {e n } is bounded, 

(■ b ) liminf, woo ||e n+ i -T n g n+1 \\ = 0, 

(c) liminf, woo \\g n - T n g n \\ = 0, 

(d) liminf^oo \\g n - T g n \\ =0. 


Proof. Since T is asymptotically demicontractive, then 

(6 ~ T n g,j(g - g*)) > ±(1 - k) \\ 6 - T n g \\ 2 - ±(h? n - 1) \\g - g * 


and hence 

„/ / (2 ||f? — T n g\\ + {kf[ — 1) 
We-T e|| < y 13* 

Therefore, by the triangle inequality, 



le-el < \\T n g-g * || + 



TM + (*£ - 1) 

1 - k 


Now we shall prove that 



(2.2) 


(2.3) 


lim inf ||e n +i - T n g n+ 1 || = 0. 
n— xx) 

If Qn = T g n for all n fz m for some m £ N, then (2.3) trivially holds, as we have 

II £?n+i — T n g n + ill = ||en+i — T n Te n +i|| = ||e«+i — T n+ 1 g n+ 1|| 

= 0 


for all n > m. 

Suppose now that there exists the smallest positive integer no such that g no / T g no . 

Put 

ao := \\T no e no -g*\\ 


+ 


(2 lleno - T n °g n oil + (^f ^o - l) || g no - q* 1 1 ) ||e no - g* 

1 - k 


+ 1 . 


Then clearly 


| gno 6 1 1 ^ Q-O 


(2.4) 
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To prove that liminf n _ >0O ||g n+ i — T n g n+ 1 || = 0, we shall assume, to the contrary, that 
lirn inf'n^oo ||£ n+1 — T n g n+ 1 || = 25 > 0. Then there exists n' 0 £ N such that ||g re+ i — T n g n+ \ || ^ 
5 for all n > n' 0 . 

Also, by Hindoo k n = 1 and (ii), we may suppose that 


< min 


(1 - k)5 2 


Pn < min 


1 + 2L’ 24(1 + L)(l + 2L)a; 
1 (1 - k)6 2 


2 r ’ 


K - l < 


1 + L ’ 24L(l + L)og. r ’ 
(1 - k)5 2 


24 a 2 0 


(2.5) 


for all n > n' 0 . 

We now show that the sequence {g n } is bounded. By induction we shall show that 


I Bn 


A ao 


(2.6) 


for all n > n' 0 . 

It is clear that (2.6) holds for n = uq. Assume it is true for some n > N := maxjreo, n' 0 }, 
that is, || g n — £»*|| < ao for some n> N . Then 

\\en-T n g n \\<\\g n - g*\\ + \\T n g n - e *\\ 

< (1 + L) || g n — £j*|| 

< (1 + L)ao, 

Ikn -6*\\ = 11(1 - Pn)Bn + PnT H Qn ~ Q*\\ 

= \\Qn- Q* - Pn(Bn-T n g n )\\ 

< \\Bn-B*\\+Pn\\Bn-T n g n \\ 

< ao + (1 + L)aoP n 

< 2ao, 


\\Bn-r\ n \\<\\g n -g*\\ + \\r\ n -g*\\ 

< \\Bn-B*\\ + L\\^-g*\\ 

< (1 + 2L)ao, 

Qn + 1 - £>*|| = 11(1 - tn)Bn + t n T'\ n - £>*|| 

= \\Bn~ 6* -t n (Bn-r\ n )\\ 

< \\Bn- B*\\+tn\\Qn-r\ n \\ (2.7) 

< ®o T (1 + 2L)aot n 

< 2ao- 
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On the other hand, by Lemma 2.1, 

\\Qn+i - Q * || 2 = ||(1 - t n )Qn + t n T'\ n - p*|| 2 

= \\Qn-Q* -t n (g n -T\ n )\\ 2 

< Wen - Q*W 2 - 2t n (en - T n q n ,j(g n+1 - Q*)} 

= || Qn e || — 2 t n {Qu+I — T Qn+h j {Qh+1 Q )} 

+ 2 t n (T <^ n T Q n +\, ji^Qn+l Q )) "b 2 t n {0n + 1 Qni j{Qn+l Q )) ■ 

Since T is asymptotically demicontractive mapping, we obtain 

Wen+\ ~ £** || 2 < 1 1 Qn - Q* || 2 - (1 - k)t n ||£ n+ i - T n g n+ i\\ 2 

“b ( k n — l) t n ||^n+l — 8 II ^2 

~b 2(1 ~b Lpt n ||^) n _|_i £*n|| ||i?n+l Q II 

~b 2 Lt n ||<J n Qn\\ 1 Qn -\- 1 Q || • 

Consider the following estimates, 


Yn Qn | — ||(1 Pn ) Qn “b PnT g n Q n 
= Pn \\Qn - T n g n || 

< (1 + L)aot n , 


and 

H^n+l QnW = 11(1 — tn)Qn ~b t n T <J n — g n | 

= t n \\Qn-r\ n \\ 

< (1 + 2L)aot n , 

so that (2.8), takes the form 


Qn + 1 - £** || 2 < 1 1 Qn - £**|| 2 - (1 - k)t n ||^ n+ i - T n g n+l 

+ {kji ~ l) Pi ll&H-l - 1»1 2 
+ 2(1 + L)(l + 2L)aot 2 ||f? n +i ~~ Q* II 
+ 2L(1 + L)aot n p n ||^n+l — f?*|| • 


Then, by (2.5), 

||p n+ i - g * || 2 < || g n ~ £>*|| 2 - (1 - k)8 2 t n 

+ 4ag [(L 2 — l) + (1 + L)(l + 2L)t n + L( 1 + L)/3 n ] t n 

< I! £>n - Q* II 2 - (1 - k)5 2 t. n + ^(1 - k)5 2 t n 

and hence 

l^n+1 - £*|| 2 < II Qn - Q* II 2 - ^(1 - k)S 2 t n . (2.9) 

Thus ||pn+i — £»*|| < 1 1 Qn ~ f?*|| < clq and so we proved (2.6). Therefore, we proved (a). 
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From (2.9) we have that for every r > N, 

r r 

-(1 - k)6 2 ^ tn < “ ^ll 2 “ Un+l - £»1 2 ) 

n=N n=N 

/ || * 1 1 2 

< Wqn - Q II • 

Hence we have < oo, a contradiction with the condition (i). Therefore, our 

assumption 5 > 0 was wrong. Thus 


lirninf ||p n+ i -T n g n+ 1 || = 0. 


(2.10) 


Therefore, we proved ( b ). 

Now according to Lemma 2.1, substituting g = u + v and <, = —v, we obtain 

|| w + u|| 2 > |H| 2 + 2 (v,j(u )) , 

which is mainly due to Igbokwe [2] . 

By (2.2) we have 

|kn+i - T n g n+ 1 || 2 = ||(1 - t n )g n + t n T n <i n - T n g n+1 \\ 2 


= Wen - T n g n - t n (g n - T\ n ) - (: T n g n+1 - T n g n ) || 2 


( 2 . 11 ) 


Then by (2.11) we get 


\g n+ i-T n g n+1 \\ 2 >\\g n -T n g n \\ 2 


- 2 (t n (g n - T\ n ) + (T n g n+1 - T n g n ),j(g n - T n g n )) 


Thus 


Qn-T n g n \\ 2 <\\g n+ i-T n g n+1 \ 


+ 2 (t n (g n - T\ n ) + (T n g n+1 - T n g n ),j(g n - T n g n )) 

< ||f?n+l ~ T n g n + 1 1| 2 

+ 2 || t n (g n - T\n) + (: T n g n+1 - T n g n )\\ \\g n - T n g n \\ . 

Further, 

| \tn (en - T\ n ) + (T n g n+1 - T n g n )\\ < t n \\g n - T \ n || + \\T n g n+ i ~ T n g n \\ 

^ (1 f 2L)a 0 t n T L ||£> n _|_i £>n|| 

< (1 + 2L)aot n + L(1 + 2L)aot, n 
= (1 + L)(1 + 2 L) a 0 t n . 

Therefore, from (2.12), we get 

|| Bn ~ T n g n \\ 2 < ||£»n+i — T n g n+ 1 || 2 + 2 (1 + L) 2 (1 + 2L)a^t n . 

From (2.13), (ii) and (6), 

lim inf || g n - T n g n \\ = 0. 

n—>oo 

Thus we proved (c). 

At last, from (2.14) and Lemma 2.2, we obtain ( d ). This completes the proof. 


(2.12) 


(2.13) 

(2.14) 

□ 
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Theorem 2.4. Let X be a real Banach space and K be a nonempty convex subset of X . 
Let T : K —> K be an uniformly L-Lipschitzian asymptotically demicontractive mapping 
with a sequence {k n } C [l,oo) such that lim, woo k n = 1. For arbitrary g\ £ K, generate 
the sequence {g n } by 


j Qn + 1 — (1 In ) Qn T t n T g n , 

\g n = (1 - fi n ) Qn + PnT n 0n , tl > 1 , 

where {t n } and {fi n } are the sequences in [0, 1] satisfying 

(i) E“=i tn = oo, 

(ii) lim n — t n — 0 — hm n — Pw 

If T is completely continuos, then {g n } converges strongly to some fixed point of T in 
K. 

Proof. From Lemma 2.3, lim inf, woo ||f? n — T g n \\ = 0. Therefore, there exists a subse- 
quence of {£>«} such that lim^oo || g nj — T g n . 1 1 = 0. Since {£> nj .} is bounded and T is 

completely continuous, then {T g nj } has a subsequence {Tg njk }, which converges strongly. 
Hence { g njk } converges strongly. Let lim^oo g njk = p. Then lim fc ^oo T g njk = Tp. Thus 
we have lirn^oo || g njk — Tg. lljk || = \\p — Tp || = 0. Hence p £ F(T). From (2.9) and Lemma 
2.3 it follows that lim, woo \\g n — p\\ = 0. This completes the proof. □ 

Remark 2.5. 1. We generalize the results of Liu [3] from Hilbert spaces to more general 
Banach spaces. Moreover the boundedness assumption on the subset K is removed. 

2. One can see that, with t n = oo, the condition tfi x < oo is not always 

true. Let us take t n = Then obviously Ylnfii tn = oo, but t 2 n = oo. Hence the 

results of Igbokwe [2] are need to be improve. 

3. We improve the results of Moore and Nnoli [5] by removing the conditions like 
liminf^oo d(g n , F{T )) = 0. 
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1. Introduction 

A very common problem in diverse areas of mathematics and physical sciences consist 
of finding a solution which satisfies certain constraints. This problem is referred to as the 
convex feasibility problem. It can be described as follows: Suppose C i, C' 2 , • • • , C r , where 
r is some positive integer, are finitely many nonempty convex closed subset of a Hilbert 
space H with C = fl[ =l ^ 0. The convex feasibility problem is to find a point in C. In 
the real world, many important problems have reformulations which require finding fixed 
points of some nonlinear operators, for instance, evolution equations, complementarity 
problems, mini-max problems, variational inequalities and zero point problems; see [1-13] 
and the references therein. 

In this paper, we are concerned with the problem of finding a common solution of fixed 
point and inclusion problems. Many nonlinear problems arising in applied areas such as 
image recovery, signal processing, and machine learning are mathematically modeled as 
this problem. One of the most popular methods for solving inclusion problems goes back 
to the work of Browder [14], The basic ideas is to reduce inclusion problems to fixed 
point problems of nonlinear operators. In this paper, we study a regularization method 
for two monotone and a nonexpansive mappings. The organization of this paper is as 
follows. In Section 2, we provide some necessary preliminaries. In Section 3, a viscosity 
approximation method is introduced. A strong convergence theorem of common solutions 
is established. In Section 4, applications of the main results are discussed. 

2. Preliminaries 

In what follows, we always assume that H is a real Hilbert space with inner product (•, •) 
and norm || • ||. Let C be a nonempty, convex and closed subset of H . Let S : C — » C be a 
mapping. Fix(S) stands for the fixed point set of S; that is, Fix(S) := {x G C : x = ST}. 
Recall that S is said to be K-contractive iff there exists a constant k G (0,1) such that 
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\\Sx — Sy\\ < k\\x — 7/|| , Vx, y G C. It is well known that every contractive mapping has a 
unique fixed point in metric spaces. The Picard iterative algorithm x n+ i = Sx n converge 
to the fixed point of S. S is said to be nonexpansive iff \\Sx — Sy\\ < ||x — y ||, Vx, y G C. 
If C is a bounded, closed, and convex subset of H, then F(S) is not empty; see [15] and 
the references therein. Since the nonexpansivity of S, the Picard iterative algorithm may 
not converge to fixed points of S. The Mann iterative algorithm is powerful and efficient 
to study fixed points of nonexpansive mappings. However, in infinite dimensional spaces, 
the Mann iterative algorithm is only weak convergence. To obtain strong convergence 
of the Mann iterative algorithm, different regularization methods have been investigated 
recently; see [16]- [29] and the references therein. 

Let A : C — * H be a mapping. Recall that A is said to be monotone iff (Ax— Ay, x—y) > 
0, Vx, y G C. Recall that A is said to be inverse- strongly monotone iff there exists a 
constant a > 0 such that (Ax — Ay,x — y) > a||Ax — 2h/|| 2 , Vx,?/ G C. For such a 
case, A is also said to be a-inverse-strongly monotone. It is not hard to see that every 
inverse-strongly monotone mapping is monotone and continuous. Recall that a set-valued 
mapping B : H H is said to be monotone iff, for all x,y G H, f G Bx and g G By 
imply (x — y, f — g) >0. In this paper, we use L> _1 (0) to stand for the zero point of B. A 
monotone mapping B : H H is maximal iff the graph Graph(B) of B is not properly 
contained in the graph of any other monotone mapping. It is known that a monotone 
mapping B is maximal if and only if, for any (x, /) G H x H, (x - y,f - g) > 0, for all 
(y, g) G Graph(B) implies / G Bx. For a maximal monotone operator B on H, and r > 0, 
we may define the single-valued resolvent J r : H — > Dom(B), where Dom(B) denote the 
domain of B. It is known that J r is firmly nonexpansive, and R _1 (0) = F(J r ). 

In this paper, we study fixed points of nonexpansive mappings and zero points of two 
monotone mappings based on a viscosity approximation method. Strong convergence 
theorems are established in the framework of Hilbert spaces. The results obtained in this 
paper mainly improve the corresponding results in [23]- [29]. In order to prove our main 
results, we also need the following lemmas. 

Lemma 2.1 [30] Let {a n } be a sequence of nonnegative numbers satisfying the condition 
a n+ i < (1 — t n )a n + t n b n + c n , Vn > 0, where {t n } is a number sequence in (0, 1) such that 
lim n _ ) . 0O t n = 0 and ^ = 00 > {&«} a number sequence such that lim sup fW0C b n < 0, 
and {c n } is a positive number sequence such that Cn < 00 • Then lim, woo a n = 0. 

Lemma 2.2. [31] Let C be a nonempty convex closed subset of a real Hilbert space H . 
Let A : C — >■ H be an a-inverse-strongly monotone mapping and let B be a maximal 
monotone operator on H . Then ( A + R) -1 (0) = F(J r (I — rA)). 

Lemma 2.3. [32] Let H be a Hilbert space, and A an maximal monotone operator. For 
A > 0, p > 0, and x G E, we have J\x — J M ^ 1 — jjJ\x+ fx"j , where J\ = (/ + AA)^ 1 
and = (/ + pA)^ 1 . 

Lemma 2.4. [14] Let C be a nonempty convex closed subset of a real Hilbert space H . 
Let T be a nonexpansive mapping on C . Then I — T is demiclosed at origin. 

3. Main results 

Theorem 3.1. Let C be a nonempty convex closed subset of a real Hilbert space H . 
Let A : C — > H be an a-inverse-strongly monotone mapping and let B be a maximal 
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monotone operator on 77. Let S be a fixed n-contraction and let T be a nonexpansive 
mapping on C . Assume Dom(B ) C C and ( A + -B) -1 (0) fl Fix(T) k 0. Let {a n } be a 
real number sequence in (0, 1) and let {r n } be a positive real number sequence in (0,2a). 
Let {x n } be a sequence in C in the following process: xq G C , y n = a n Sx n + (1 — a n )Tx n , 
x n+ \ ~ (I+T n B)^ 1 (y n — r n Ay n ), Vn > 0. Let the criterion for the approximate computation 
ofx n+1 be ||x n+ i - (I + r n B)~ 1 (y n — r n Ay n )\\ < e n , where Yln=\ e n < Assume that the 

control sequences {a n } and {r n } satisfy the following restrictions: I r n — r n -i| < oo, 

limn-^oo a n = 0, En=o a n = oo, J2n=i I a n - ot n - 1 | < oo, and 0 < r < r„ < r' < 2a, 
where r and r' are two real numbers. Then {a;™} converges strongly to a point x G 
(A + 5)- 1 (0) fl Fix(T), where x = Proj (A+B) -i (0)nFix{T) Sx. 

Proof. First, we show that {x n } and {y n } are bounded sequences. Using the restrictions 
imposed on {r n }, one see that I — r n A is nonexpansive. Indeed, we have 

II (I ~ r n A)x - (I - r n A)y\\ 2 

< Ik - y\\ 2 - r „{2a - r n )\\Ax - Ay \\ 2 

< Ik-vll 2 - 

That is, ||(/ — r n A)x — (7 — r n A)y\\ < |k — y ||- Fixing p G (A + 7?) -1 (0) fl Fix(T ), we 
find that 

\\yn-p\\ < a n \\Sx n -p\\ + (1 - a n )\\Tx n — p\\ 

< Qlnll'S'^n ~P || + (1 - a n )\\x n ~p\\ 

< (1 - a n ( 1 - a)) Ikn - p|| + «n | \Sp - p\\- 

Hence, we have 

lkn+i -p|| < |kn || + ||(7 + r n By 1 (y n - r n Ay n ) - p\\ 

< e n + || (y n ~ r n Ay n ) - (I - r n A)p\\ 

< e n + (1 - £*n(l - «)) Ikn ~ P|| + «n(l - «) — 

< max{|kn — p\\, — —} + e n 

1 — /t 

< max{|ko -p||, — — } + y^ e i < °°- 

1 — K t—* 

i = 0 

This proves that the sequence { x n } is bounded, so is {y n }. Notice that 

1 1 Vn tin— l || (l Ol n (1 n)) |kn X n —l || T | OL n On— 1 1 || Sx n — \ X n —± || . 

Setting z n = y n — r n Ay n , one further has 

1 1 o n Zn — ill — II Vn Vn— 1 1 1 T 1 1 r n r n — 1 1 1 1 1 Ay n _ 1 1 1 

< (l - Ol n ( 1 - /t))|kn - X n - ill + |r n - r n — l|||7h/n-l|| (3.1) 

T |o n O n — 1 1 || Sx n — i X n —\ || . 
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Putting J Tn = (/ + r n S) _1 , it follows from Lemma 2.3 that 
ll^n+1 *£n|| 

— T ^n—1 T || Jr n — l^n— 1 Jr n —i ( %n "P (1 ) '^T n U 

T'n T'n 

— £n “1“ £n—l “1“ ||(1 )( , lr n %n %n— l) “1“ (^n %n— l) 

^ n T n 

|r n — r n _i| 

^ H - ^n— 1 H“ J r n % n H“ %n % n — 1 ? 

r n 

which implies from (3.1) that 

|| *^n+l || 


< e n + e n _i + 


\r n - t n _i 


|^n ^rn^nll ~t" (l ^n( 1 ^)) ||^n *^n— 1| 


+ l^n T'n— 1 1 11-^2/n— 1 1| ""I - |^n ^n— 1 1 1| Sx n — \ X n —\ 

^ (l ^n(l ^)) ||^n *^n— 1|| &n— 1 

I J r n %n | 


+ |r n - r n _i| [\\Ay n _i || + 


) "P ®n— 1 1 1| Sx n — i X n _i 


From the restrictions imposed on the control sequences, we have 


I T II 

Y (e n + e n -i + |r n -r n _i|(||2h/ n _i|| + rn ^ n — ) + |a n -o; n _i|||S'x n _i -x n _i||) < oo. 

n=l n 

Using Lemma 2.1, we find liirp,^^, ||a; n+ i — x n || = 0. Since || • || 2 is convex, we have 
|| y n — p || 2 < a n \\Sx n — p\\ 2 + (1 — a n )||a; n — p|| 2 , from which it follows that 

ll®n+i “PH 2 

< || (y n ~ r n Ay n ) - (p - r n Ap) || 2 + 2e n ||(J + r n B)~ l (y n - r n Ay n ) - p\\ + e 2 

< || y n -p|| 2 - r n (2a - r n )\\Ay n - Ap \\ 2 + 2e n ||(J + r n By 1 (y n - r n Ay n ) -p|| + e 2 

< a n \\Sx n -p|| 2 + (1 - ft„) \\x n -p|| 2 - r n ( 2a - r n )\\Ay n - Ap\\ 2 
+ 2e n || (/ + r n B)~ 1 (y n - r n Ay n ) - p|| + e 2 . 

This implies that 

r n (2a - r n )\\Ay n - Ap \\ 2 < a n \\Sx n - p\\ 2 + \\x n - p\\ 2 - \\x n+1 - p\\ 2 

+ 2e n || (/ + r n 5) _1 (r/ n - r n Ay n ) - p|| + e 2 . 

Hence, we have 

hm \\Ay n — Ap\\ = 0. (3.2) 

n— >oo 

Put A n = (/ + r n B)~ 1 (y n — r n Ay n ). Since (/ + r n B)~ l is firmly nonexpansive, one has 
II A„ - p|| 2 < ((y n ~ r n Ax n ) -(p- r n Ap ), A n - p) 

< ^{\\Vn -p\\ 2 + ||A n -p|| 2 - \\y n ~ K~r n {Ay n - Ap)\\ 2 ) 

< 1(11 y n - p|| 2 + || An - p|| 2 - II y n - Anil 2 + 2r„||A„ - y n \\\\Ay n - Ap \\ ). 
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|| x n+ i - p\\ 2 < el + a n \\Sx n - p\\ 2 + \\x n - p|| 2 - \\y n - A n || 2 
+ 2r n || A n - y n \\\\Ay n - Ap\\ + 2e n \\X n -p\\. 

Hence, we have 

bn - An || 2 < e 2 + a n \\Sx n -p\\ 2 + \\x n - p\\ 2 - \\x n+1 - p\\ 2 
+ 2r n ||A n - y n \\\\Ay n - Ap\\ + 2e n ||A n — p||. 

Using the restrictions imposed on the control sequences and (3.2), we arrive at 

lim || y n - A n || = 0. 


(3,3) 


Note that \\x n — Tx n \\ < \\x n — x n+ \\\ + ||A n — y n \\ + bn — Tx n \\ + e n . This finds from (3.3) 
liirin^oo \\x n - Tx n \\ =0. 

Next, we show that 

limsup(Sx — x, y n — x) < 0, (3.4) 

n— >oo 

where x is the unique fixed point of the mapping Proj^A+B)^ 1 (o)nFix(T)S. To show this 
inequality, we choose a subsequence {y ni } of {y n } such that limsup n ^. 0O (5'x — x,y n — x) = 
hrrij^oo^Sx — x, y ni — x) <0, Since {y ni } is bounded, there exists a subsequence {y nij } of 
{y ni } which converges weakly to x. Without loss of generality, we assume that y ni — ^ x. 
Since ||a;n — y n || < \\x n — x n +i\\ + j|A n — y n || + e n , one has x ni — ^ x. Using Lemma 2.4, 
one has x e Fix(T). Since y n — r n Ay n e A n + r n B A n , that is, G B\ n . Let 

H G Bv. Since B is monotone, we find that ( Vn ~ Xn — y — Ay n , A n — v) > 0. Hence, one 
has 0 < {—Ax — y, x — v). This implies that —Ax G Bx, that is, x G {A + H) _1 (0). This 
shows (3.4) holds. Notice that 

bn - ^|| 2 < oi n {Sx n - Sx,y n -x} + a n (Sx - x,y n - x) + (1 - a n )\\Tx n -p||||y n - x|| 

< (1 - a„( 1 - «)) \\x n - x\\ bn - ®|| + a n (Sx - x,y n - x). 

It follows that bn ~ ^|| 2 < (1 — «n(l — ft))||x n — x|| 2 + 2 a n (Sx — x,y n — x). 

Hence, we have 

ll^n+i - ^|| 2 < || {y n ~ r n Ay n ) - {I - r n A)x || 2 + 2e n ||A n - x\\ + e 2 

< (1 - cin(l - K))\\x n - x\\ 2 + 2 a n (Sx - x,y n - x) + 2e n \\X n - x|| + e 2 . 

An application of Lemma 2.1 to the above inequality yields that lim n _ s . 0O ||a: n — a;|| = 0. 
This completes the proof. 


4. Applications 

Let C be a nonempty closed and convex subset of a Hilbert space H . Let ic be the 
indicator function of C, that is, ic(x) = oo,x £ C, ic{x) =0,igC. Since ic is a proper 
lower and semicontinuous convex function on H, the sub differential die of ic is maximal 
monotone. So, we can define the resolvent J r of die f° r r > 0, i.e., J r := (/ + rdic)~ l ■ 
Letting x = J r y, we find that 

y G x + rdicx t/Gi + rNcx x = Projcy, 

where Projc is the metric projection from H onto C and NcX {e G H : (e, v — x), Wv G 

cy 
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Theorem 4.1. Let C be a nonempty convex closed subset of a real Hilbert space H . 
Let A : C — >• H be an a -inverse- strongly monotone mapping and let T : C — >• C be a 
nonexpansive mapping. Assume that VI {C, A) D FixiT) is not empty. Let S : C — >• C 
be a fixed k- contraction. Let {x n } be a sequence in C in the following process: x$ G C , 
Un = OL n Sx n + (1 — a n )Tx n , x n+ \ ~ ProjciVn — r n Ay n ), Vn > 0. Let the criterion for the 
approximate computation of x n+ \ be \\x n+ i — Projc(y n — r n Ay n )\\ < e n , where e n < 

oo. Assume that the control sequences {a n } and {r n } satisfy the following restrictions: 

li m n_KX) ®-n 0? E„= 0 «n OO, ^f ln= i \ Ol n O n _x| A OO, \^n ^n— 1| OO, and 

0 < r <r n < r' < 2a, where r and r' are two real numbers. Then {x n } converges strongly 
to a point x G VI(C, A) n Fix{T), where x = Projvi(c,A)nFix(T)Sx. 

Proof. Putting B = die i n Theorem 3.1, we find that J Tn = Projc ■ This finds from 
Theorem 3.1 the desired conclusion immediately. 

Next, we consider the problem of finding a solution of a Ky Fan inequality [7], which 
is known as an equilibrium problem in the terminology of Blum and Oettli; see [33] and 
the references therein. 

Let B be a bifunction of C x C into M, where M denotes the set of real numbers. Recall 
the following equilibrium problem: 


Find x G C such that B(x,y ) >0, \/y G C. (4.1) 

To study equilibrium problem (4.1), we may assume that B satisfies the following 
restrictions: 

(R-a) B(y, x) + B{x, y) < 0, Vx, y G C; 

(R-b) B(x,x) = 0, \/x G C; 

(R-c) B(x, y) > limsup f | 0 B(tz + (1 — t)x, y), Vx, y,z G C, 

(R-d) y B(x,y), Vx G C, is lower semi-continuous and convex. 

The following lemmas can be found in [22] and [33]. 

Lemma 4.2. Let C be a nonempty convex closed subset of a real Hilbert space H . Let 

B : C x C — >■ M be a bifunction with (R-a), (R-b), (R-c) and (R-d). Then, for any r > 0 

and x G H , there exists z G C such that rB(z, y) + (y — z, z — x) > 0, Vy G C. Further, 
define 

T r x = | z e C : rB{z,y ) + (y — z, z — x) > 0, Vy G cj (4.2) 

for all r > 0 and x G H. Then T r is single-valued and firmly nonexpansive and F(T r ) = 
EP(F) is closed convex. 

Lemma 4.3. Let C be a nonempty convex closed subset of a real Hilbert space H . Let 

B be a bifunction from C x C to M with (R-a), (R-b), (R-c) and (R-d). Let Ab be a 

multivalued mapping of H into itself defined by 


A b x 


{z G H : (y - x, z) < B(x, y), Vy G C}, x G C, 
0, x$C. 


(4.3) 


Then A B is a maximal monotone operator with domain D(A B ) C C, EP(B) = A^ 1 (0), 
where FP(B) stands for the solution set of (4.1), and T r x = (/ + rA B )~ l x, Vx G H, r > 0, 
where T r is defined as in (4.2). 


66 


B. A. BIN DEHAISH et al 61-69 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


SOLUTIONS OF FIXED POINT AND VARIATIONAL INCLUSION PROBLEMS 7 

Theorem 4.4. Let C be a nonempty convex closed subset of a real Hilbert space H . Let 
B : C x C — >• M be a bifunction with ( R-a ), (R-b), (R-c) and (R-d). Let T : C — >• C be a 
nonexpansive mapping. Assume that EP(B) fl Fix(T) is not empty. Let S : C — >• C be a 
fixed K-contraction and let T rn = (J+rnAe) -1 . Let {x n } be a sequence in C in the following 
process: xq G C and x n+ \ ~ T rn (a n Sx n + (1 — a n )Tx n ), Vn > 0, Let the criterion for 
the approximate computation of x n+ 1 be ||x n+ i — T rn (a n Sx n + (1 — a n )Tx n ) || < e n , where 
e n < oo. Assume that the control sequences {a n } and {r n } satisfy the following 
restrictions: lim M00 a B = 0, Y,n=o a n = oo, E“=i I «n - «n-i| < oo, |r n - r n _i| < 

oo, and 0 < r < r n < r' < 2a, where r and r' are two real numbers. Then {x n } converges 
strongly to a point x G EP(B) fl FixiT), where x = Prof ep(b)ofix{t)Sx. 

Proof. Putting A = 0 in Theorem 3.1, we find that J Vn = T rn . From Theorem 3.1, we 
draw the desired conclusion immediately. 

Recall that a mapping T : C — * T is said to be o-strictly pseudocontractive iff there 
exits a constant a G [0, 1) such that 

II Tx - Ty\\ 2 < a\\(I - T)x - (/ - T)y\\ 2 + ||x - y\\ 2 , Vx,y e C. 

The class of strictly pseudocontractive mappings was first introduced by Browder and 
Petryshyn [28]. It is known if T is o-strictly pseudocontractive, then I — T is -b^-inverse 
strongly monotone. 

Finally, we consider the problem of common fixed point problems of nonlinear mappings. 

Theorem 4.5. Let C be a nonempty convex closed subset of a real Hilbert space H . Let Ti 
be a nonexpansive mapping and let T 2 be a a-strictly pseudocontractive mapping on C . Let 
S be a fixed K-contraction on C . Let {x n } be a sequence generated in the following manner: 
x 0 G C, y n = a n Sx n + (1 - a n )Tix n , x n+1 « (1 - r n )y n + r n T 2 y n , Vn > 0, Let the criterion 
for the approximate computation of x n+ \ be ||x n+ i — (1 — r n )y n — r n T 2 y n \ < e n , where 
< oo. Assume that the control sequences {a n } and {r n } satisfy the following 
restrictions: lim^oo a n = 0, = 00 ’ S“=i I «n - «n-i| < oo, \ r n - r„_i| < 

oo, and 0 < r < r n < r' < 1 — a, where r and r' are two real numbers. Then {x n } 
converges strongly to a point x G FixiTf) fl Fix(T 2 ), where x = ProjpixiT^rFixt t 2 )Sx- 

Proof. Putting A = I — T 2 , we find A is bp-inverse strongly monotone. We also have 
VI(C, A) = FixiT-f) and r n T 2 y n + (1 - r n )y n = Proj c {y n ~ r n Ay n ). In view of Theorem 
3.1, we obtain the desired result immediately. 
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ON THE STABILITY OF ADDITIVE p-FUNCTIONAL INEQUALITIES IN 

FUZZY NORMED SPACES 

CHOONKIL PARK 


Abstract. In this paper, we solve the following additive p-functional inequalities 

N ( /(a: + y) ~ f( - x) ~ /(y) - p { 2f (^rO ~ f{x) ~ f{y) ) ’ *) - t + X,y) ((U) 

and 

N ( 2 / (—^9 ~ /(*) - f(y) ~ p (f( x + v) - f( x ) - f(v )) > *) > t + y ^ (°- 2 ) 

in fuzzy normed spaces, where p is a fixed real number with p yL 1. 

Using the direct method, we prove the Hyers-Ulam stability of the additive p-functional 
inequalities (0.1) and (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [10] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [6, 12, 27]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [5] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [11]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3] . 

We use the definition of fuzzy normed spaces given in [2, 16, 17] to investigate the Hyers-Ulam 
stability of additive p- functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 16, 17, 18] Let A be a real vector space. A function N : A x M — > [0, 1] is 
called a fuzzy norm on X if for all x, y G X and all s,RK, 

(Ni) N(x,t) = 0 for t < 0; 

(IV2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx, t ) = N(x, ) if c / 0; 

(IV4) N(x + y,s + t ) > min {N(x,s),N(y,t)}; 

(IV5) N(x, •) is a non- decreasing function of M and lim^oo N(x, t ) = 1. 

(Nq) for x 7^ 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[15, 16]. 

Definition 1.2. [2, 16, 17, 18] Let (A, N) be a fuzzy normed vector space. A sequence {x n } in 
A is said to be convergent or converge if there exists an x £ A such that lim rwoo N (x n —x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
linin-^oo x n = x. 
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Definition 1.3. [2, 16, 17, 18] Let (X,N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no G N such that for all 
n > no and all p > 0, we have N (x n + p — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >■ Y between fuzzy normed vector spaces X and Y is 
continuous at a point xo G X if for each sequence {x n } converging to xo in X , then the 
sequence {f(x n )} converges to f(x o). If / : X Y is continuous at each x G X, then 
/ : X — > Y is said to be continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ularn [26] 
concerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + fiy) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [8] gave a first 
affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [24] for linear mappings 
by considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [7] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Th.M. Rassias’ approach. 

The functional equation / = |/(x) + |/(y) is called the Jensen equation. The stability 

problems of several functional equations have been extensively investigated by a number of 
authors and there are many interesting results concerning this problem (see [4, 9, 13, 14, 19, 
22, 23, 25]). 

Park [20, 21] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

In Section 2, we solve the additive p-functional inequality (0.1) and prove the Hyers-Ulam 
stability of the additive p-functional inequality (0.1) in fuzzy Banach spaces by using the direct 
method. 

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the additive p-functional inequality (0.2) in fuzzy Banach spaces by using the direct 
method. 

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach 
space. 


2. Additive p-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality 
(0.1) in fuzzy Banach spaces. Let p be a real number with p 1. We need the following lemma 
to prove the main results. 

Lemma 2.1. Let f : X Y be a mapping satisfying 

f{x + y)~ fix) - f{y) = p (2f “ /(*) - f(y)j (2- 1 ) 

for all Then f : X — »• Y" is additive. 

Proof. Letting x = y = 0 in (2.1), we get — /( 0) = 0 and so /( 0) = 0. 

Replacing y by x in (2.1), we get /( 2x) — 2 f(x) = 0 and so /( 2x) = 2 f(x) for all x G X. 
Thus 

fix + y)~ f{x) - fiy ) = p (V - fix) - f(y)j = p(/(x + y) - fix) - f(y)) 

and so fix + y) = fix) + fiy) for all x, y G X. □ 
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Theorem 2.2. Let ip : X 2 — > [0, oo) be a function such that 


Hx,y) :=5Z 2 M^7,^7) < 

5 = i 


oo 


for all x,y G X . Let f : X -A Y be a mapping satisfying 

N (f(x + 2 /) - f(x) - f(y ) - p (V ~ f(x) - /(y)^ , tj > 


t + <p(x,y) 


( 2 . 2 ) 


(2.3) 


for all x,y £ X and all t > 0. Then A(x) := A?'-lim n _ > . 0O 2"/ (^-) exists for each x € X and 
defines an additive mapping A : X Y such that 


N(f(x) - A(x),t ) > 


t + i<&(x, x) 


(2.4) 


for all x G X and all t > 0. 

Proof. Letting y = x in (2.3), we get 


N (/ (2x) — 2f(x),t) > 


and so 


for all x G X. Hence 


t + <p(x, x) 

n ( h *)-2 /©.^irrkl) 


(2.5) 


TV 27 -r -2 m / — ,t 


2 l 


> min < N ( 2 / 


x 


( 2 . 6 ) 


- 2 Z+1 / 


x 


= min <J N ( / ( - t ) — 2/ 


> min 


( 5 S 1 ) ■<)."• A (2'“''/( 5 Lt)-2”7 (!;).< 

- 2 / 


t. 

2 i+i I ’ 2 ^ 


,••• ,iV / 


x 

2m— 1 


X \ t 

2m ) ’ 2 m ”l 


= min ■ 


> 


t 

t 1 

2 l 

2 m— 1 1 

t | ( x ;r 1 

2' + T V. 2'+! ’ 2*+! j 

’ * -L ( X X \ 1 

2m— l 1 r V 2 m ’ 2 m / 1 

t 

t 

t + 2^ ^ > 2UFt) 

t + 2 m_1 </? (jlr, ^-) 


‘+5e;i,«2y(s,#) 

for all nonnegative integers m and l with m > l and all x G X and all t > 0. It follows from 
(2.2) and (2.6) that the sequence {2 n /(?p r )} is a Cauchy sequence for all x G X. Since Y is 
complete, the sequence {2 n /(^)} converges. So one can define the mapping A : X — > Y by 

A(x) := N- lim 2 n /( — ) 

V ’ IHO o J v 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (2.6), we get (2.4). 
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By (2.3), 




-p ( 2 "+ 1 / 




2 n f 

^ 2 n+1 J J \2 r 

for all x, y G X, all t > 0 and all n G N. So 

"H' 020 -/(£)-/(£ 


-p( 2” +1 / - 2 “/ (Js) - 2 ”/ (|; 


, 2 n t > 


( + JM 

^ y 2 n 5 2 n / 


,t > 


JL1 -JU 

2 n i V 2 n ’ 2 n / ^ i ^ t V 2 n 5 2 n / 

for all x, y G X, all t > 0 and all n G N. Since lim^oo f x — y . = 1 for all x,y E X and 

t+2 n (p{ 2Tt ,zn ) 

all t > 0, 

A{x + y)~ A(x) - A(y) = p (^2A - A(a?) - A(y)^j 

for all x,y € X. By Lemma 2.1, the mapping A : X — > Y is Cauchy additive, as desired. □ 

Corollary 2.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector 

space with norm || • ||. Let f : X -eY be a mapping satisfying 

N (fix + y)~ f(x) - f{y) - P ( 2 / (^—^) - f ( x ) - /(y)) > 


~ t + 8 (\\x\\p + \\y\\P) (2 ' 7) 

for all x, y E X and all t > 0. Then A(x) := TV-linin-^oo 2"/(^r) exists for each x G X and 
defines an additive mapping A : X Y such that 


N(f(x) - A(x),t) > 


(2 p - 2 )t 


(2P - 2)t + 28 \\x\\p 


for all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking ip(x, y) := 0(||x|| p + Hyp) for all x, y G X, 
as desired. □ 

Theorem 2.4. Let p> : X 2 — * [0, 00 ) be a function such that 


OO ^ 

$ 0 ; v) ■= Y ljt ( 2 ^ x ’ 2J y) < 00 

3=0 


for allx , y G X. Let f : X — » Y be a mapping satisfying (2.3). Then A(x) := A r -lim n _^ 0O ^ 7 / (2 n x) 
exists for each x G X and defines an additive mapping A : X -A Y such that 

N (f(x) — A(x),t) > 1 


t + k$(x, x) 


for all x G X and all t > 0. 
Proof. It follows from (2.5) that 


N (/(*) - > 


t + <p(x, x) 
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and so 


N 


fix) - -/( 2x 


),t) > 


2 1 _ t 

2 t + p(x,x) t + htp{x,x) 


for all x £ X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • ||. Let f : X —tY be a mapping satisfying (2.7). Then A(x) := N- 
linin^oo f(2 n x) exists for each x £ X and defines an additive mapping A : X — >■ Y such 
that 


N if{x) - A(x),t) > 


(2 - 2 P)t 

(2- 2P)t + 26 \\x\\p 


for all x £ X and all t > 0. 


Proof. The proof follows from Theorem 2.4 by taking <p(x, y ) := $(|M| P + ||y|| p ) for all x, y £ X, 
as desired. □ 


3. Additive /afunctional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the additive p- functional inequality 
(0.2) in fuzzy Banach spaces. Let p be a fuzzy number with p ^ 1. 

Lemma 3.1. Let f : X — > Y be a mapping satisfying /( 0) = 0 and 

2 / (— ^) - /(*) ~ /fo) = p + y)~ fi x ) _ fiy)) ( 3 - 1 ) 

for all x, y £ X . Then f : X — >• Y is additive. 

Proof. Letting y = 0 in (3.1), we get 2/ (|) — /(x) = 0 and so /( 2x) = 2 f(x) for all x £ X. 
Thus 

fix + y)~ fix) - fiy) = 2/ - fix) ~ fiy) = pifix + y)~ fix) - fiy)) 

and so f(x + y) = f(x) + f{y) for all x, y £ X. □ 


Theorem 3.2. Let <p : X 2 — > [0, oo) be a function such that 

$(x, y) := 2 V Jyj < °o 

for all x,y £ X . Let f : X — »• Y be a mapping satisfying /( 0) = 0 and 


(3.2) 


N ( 2 ^ (“Y^) “ ~ ^ “ p ifi x + “ /(?/)) > t + y j (3-3) 

for all x, y £ X and all t > 0. Then A(x) := iV-lim n _ > . 0O 2”/ ( /^) exists /or each x £ A and 
defines an additive mapping A : X Y such that 

N ifix)~ A(x),t)> * (3.4) 

t + <P(x, 0) 

for all x £ X and all t > 0. 
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Proof. Letting y = 0 in (3.3), we get 

N (/(x) - 2/ ^ ,tj = N (2f - f(x),tj > 


t + <p(x, 0) 


for all x E X. Hence 


x 


N 2 1 / 777 — 2 m / — , t 


2 l 


> min <N[2 l f 


x 


(3.5) 


(3.6) 


= min { N ( / ( y ) — 2/ 


x 


~ 2 1+1 f 

x 




X 

2 m 


2 i+i I ’ 


’Oi om — 1 ) ^ Um 


X 


2m— 1 


> min • 


= mm • 


t 

2 l 


2 l + ^ l * 


t + ! 


(f.o) 


T=1 + P 


(5AT.0) 



f \ 

(§’°) 

t + 2 If ^ 2 m- 1 ) 0^ j 


> 


t + E” 7 ‘M§,o) 


for all nonnegative integers m and l with m > l and all x E X and all t > 0. It follows from 
(3.2) and (3.6) that the sequence {2 n f{^k)} is a Cauchy sequence for all x E X. Since Y is 
complete, the sequence {2 n f(-§r)} converges. So one can define the mapping A : X -A Y by 

A(x) := N- lim 2 ”/( — ) 

v ’ 1H OO ^ v 2 n ' 

for all x & X. Moreover, letting l = 0 and passing the limit m — > 00 in (3.6), we get (3.4). 

By (3.3), 


N ( 2 n+1 f 


x + y 


2 n+l 

x + y 


- 2 n / — - 2 n / — 

■7 \ On J \ On 


- P 2" / 


for all x, y E X, all t > 0 and all n E N. So 


•7 \ Or* / «7 l 


, 2 n f > 


f m JL) 
° 1 'y y 2 n 5 2 n / 


4” +1 /(^ 

-rU "(f fX + y 


- 2 n f — - 2 n f JL 

J \ On / J \ On 




•7 \ Or) / >7 \ or) 


>* > t 


for all x,y E X, all f > 0 and all n € N. Since lim,, 
all t > 0, 


_L m 7 JL _M_i / -L 2 n w 1 — if 

2n 1 y V 2 n ’ 2 n / t/ 1 ^ r v 2 n ’ 2 n / 

— - — f —. — = 1 for all x,y E X and 


2A 


(^) - A(x) - 2%) = p (A(x + y)~ A(x) - A(y)) 


for all x,y E X. By Lemma 3.1, the mapping A : X — > Y is Cauchy additive, as desired. □ 
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Corollary 3.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector 
space with norm || • ||. Let f : X — >■ Y be a mapping satisfying /( 0) = 0 and 

N ( 2/ (^r 1 ) - /(i) - f{y) - pU(x +y) - /(x) - • ‘) 2 TTmkrn (3 - 7) 

for all x, y G X and all t > 0. Then A{x ) := N-\im. n ^ f00 2 n f{^) exists for each x E X and 
defines an additive mapping A : X — > Y such that 


N (f{x) - A(x),t) > 


(2 p - 2)t 

(2P - 2)t + 2P8\\x\\P 


for all x e X and all t > 0. 


Proof. The proof follows from Theorem 3.2 by taking (p(x, y ) := $(||t|| p + ||y|| p ) for all x, y 6 X, 
as desired. □ 


Theorem 3.4. Let ip : X 2 — > [0, oo) be a function such that 


OO -i 

y) ■= yjV ( 2 ^ x ’ 21 y) < 00 

3 = 1 


for all x, y G X. Let f : X -A Y be a mapping satisfying /( 0) = 0 and (3.3). Then A{x) := N- 
linin^oo A^f (2 n x) exists for each x € X and defines an additive mapping A : X -A Y such 
that 


N(f(x) - A(x),t) > 


t 


t + 4>(x, 0) 


for all x € X and all t > 0. 
Proof. It follows from (3.5) that 


N (/(*)- > 


t 


and so 


N^f(x)- 1 2 f( 2x),tj > 


t + <p(2x, 0) 

2 1 t 


2t + <p(2x,0) t + h(p(2x,0) 


for all x £ X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 


Corollary 3.5. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with the norm || ■ ||. Let f : X -A Y be a mapping satisfying /( 0) = 0 and (3.7). 
Then A{x) := iV-lim^oo 2^/(2 n x) exists for each x G X and defines an additive mapping 
A : X -A Y such that 


N (f(x) - A(x),t) > 


(2 - 2 P)t 

(2-2P)t + 2P0||x||P 


for all x e X . 

Proof. The proof follows from Theorem 3.4 by taking ip(x, y) := 0(||t|| p + ||?/|| p ) for all x, y £ X, 
as desired. □ 
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Abstract 

The main objective of this paper is to study the global stability of the 
positive solutions and the periodic character of the difference equation 

k 

A Ei %n—i 

X n +i = , n = 0, 1, 

B + C hi x n ~i 

i = 0 

where the parameters A, B and C are positive real numbers and the initial 
conditions X-k+ 1 , •••, X-, xo are nonnegative real numbers. 

Keywords: difference equations, stability, global stability, periodic solutions. 

Mathematics Subject Classification: 39A10 


1 Introduction 

Difference equations have always played an important role in the construction and 
analysis of mathematical models of biology, ecology, probability theory, genetics, 
number theory, physics, economic process, and so forth. 
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The study of nonlinear rational difference equations of higher order is of para- 
mount importance, since we still know so little about such equations. 

Ahmed [1] investigated the global asymptotic stability and the periodic character 
for the rational difference equation, 

Xn + 1 = — — V n = 0,1,..., 

0+1 n <_ 2 , 

i=l 

where the parameters a, /3 , 7, p±, P2, Pk are nonnegative real numbers, and 
l, k are nonnegative integers such that l < k and the initial conditions X- 2 k, x~ 2 k+u 
..., X-i, Xa are arbitrary nonnegative real numbers. 

Wang et al. [2] studied the asymptotic behavior of the solutions of the nonlinear 
difference equation 

l 

^2 X-n — Si 

X n+l = ^~ k , 71 = 0,1,..., 

B+C E x„-u 
3=0 

where the initial conditions x_ m , x_ m+ i, ..., x_i, x 0 are positive real numbers, 
m = max{si, ..., s/, 1 1, ..., t k } , s 1, ..., s/, 1 1, ..., t k are nonnegative integers, and 
A Si . B , C are arbitrary positive real numbers. 

Zayed et al. [3] investigated the boundedness character, the periodic character, 
the convergence and the global stability of positive solutions of the difference equation 

k 

A+J2 a i Xn-i 

X n+ 1 = —^ , 71 = 0 , 1 ,..., 

E 0i x n — i 

i = 0 

where the coefficients A, cq, ,/3j and the initial conditions X- k , X- k +i, ..., x_i, a;o 
are positive real numbers, while A; is a positive integer number. 

In [4] Ibrahim et al. studied the global behavior of the difference equation 

Xn+l = ax r m , 71 = 0,4*., 

0+1 n Xn-ij 
3=0 

where the parameters a, (3, 7 and initial conditions are non-negative real numbers, 
{ho < H < ••• < ik} is a set of nonnegative even integers and m is an odd positive 
integer 

Hamza et al. [5] studied the global asymptotic stability of the difference equation 

k 

AY\x n -2i-l 

Xn+l = i=i fc -i , n = 0, 1, ..., 

B + C P[ X n — 2i 
3=0 

where A, B, C are nonnegative parameters and l, k are nonnegative integers for 
l < k. They discussed the existence of unbounded solutions under certain conditions 
for l = 0. 
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In [ 6 ] El-Metwally investigated the global stability character and the oscillatory 
of the solutions of the following difference equation 

k 

II %n—2i — l 

Vn + 1 = - k — j , 71 = 0, 1,..., 

X^ Vn— 2i — l n yn—2i — l 
i = 0 i = 0 

where a, /3, 7 , p G (0, 00 ) with the initial conditions yo, y_i, y_ 2 fc, y~ 2 k~i G 
(0, 00 ). For more results in the direction of this study, see, for example, [1-27] and 
the papers therein. 

The aim of this paper to study some qualitative behavior of the positive solutions 
of a higher order difference equation 


B X^ n—i 

x n+1 = Ax n ^ ^ , n = 0, 1, ..., (1) 

C-\-D X[ x n —i 
i = o 

where the parameters A, B, C and D are positive real numbers and the initial 
conditions X-k, X-k+i , ..., x_, Xq are nonnegative real numbers. 


2 Preliminaries 

Let I be some interval of real numbers and let 

F : I k+1 -> /, 

be a continuously differentiable function. Then for every set of initial conditions 
X-k,X-k+v, ■■;Xo G /, the difference equation 

x n+1 = F(x n ,x n -i , ..., x n - k ), n = 0,1,..., ( 2 ) 

has a unique solution {x n }™ = _ k . 

Definition 1 (Equilibrium, Point) 

A point x e I is called an equilibrium, point, of the difference equation (2) if 

x = F(x,x, ...,x). 

That is, x n = x for n > 0, is a solution of the difference equation (2), or equivalently, 
x is a fixed point, of F. 

Definition 2 (Stability) 

Let, x G (0, oo) be an equilibrium, point, of the difference equation (2). Then, we have 
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(%) The equilibrium, point x of the difference equation (2) is called locally stable if for 
every e > 0, there exists 5 > 0 such that for all x_ k , ■■■,X-i,Xq E I with 


x_k ~ x\ 4* ... + |x_i — x\ + |x 0 — x\ < S, 


we have 

\x n — x\ < e for all n > —k. 

(ii) The equilibrium, point x of the difference equation (2) is called locally asymptot- 
ically stable ifx is locally stable solution of Eq. (2) and there exists 7 > 0, such that 
for all X-k, ...,X-i, xo El with 

\x-k — x\ -f ... + \x-i -x\ + |x 0 — x\ < 7 , 


we have 


lim x n = x. 

n— » 00 

(Hi) The equilibrium, point, x of the difference equation (2) is called global attractor 
if for all x_k, •••, X-i, x 0 E /, we have 


lim x n = x. 

00 

(iv) The equilibrium, point, x of the difference equation (2) is called globally asymp- 
totically stable if x is locally stable, and x is also a global attractor of the difference 
equation (2). 

(v) The equilibrium, point, x of the difference equation (2) is called unstable ifx is not 
locally stable. 

Definition 3 (Periodicity) 

A sequence {x n })f = _ k is said to be periodic with period p if x n+p = x n for alln > —k. 
A sequence {x n }^ L_ k is said to be periodic with prime period p if p is the smallest, 
positive integer having this property. 

Definition 4 The linearized equation of the difference equation (2) about, the equi- 
librium, x is the linear difference equation 

^ d F(x,x, ...,x) 

Vn+l = 2^ 7 - ; Vn-i- 

i= 0 x n-i 

Now, assume that the characteristic equation associated with (3) is 

p(X) = PoX k + Pi\ k 1 + ... + Pk-iX + Pk = 0, (4) 



where 


Pi = 


d F(x, x, ..., x) 
dx„ _» 
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Theorem 1 [1]: Assume that pi G R, i = 1,2, ..., k and k is non-negative integer. 

Then 

k 

X N < f 

i = 1 

is a sufficient condition for the asymptotic stability of the difference equation 
x n +k + PiXn+k-i + ... +p k x n = 0, n 0.1,.... 

3 Change of variables 

By using the change of variables x n = (y;) fc+1 Itn the equation (1) reduces to the 
following difference equation 

k 

r E Vn-i 

y n + 1 = Ay n + , n = 0, 1, ..., (5) 

1+ El Vn—i 
i = 0 

where r = ^ and the initial conditions y n , y n _ i, ..., y n -k+ i, y n -k are positive real 
numbers. 


4 Local Stability of the Equilibrium Point 

In this section, we study the local stability character of the equilibrium point of 
Eq.(5). 

Eq.(5) has equilibrium point and is given by 

k 

r E Vn-i 

y = Ay+^i , 

1+ n Vn-i 

i = 0 

or 

y(l-A)(l + y k+1 ) = r{k + l)y. 

Thus y 1 = 0 is always an equilibrium point of Eq. (5). If A < 1 and TET > 1; then 
the only positive equilibrium point y 2 of Eq. (5) is given by 


Vi 


f r(k + 1) _ \ fc+1 

V l-A J 


Theorem 2 The equilibrium y 1 of Eq. (5) is locally asymptotically stable if 

A + r(k +1)<1. 
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Proof: Let / : (0, oo) fc+1 — > (0, oo) be a continuous function defined by 


r Y. Un-i 

fibril 'U'n—l i 'U j n—2i ■•■i ^n—k ) All n T jT~ 


Therefore, it follows that 


dfi'Ur 15 ‘Un— 1 5 'Un—2i • 

Un—k) 

du n 


Of(u n , U n - 1 , Un- 2 , ■ 

fc) 

dUn— 1 


dfi^Um ‘Un— 1 1 %-2 ? • 

••5 Un—k) 

du n -2 


dfi'Um 'Un— 1 5 'Un—2i • 

fc) 


= A + 


i+ n u n —i 
2 = 0 


k \ / k \ / k 

r ( 1 + n u n — i Z) u n-i n u n—i 
2=0 ) V 2=0 / V 2=1 


1+ ]"[ U n —i 
2 = 0 


k \ Ik \ / k 

r ( 1+ FI U n-i ~ ru n Z) u n-i II u n - 1 

i=0 7 \ 2=0 7 \*=2 


O 'Un — i 
2 = 0 


fc \ / k \ / fe 

r( 1+ n u n—i )-rU n U n - 1 Z) u n — i FI 

2=0 7 \i=0 7 \*=3 


l - ! - O 'Un—i 
2 = 0 


r 1+ n “ r Z) u n-i n u n- 


2=0 7 \ 2=0 


du n —k 


1+ n u n—i 
2 = 0 


At t/ 1 = 0, we have 

9f(u n , 'U'n—li 'U J n—2t ••••> 'U n—k ) 

dllr, 


= A + r 


df(u n , Un—lj 'Un— 2i ■■■i 'Un—k) 9 f(u n , U n — i, 'U n _2, •••, Un—k) 

d'Un—l D'Un—k 

and the linearized equation of Eq. (5) about y 1 = 0, is the equation 
z n+1 - (A + r) z n - rz n -i - ... - = 0, 

It follows by Theorem 1 that, Eq. (5) is asymptotically stable if and only if 

| A + r\ + |r| + ... + |r| < 1, 

and so 


( 7 ) 


= r. 


A + r (k + 1) < 1. 


The proof is complete. 
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Theorem 3 The equilibrium, y l of Eq. (5) is unstable if A + r(k + 1) > 1. 
Theorem 4 The equilibrium, y 2 of Eq. (5) is stable if 

Ar + (1 — A) (1 — rk — A) < r. 


Proof: At y 2 — f _ 1 j w , we have 


fc+1 


df_ = r(l + ^-l)-r(fc + l)(^±h-l) 

du n ^ ^ 

A i K r ^)-Kfc+i)( r(fc+ 1 1 ^ 1+A ) = A , (^)h-hfc+i)+i-A 


r(fc+l) N 


r(k-j-l) N 


df 

d'Un— 1 


a , (i — rk—r+l—A) a . (1— A)(l— rk— A) 

— A / r(fe + l) N — Yl H r(k+l) 

df (1 — A) (1 — rk — A) 


du n —k 


r (k + 1) 


and the linearized equation of Eq. (5) about y 2 = ( ~ 1 


fc+i 


, is the equation 


_( A , (l-A)(l-rk-A) \ 
Z n + 1 + r (k+l) J 


(l-A)(l-rk-A) 

r(fc+l) Z n—l 


(l-A)(l-rk-A) _ n 

r(k+l) t)n k i 


It follows by Theorem A that, Eq.(5) is stable if and only if 


A + 


(1 — A) (1 — rk — A) 


r (k + 1) 
for rk + A < 1 we get 


+ 


(1 — A) (1 — rk — A) 


r(k + 1) 


+...+ 


(1 — A) (1 — rk — A) 


r(k + 1) 


< 1, 


A , (! ~ A ) Q-~rk- A) < l 


The proof is complete. 


5 Existence of Boundedness Solutions 

Here we look at the boundedness nature of solutions of Eq.(5). 

Theorem 5 Every solution of Eq.(5) is bounded if A + r (k+ 1) < 1. 
Proof: Let {y n }^Lo be a solution of Eq.(5). It follows from Eq.(5) that 

k . 

r E Vn-i k 

o < y n + 1 = Ay n + —^r < Ay n +r^ y n _i < (A + r (k + 1)) y. 

1+ If Un-i j = 0 

i = 0 

7 


84 


M. M. El-Dessoky et al 78-91 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


this equation is locally asymptotically stable if A + r (k + 1) < 1, and converges to 
the equilibrium point y. Therefore 

lim sup?/ n < {A + r (k + 1)) y. 

n— kx) 

Hence, the solution is bounded. 

Theorem 6 Every solution of Eq. (5) is unbounded if A > 1. 

Proof: Let {y n }™ =0 be a solution of Eq.(5). Then from Eq.(5) we see that 

k , 

r E y n -i * 

Vn +1 = Ay n + -*=£ > Ay n + r ) ^ y n _ t > Ay. 

1+ fl Un-i j = Q 

i = 0 

This equation is unbounded because A > 1, and lim y n = oo. Then by using ratio 

n— kx) 

test {y n }^ =0 is unbounded from above. 

6 Global Stability of the Equilibrium Point 

In this section we study the global stability of the positive solutions of Equation (1). 

Theorem 7 The following statements are true 

(a) If A + r(k + 1) < 1 then the equilibrium, point y 1 = 0 is a global attractor of 
equation (1). 

(b) If rk + A < 1 then the equilibrium, point. y 2 = ^ — lj ^ +1 is a global 
attractor of equation (1). 

Proof, (a) From Eq. (7) we can see that the function is increasing of all ar- 
guments. Now, we can see that the function F(y n , y n _ i, ..., y n -k) increasing in 
y n , y n - 1 , •••, Vn-k+i and x n _ k . Then 

' r(k + l)y ] _ 

A y+ 1+y k+i ~y\ (y-y i) 

< [Ay + r(k + 1 )y -y\(y- 0) 

< — (1 — A — r(k + 1)) y 2 < 0 

If A + r[k + 1) < 1, then F(y, y, ..., y) satisfies the inequality 

[F(y, y , y ) -y\(y- fh) < o, for y 1 = o. 

According to Theorem 1.10 page 15 in [1], then x. \ is a global attractor of Eq. (1). 
This completes the proof. 
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(b) If rk + A < 1, then we can see that the function f(u n , u n - 1, u n - 2, u n - k ) 

dehned by Eq. (7) increasing of all arguments. Suppose that (m, M) is a solution of 
the system 


M = f(M, M, ..., M) and 


m = f(m, m, ..., m ). 


Then from Equation (1), we see that 


M 


AM + 


r(k + 1 )M 
1 + M fc +! ’ 


and m = Am + 


r(k + 1 )m 
1 + m k+1 


then 


(1 - A) + (1 - A)M k+1 = r(k + 1), 

(1 — A) + (1 — A)m k+1 = r(k+ 1), 

Subtracting this two equations, we obtain 

(1 - A) (M k+1 - m k+1 ) = 0 

under the condition A ^ l,we see that M = rn. According to Theorem 1.15 page 18 
in [1], we see that y 2 is a global attractor of Equation (1). 

7 Existence of Periodic Solutions 

In this section we investigate the existence of periodic solutions of Eq.(5). 

Theorem 8 If k is even, then equation (5) has not prime period two solution. 

Proof: Equation (5) can be expressed that 

4 r(y n + y n -i+yn -2 + ■■■+y n -k) 
y n + 1 = A Vn + T— , 

1 VnUn— lVn— 2 •• 'Vn— k 

For k = 2m is even, then y ni y n _ 2 , y n _ 4 , ..., y n - k - 2 , Vn-k are even and y n ^ , y n _ 3 , 
y n -Fj , ..., y n -k- 3, Vn-k- 1 are odd. Suppose that exists there distinct positive solutions 


■■■Pi <1, Pi q, ■■; 


of Equation (5). Then 


. r ((m + 1) q + mp) , . r((m+l)p + mq ) 

P = M + 4 , ,. n 1 1 and q = Ap + 


1 + q m + 1 p m 


1 + p m + l q m 


Therefore, 


p — Aq + g m + 1 p m + 1 _ T(/ m+ i// n+ i = r ( m + 1 )q + rmp , 
q — Ap + p m+ V m+1 — Ap m+1 g m+1 = r(m+l)p + rmq , 


9 


( 7 ) 

(8) 
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By subtracting (8) from (7), we have 

(1 + A + r)(p - q) = 0 

Since r + A + 1 ^ 0, then p — q. This is a contradiction. Thus, the proof is 
completed. 

Theorem 9 If k is odd, then equation (5) has not prime period two solution. 

Proof: When k = 2m + 1 is odd, then y n , y n _ 2 , y n - 4 , • ••, Vn-k- 3 , Un-k- 1 are even 
and y n —\ , yn— 3 , yn— 5 > ■ * • ; yn—k— 2 ) yn—k aie odd. 

First suppose that there exists distinct positive solutions 


■IP Q, IP q, 


of Equation (5). Then 


and 


Therefore, 


p = Aq + 


q = Ap + 


r ((m + 1) q + (m + 1) p) 

^ _|_ g771+lp771+l 

r ((m + 1) p + (m + 1) g) 

1 + pWl+lgm+l 


p — Ag + g m+1 p m + 2 — Aq' n+ 2 p m+1 = r (m + 1) q + r (m + 1) p, 


(9) 


g — Ap + p m+1 g m+2 — 7 4p m + 2 g m + 1 = r (m + 1) p + r (m + 1) g, (10) 

Subtracting (10) from (9), we get 

(p - q) ((A + l)p m+1 g m+ i + 1 + A) = 0 

Since A + l 0, thenp = g. This is a contradiction. Thus, the proof is completed. 


8 Numerical Examples 

For confirming the results of this paper, we consider numerical examples which rep- 
resent different types of solutions to Eq. (5). 

Example 1 . The zero solution of the difference equation (5) is local stability if 
k = 3, A = 0.2, r = 0.1 and the initial conditions X -3 = 0.8, X - 2 = 0.2, X-\ = 0.4 
and x 0 = 0.7 (See Fig. 1). 
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Figure 1. Plot the behavior of the zero solution of equation (5). 

Example 2. The positive solution of the difference equation (5) is local stability 
if k — 3, A = 0.6, r = 0.2 and the initial conditions X-% = 0.8, X -2 = 0.2, X-\ = 0.4 
and x 0 = 0.7 (See Fig. 2). 


plot of y(n+1 )=A y(n)+(r (y(n)+y(n-1 )+y(n-2)+y(n-3))/(1 +y(n)y(n-1 )y(n-2)y(n-3)))) 



Figure 2. Plot the behavior of the positive solution of equation (5). 

Example 3. The solution of the difference equation (5) is global stability if 
k = 3, A = 0.02, r = 0.33 and the initial conditions x_ 3 = 0.8, x_ 2 = 0.2, x_i = 0.4 
and xq = 0.7 (See Fig. 3). 
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plot of y(n+1)=A y(n)+(r (y(n)+y(n-1)+y(n-2)+y(n-3))/(1+y(n)y(n-1)y(n-2)y(n-3)))) 



Figure 3. Plot the behavior of the positive solution of equation (5). 

Example 4. Figure (4) shows the equation (5) is unbounded when k — 3, A = 1.1, 
r = 0.1 and the initial conditions x _3 = 0.8, X -2 = 0.2, x_i = 0.4 and xq = 0.7. 



Figure 4. Plot the behavior of the solution of equation (5). 
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Abstract 

In this paper, we prove the existence theorem of solutions for a kind of 
discontinuous fuzzy integro-differential equation of mixed type by using 
the definition of the oj — ACG* for a fuzzy-number-valued function and 
a generalized controlled convergence theorem of strong fuzzy Henstock 
integrals. 

Keywords: Fuzzy number; ui — ACG*', Discontinuous fuzzy Integro- 
differential equation; Controlled convergence theorem; Strong fuzzy Hen- 
stock integrals. 


1 INTRODUCTION 

The Cauchy problems for fuzzy differential equations have been studied by sev- 
eral authors [11, 9, 12, 16, 17, 18] on the metric space ( E n ,D ) of normal fuzzy 
convex set with the distance D given by the maximum of the Hausdorff distance 
between the corresponding level sets. In [16], the author has been proved the 
Cauchy problem has a uniqueness result if / was continuous and bounded. In 
[11, 12], the authors presented a uniqueness result when / satisfies a Lipschitz 
condition. For a general reference to fuzzy differential equations, see a recent 
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University of Posts and Telecommunications (No. A2014-90) and Basic and Advanced Re- 
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book by Lakshmikantham and Mohapatra [13] and references therein. In 2002, 
Xue and Fu [26] established solutions to fuzzy differential equations with right- 
hand side functions satisfying Caratheodory conditions on a class of Lipschitz 
fuzzy sets. 

However, there are discontinuous systems in which the right-hand side func- 
tions / : [a, 6] x E n —> E n are not integrable in the sense of Kaleva [11] on certain 
intervals and their solutions are not absolute continuous functions. Recently, Wu 
and Gong [24, 25] have combined the fuzzy set theory [27] and nonabsolute inte- 
gration theory [10], and discussed the fuzzy Henstock integrals of fuzzy- number- 
valued functions which extended Kaleva[ll] integration. In order to complete 
the theory of fuzzy calculus and to meet the solving need of transferring a fuzzy 
differential equation into a fuzzy integral equation, Gong and Shao [7, 8] have 
defined the strong fuzzy Henstock integrals and discussed some of their prop- 
erties and the controlled convergence theorem. So, in [19, 20, 21, 22, 23], the 
authors used the strong fuzzy Henstock integrals [8], and deal with the Cauchy 
problem of discontinuous fuzzy systems. In this paper, according to the idea of 
[4] and using the concept of generalized differentiability [2] , the operator j which 
is the isometric embedding from (E n , D) onto its range in the Banach space X 
and the generalized controlled convergence theorems for the strong fuzzy Hen- 
stock integrals, we will deal with the Cauchy problem of discontinuous fuzzy 
integro-differential equations of mixed type as following: 


f x '{t) = f(t , x(t), f* fci (t, s)g(s, x(s))ds, /“ k 2 (t, s)h(s, x(s))ds), 

\ x(0) = xo, xo € E n , t € I a — [0, a], a £ R + 

where /, g, h, x will be assumed strong fuzzy Henstock integrable and k\, k 2 are 
real-valued functions. 

To make our analysis possible, in section 2, we will first recall some basic 
results of fuzzy numbers. In section 3, we give some definitions of w — ACG* 
of fuzzy-number-valued function. In addition, we present the concept of strong 
fuzzy Henstock integral and a generalized controlled convergence theorem for 
the strong fuzzy Henstock integrals. In section 4, we deal with the Cauchy 
problem of discontinuous fuzzy integro-differential equation of mixed type. And 
in section 5, we present some concluding remarks. 


2 PRELIMINARIES 

Let Pk{R n ) denote the family of all nonempty compact convex subset of R n 
and define the addition and scalar multiplication in Pk(R n ) as usual. Let A and 
B be two nonempty bounded subset of R n . The distance between A and B is 
defined by the Hausdorff metric [6] : 

du(A, B) = maxjsup inf || a — b ||, sup inf || 6 — a ||}. 
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Denote E n = {u : R n — > [0,1] \u satisfies (l)-(4) below} is a fuzzy number 
space, where 

(1) u is normal, i.e. there exists an Xq G R n such that u(x o) = 1, 

(2) u is fuzzy convex, i.e. it(Aai+(l— X)y) > min{u(a;), u(y)} for any x, y G R n 
and 0 < A < 1, 

(3) u is upper semi-continuous, 

(4) [u]° = cl{x G R n \u(x) > 0} is compact. 

For 0 < a < 1, denote [«]“ = (a; G R n \u(x) > a}. Then from above (l)-(4), 
it follows that the a-level set [u] “ G Pk(R n ) for all 0 < a < 1 . 

According to Zadeli’s extension principle, we have addition and scalar mul- 
tiplication in fuzzy number space E n as follows [6]: 

[u + v] a = [it] Q + [u] a , [ku] a = k[u] a , 


where u, v G E n and 0 < a < 1. 

Define D : E n x E n [0, oo) 

D(u, v) = sup{dH([u] a , [«]“) : a G [0, 1]}, 

where d is the Hausdorff metric defined in Pf c (R n ). Then it is easy see that D 
is a metric in E n . Using the results [5], we know that 

(1) ( E n ,D ) is a complete metric space, 

(2) D(u + w, v + w) = D(u, v) for all u, v, w G E n , 

(3) D(Xu, Xv) = |A| D(u,v) for all u,v,w G E n and A G R. 

The metric space (E n , D ) has a linear structure, it can be imbedded isomor- 
phically as a cone in a Banach space of function u* : I x S n_1 — > R, where 
is the unit sphere in R n , with an imbedding function u* = j(u ) defined 

by 

u*(r,x) = sup <a,x> 

a^[u] a 

for all <r,x >G I x 5'™ -1 . (see [5]) 

Theorem 1 There exist a real Banach space X such that E n can he imbedding 
as a convex cone C with vertex 0 into X . Furthermore the following conclusions 
hold: 

(1) the imbedding j is isometric, 

(2) addition in X induces addition in E n , 

(3) multiplication by nonnegative real number in X induces the corresponding 
operation in E n , 

(4) C — C is dense in X, 

(5) C is closed. 

A fuzzy-number- valued function f : [a, b] — > E n is said to satisfy the con- 
dition (H) on [a, b], if for any X\ < x^ G [a, b] there exists u G E n such that 
f(x 2 ) = f(xi) + u. We call u is the H-difference of f(x 2 ) and f(xi), denoted 
f ix 2 ) ~H f(x 1 ) ([11]). 
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For brevity, we always assume that it satisfies the condition ( H ) when dealing 
with the operation of subtraction of fuzzy numbers throughout this paper. 

It is well-known that the H-derivative for fuzzy-number-functions was ini- 
tially introduced by Puri and Ralescu [17] and it is based in the condition (H) 
of sets. We note that this definition is fairly strong, because the family of 
fuzzy-number-valued functions H-differentiable is very restrictive. For example, 
the fuzzy-number-valued function / : [a,b] — > E n defined by f(x) = C ■ g{x), 
where C is a fuzzy number, • is the scalar multiplication (in the fuzzy context) 
and g : [a, b\ —> R + , with </(f 0 ) < 0, is not H-differentiable in t 0 (see [2]). To 
avoid the above difficulty, in this paper we consider a more general definition 
of a derivative for fuzzy-number-valued functions enlarging the class of differ- 
entiable fuzzy-number-valued functions, which has been introduced in [2] and 
[3], 

Definition 1 ([2]) Let f : ( a,b ) — > E n and xo € (a, b). We say that f is 
differentiable at xq, if there exists an element /'(to) € E n , such that 

(1) for all h > 0 sufficiently small, there exists f(xo + h) -H f(x 0 )J{x 0 ) ~H 
f(x o — h) and the limits (in the metric D) 


Hm + '■>-»/(*»> = lim JM-«f^-h) = 

h-y 0 h h-t 0 h 


(2) for all h > 0 sufficiently small, there exists f{x o) — h fix o + h), f{x o — 
h) —h f(x o) and the limits 

/>,)-»/>. + /■) = /(.TO - h) fM = - 

h^o -h fc-s-o - h v J 

or 

(3) for all h > 0 sufficiently small, there exists f(x o + h) —h fix o), fix o — 
h) —h fix o) and the limits 

fixo + h) -H fix 0 ) fix 0 - h) - H fix 0 ) 

hm ; = hm ; = f (xo) 

h—*o h h^0 -h 

or 

(4) for all h > 0 sufficiently small, there exists /(xo)— h fixo + h),fixo)— h 
fix o — h) and the limits 


Bin n*° + h) = Um /(to) -h /(t, -ft) _ 

h^y 0 —h h-y 0 h 

(h and —h at denominators mean /• and — /•, respectively). 
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3 THE STRONG FUZZY HENSTOCK INTE- 
GRAL AND ITS CONTROLLED CONVER- 
GENCE THEOREM 

In this section we shall give the definition of the strong Henstock integral for 
fuzzy-number-valued functions [7, 8] on a finite interval, which is an extension 
of the usual fuzzy Kaleva integral in [11]. In addition, we define the properties 
of u) — AC* and u> — ACG* for fuzzy-number-valued functions. In particular, 
we shall prove a controlled convergence theorems for the strong fuzzy Henstock 
integrals. 

Definition 2 ([10, 14]) Let S(x ) be a positive function defined on the interval 
[ a,b ]. A division P = {[ Xi-\,Xi ] : £,} is said to be 6— fine if the following 
conditions are satisfied: 

(1) a — Xo < Xi < ■■■ < x n = b; 

(2) & e [xi-i,Xi] C (& - + £(&))• 

For brevity, we write P = {[«,«];£} 

Definition 3 ([7, 8]) A fuzzy-number-valued function f is said to be strong 
Henstock integrable on [a, b] if there exists a additive fuzzy-number-valued func- 
tion F on [a, b] such that for every e > 0 there is a function <$(£) > 0 and for 
any 5 -fine division P = {([ft, f], £)} of [a, b] , we have 

ieK n 

+ ~ u i)> ( _1 ) ‘ H[ u i> v i- iD) 

jein 

< £. 

where K n = {i £ {l,2,--,n} such that F([xi-i, xff) is a fuzzy number and 
In = {j S (1,2, --,n} such that F([xj,Xj_ i]) is a fuzzy number. We write 
f e SFH[a,b\. 

Definition 4 ([10, 14]) A real-valued function F is strong absolute continuous 
(F € AC*) on [a, b] if and only if for every e > 0 there is a p > 0 such that for 
every finite or infinite sequence of non- overlapping interval {[a,, 6,]}, satisfying 
E, I bi ai | < i), we have 0(F\ [a*, bf\) < e, where where O denotes the 
oscillation of f over [a.j,&j], i.e., 

0{f , [ai, bi]) = sup{|F(a;) - F(y)\;x,y € [a*, fe*]}. 

A real-valued function F is said to be ACG* on X if X is the union of a 
sequence of sets {X,} such that on each X,; the function F is AC*(Xi). 

Definition 5 A fuzzy-number-valued function f defined on X C [a, b] is said 
to be weak generalized absolute continuous (/ € uj — ACG*(X)) if for every 
A G [0, 1], the real-valued function f\(x) and f\(x) are ACG* . 
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Theorem 2 If f is strong fuzzy Henstock integrable on [a, b\, then its primitive 
F is to — ACG* on [a, b\. 

Proof. For every e > 0, there is a function 6(f) >0 such that for any (5-fine 
partial division P = {[it,r>],£} in [a, 6 ], we have 

^2D{F([u,v]), f(f)(v - «)) < £■ 

We assume that 5(f) < 1. Let 

~ 1 1 i — 1 z 

X ni = {x £ [a, b] : D(f(x), 0) < n, - < 5(x) < -,x £ [a H ,a+ -)} 

n n - I n n 

for n = 2, 3, • • •, i = 1, 2, • • •. Fixed X n ^ and let {[a/.-, bk ]} be any finite sequence 
of non-overlapping intervals with a kl b k £ X n i for all k. Then {([a*,, bk], «fc)} 
is a (5-fine partial division of [a, 6 ]. Furthermore, if a k < u k < v k < bk, then 
{ ( [a.fe , Uk\, ak)}, {([»fc, Vk], «fc)} are <5-hne partial division of [a, b\. Thus 

J2D(F(u k ),F(v k )) < ^D(F( ai ),%))+^D(f( 6 t ),%)) 

+ ^£(F(a fc ),F(&*)) 

< 3e + ^2 D (f( a k)( u k - a k ), 0) + D(f(b k )(b k - v k ), 6 ) 
+ '^2D(f(a k )(b k - a fc ),0) < 3e + 3 n^(b k - a k ). 

Choose ij < ^ and ^( 6 fc — a k ) < rj. Then 

^20(F, [a k ,b k ]) < 3 s + £. 

Therefore, F is u> — AC*(X n ;i ). Consequently, F 1 is w — ACG* on [a, b). 

Theorem 3 If there exists a fuzzy-number-valued function F is continuous and 
to — ACG* on [a, b] such that F'(x ) = f(x) a.e. in [ 0 , 6 ], then f is strong fuzzy 
Henstock integrable on [a, b] with primitive F . 

Proof. Let F be the primitive of / and F' (x) = f(x) for x £ [a, b] \ S where 
S is of measure zero. For f £ [a, 6 ] \ S, given e > 0 there is a 5(f) > 0 such that 
whenever f £ [u,t;] C (f — 5(f), f + 5(f)) we have 

D(F([u,v]),f(f)(v-u)) < e\v-u\. 

Since F is continuous and to — ACG* on [a, 6 ], there is a sequence of closed 
sets {Xi} such that UiXi = [a, b] and F is to — AC*(Xi) for each i. Let Yi = 
X 1 ,Y i = Xi \ (Xi U X 2 ■ ■ ■ UXj_i) for i = 1, 2, • • • and Sij denote the set of 
points x £ S fl Yi such that j — 1 < D(f, 0) < j. Obviously, Sij are pairwise 
disjointed and their union is the set S. Since F is also to — AC* (Sij), there is 
a ijij < e2 such that for any sequence of non-overlapping intervals {I k } 
with at least one endpoint of I k belonging to Sij and satisfying Yf, k \Ik\ < Vij 
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we have J2k D(F(Ik), 0) < £2 _I_ T Again, F(I) denotes F(v) —h F(u) where 
/ = [it, v]. Choose Gij to be the union of a sequence of open intervals such that 
\Gij\ < rjij and Gij D Sij where \Gij\ denotes the total length of Gij. Now for 
£ € S^, put (£ — £(£),£ + £(£)) C G^. Hence we have defined a positive function 

m 

Take any 5 — fine division P = {[it, i>]; £}. Split the fT, over P into partial 
sums ]T] 1 and ]T] 2 in which £gS and £ € S respectively and we obtain 


D(f(0(v-u),F((a,b})) < 

+ 

< 

< 


'52 D (f(t)(v-u),F{[a,b])) 

1 

E 1 o) + E D (f(0(v - «), 6) 

2 2 

e{b - a) + E + E Mij 

i,j 2 

e(b — a) + 2e. 


That is to say, / is strong fuzzy Henstock integrable to F on [a, b}. 


Definition 6 A sequence of fuzzy-number-valued functions {G n (x)} is said to 
be weak uniformly ACG*(Uu> — ACG*) if for every X £ [0,1], the real-valued 
functions {G n (x)}f and {G n (x)}~£ areUACG*. 

Theorem 4 (Controlled Convergence theorem) If a sequence of strong fuzzy 
Henstock integrable {/«} satisfies the following conditions: 

(1) fn{x) —r f(x) almost everywhere in [a, b] as n —> oo; 

(2) the primitives F n {x) = ( SFH ) J * f n (s)dx of f n are to — ACG* uniformly 
in n; 

(3) the primitives F n (x) are equicontinuous on [a, b\, 

then f(x) is strong fuzzy Henstock integrable on [a, b] and we have 

■b 

f(x)dx. 

If condition (1) and (2) are replaced by condition (4): 

(4) g(x) < f(x) < h(x) almost everywhere on [a, b\, where g{ x) and h(x) are 
steong fuzzy Henstock integrable. 


lim (SFH) 

n—> oo 


f n (x)dx = (SFH) 


Proof. In view of condition (3), F(x) exist as the limit of F n (x) and is 
continuous. In fact, for VA € [0, 1], (F n (x))f and (F n (x))^ is uniformly ACG* 
on [a, b\. By the Controlled Convergence theorem of real valued strong Henstock 
integral([14] Theorem 7.6), F( x) is continuous. Because Fff(x) and F^(x) is 
Henstock integrable on [a, b], it follows condition (2) that F is w — ACG* . From 
theorem 3.2, it remains to show that F'(x) = f(x) almost everywhere. Hence 
we obtain f(x) is strong fuzzy Henstock integrable on [a, b]. 

Next, we put G(x) = (SFH) f* F(t)dt, in view of condition (3), for VA € 
[0,1], we have 

lim (F n (x))f = Gf (x) = F~ (x) 
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and 

lim (F n (x))l = G$(x) = F+(x). 

n— >oo 

So, let x = 6, we have 


lim ( SFH ) 

n—> oo 


fn{x)dx 


(SFH) f f(x) dx. 


This completes the proof. 


4 AN EXISTENCE RESULT OF GENERAL- 
IZED FUZZY INTEGRO-DIFFERENTIAL 
EQUATIONS 

By using the Controlled Convergence theorem of strong fuzzy Henstock integral, 
in this section, we prove a theorem for the existence of solution to the Cauchy 
problem (1). For any bounded subset A of the Banach space X we denote a(A) 
the Kuratowski measure of non-compactness of A, i.e the inhmurn of all £ > 0 
such that there exist a finite covering of A by sets of diameter less than e. For 
the properties of a we refer to [1] for example. 

Lemma 1 ([1]) Let H C C(I^,X) be a family of strong equicontinuous func- 
tions. Then 

a(H ) = sup a(H(t )) = a(H(I 7 )) 

teiy 

where a(H ) denote the Kuratowski measure of non- compactness in C(I 1 ,X) 
and the function t —> a(H(t )) is continuous. 

Theorem 5 ([1]) Let D be a closed convex subset of X, and let F be a contin- 
uous function from D into itself. If for x G D the implication 

V = cdn({x } U F(V)) => V 

is relatively compact, then F has a fixed point. 

Theorem 6 If the fuzzy-number-valued function f : I a — > E n is (SFH) inte- 
grate, then 

J f(t)dt G \I\ ■ cdnvf(I), 

where convf(I) is the closure of the convex of f(I), I is an arbitrary subinterval 
of I a , and |/| is the length of I.. 

Proof. Because of j o f is abstract (SH) integrable in a Banach Space, by 
using the mean valued theorem of (SH) integrals, we have 

(SH) J jo f(t)dt G |/| • convj o f(I) = |I| • j o convf(t). 
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In additional, there exists (SH) f f j o f(t)dt = jo f f(t)dt. 

So, we have j o J 7 f{t)dt G |/| • convj o /(/). And the set {|/| • convf(I)} is 
a closed convex set, we have 


J f(t)dt £ |/| • convf(I). 

Definition 7 A fuzzy-number-valued function f : I a xE n — > E n is L 1 — Caratheodory 
if the following conditions hold: 

(1) the fuzzy mapping ( x , y) £ E n x E n is measurable for all t — > f(t, x, y) ; 

(2) the fuzzy mapping t £ I a is continuous for all ( x,y ) — > f(t,x,y). 

We observer that the problem (1) is equivalent to the integral eqution: 

/ t pz na 

f(z,x(z), / k 1 (z,s)g(s,x(s))ds, / k 2 (z, s)h(s, a;(s))ds)d 2 ; 


or 


x(t) = x 0 +(-iy f(z,x(z), ki(z,s)g(s,x(s))ds, k 2 (z,s)h(s,x(s))ds)dz. 

Jo Jo Jo 

( 2 ) 

Now, we define a notion of a solution. 

Definition 8 A w — ACG* function x : I a — > E n is said to be the generalized 
solutions of the problem (1) if it satisfies the following conditions: 

(1) x(0) = x 0 ; 

( 2 ) 

x'(t) = f(t,x(t), ki(t,s)g(s,x(s))ds, k 2 (t,s)h(s,x(s))ds). 

Jo Jo 

for a. e. t £ I a - 

Definition 9 A continuous function x : I a — > E n is said to be the solutions of 
problem (2) if 

nt pZ na 

x{t) = x o+ / f(z,x(z), / ki(z,s)g(s,x(s))ds, / ^ 2 ( 2 :, s)h(s, x(s))ds)dz 
Jo Jo Jo 

or 

/ t nZ fa 

f{z,x(z), / fci( 2 ,s)fii(s,a;(s))ds, / k 2 (z, s)h(s,x(s))ds)dz. 


for every t £ I a 

For every fuzzy number x £ C(I a , E n ), we define the norm of x by: 

if(x, 0) = supD(x,0). 
tela 
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Let 

B(p) = {xG C(I a , E n )\H(x, 6) < H(x, 6) +p,p > 0}. 

Obviously, B{p) is closed and convex in E n . Define the operator F : C{I a , E n ) — > 
C(I a , E n ) by: 

nt nZ pa 

F(x)(t) = x 0 + f(z,x(z), ki(z,s)g(s,x(s))ds, k 2 (z,s)h(s,x(s))ds)dz 

Jo Jo Jo 

where integrals are in the sense of strong fuzzy Henstock integral. 

Let 

T(p) = {F(x) G C(I a ,E n )\x G B(p)} 

for each p > 0. Let r(K) be the spectral radius of the integral operator K 
defined by 

K(u)(t) = / k(t, s)u(s)ds, 

Jo 

where the kernel k € C{I a x J 0 , R), u G C(I a , E n ) and c denotes any fixed valued 
in I a . 

Next, we give the main result in this section. 


Theorem 7 Suppose that for each oj — ACG* function x : I a — > E n , the func- 
tions 

9 {-,x(-)), f{-,x{-)), ki{-,s)g(s,x(s))ds, and /“ k 2 (z, s)h(s, x(s))ds are{SFH ) 

integrable, g,f } and h are fuzzy L 1 — Caratheodory functions. Let ki,k 2 : I a x 
I a —> R + he measurable functions such that k\(t , •), k 2 (t, ■) are continuous. 

Assume that there exists po > 0 and positive constants L,L i and d\, such 
that 

&(j o g(I , X)) < La(j oX), I C I a , X C B(p 0 ), 
a(j o h(I , X)) < L ia (j o X), I c X c B(po), 
ot{j o f(t, A, C, D)) < di ■ max{a(j o A), a(j o C),a(j o D)} A, C, D c B(p 0 ), 

where g(I,X) = {g(t,x(t))\t G I, x G X},h(I,X) = {h(t,x(t))\t G I, x G X} 
and 

f(t, A, C, D) = {f(t,x 1 ,x 2 ,x 3 )\(x 1 ,x 2 ,x 3 ) G AxC x D} 

where a denotes the Kuratowski measure of non-compactness. 

Moreover, letT(po) be equicontinuous, equibounded, and uniformly to— ACG* 
on I a - Then, there exists at least on solution of problem (1) on I c , for some 
0 < c < a, such that d\ ■ c < 1 and di ■ c ■ L ■ r(K). 

Proof. By equicontinuity and equiboundedness of r(p 0 ) there exists a num- 
ber c, 0 < c < a such that 


H( f(z,x(z), k!(z,s)g(s,x(s))ds, k 2 (z, s)h(s,x(s))ds)dz,0) 

Jo Jo Jo 


= sup D( f(z,x(z), / ki(z, s)g(s, a;(s))ds, / k 2 (z, s)/i(s,x(s))ds)d2;,0) 
tei c Jo Jo Jo 

<Po , 
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where po > 0,x £ B(j>q). By the definition of F, we have 

0) 

/ t pz pa 

f(z,x(z), / k x (z, s)g(s,x(s))As, / k 2 (z, s)h(s, :r(s))ds)d 2 :, 6) 


<H(x 0 ,0) + H( f(z,x(z), ki(z,s)g{s,x(s))ds, k 2 (z, s)h(s, x{s))ds)dz, 0) 

Jo Jo Jo 

<h(x 0 ,o)+po, tei c ,x 0 eE n . 


Using Theorem 4, we deduce that the fuzzy-number-valued function F is con- 
tinuous. 

Obviously, there exists V C B such that V = conv({x} U F(V)) for every 
x £ B(po). Next, we will prove that V is relatively compact. 

In fact, let V(t) = {v(t) £ E n \v £ V} for t £ I c . Since V C B(p 0 ) and 
F(V) C T(p 0 ), then V C V is equicontinuous. By Lemma 1, we get that t — > 
v(t) = a(joV (t)) is continuous on I c . For fixed t £ J c , we divide the interval [0, t] 
into m parts: 0 = to < U < ■ • ■ < t m = t, where U = it/m , i = 0, 1, 2 • • • , m. 
Let V([ti,U+ 1 ]) = (u(s) : u £ V,U < s < U+i,i = 1, 2, • • • , to — 1} By Lemma 
1 and the continuity of v, there exists Si € Ii = [U,U+ 1 ] such that 

a(j o V([ti,t i+1 ])) = sup{a(j oV(s))\U < s < t i+1 } := v(s z ). 
tei c 


For fixed z £ [0, t], we divide the interval [0,2:] into m parts: 0 = Zq < z\ < 
• • • < z m = z, where zj = jz/m,j = 0, 1, 2 • • • , m. Let V([zj, Zj+i\) = {u(s)|u £ 
V, Zj < s < Zj+i}, j = 0, 1, 2, • • • , to — 1 . By Lemma 1 and the continuity of v, 
there exists Sj £ Ij = [zj,Zj+ 1 ] such that 

<*{j °V([zj,z j+1 ])) = sup{a(j o V(s))\zj <s< z j+1 } := v(sj). 
teic 


Furthermore, we divide the interval [0, c] into to parts: 0 = ro < r i < • • • < 
r m = c, where r*, = kc/m,k = 0, 1,2- •• , m. Let V([rfc,rfc +1 ]) = {u(s)|u £ 
V, Tfe < s < rk+i},j = 0, 1, 2, • • • , to — 1. By Lemma 1 and the continuity of v, 
there exists Sfc £ Ik — [rfc,rfc+i] such that 

a(j oV([r k ,r k+1 })) = sup{a(j o U(s))|r fc < s < r k+1 } := v(s k ). 
teic 
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By Theorem 3 and Theorem 4, we have 


m ~ 1 rti+i _ rn-l - Zj+1 

F{x)(t) = x 0 + E/ /(*>*(*)> E/ ki(z,s)g(s,x(s))ds, 

i= 0 ^ ti j= 0 ^ 

m— 1 


E 


r r k + 1 


^ 2 ( 2 , s)h(s, a:(s))ds)dz £ xo 

fc= 0 

777 — 1 ra— 1 

+ E (**+1 “ U)convf(Ii,V(Ii), Y(zj + 1 - Zj]mw{k 1 {IuIj)g{Ij,V{I j ))), 

7=0 J=0 

771—1 

E ( r 7 + 1 “ rj)cdnv(k 2 {Ii, Ij)h(I k , V (4))), 

fc = 0 


where fc(7, J) = {fc(t, s)|£ £ /, s £ J} and g(I,V(I)) = {g(t, x(£))|£ £ /, x £ V}. 

Using the condition in assumption and the properties of noncompactness a 
([1]), we have 

a(joF(V)(t)) 

771—1 771—1 

< E (*»+! “ U)conva(j o f(I i: V{Ii), E(U + 1 ~ z: j )WTw(k 1 (I i ,I j )g(Ij,V(I j ))), 

7=0 j=0 

771—1 

E ( r i+i - rj)WfW(k 2 {Ii , Ij)h(Ik,V(Ik)))) 

k—0 

771—1 771—1 

< E (*»+i “ *») dl max{(a(j o V(Ii)),aj o ( E (U'+i “ z j )cdm{k 1 (4, Ij)g(Ij, V(Ij)))), 

7=0 j=0 

777—1 

a? o (E(rj+i - rj)cmv(k 2 (Ii, Ij)h(I k ,V{I k )))). 

k—0 


We observe that if 


777—1 

a(j oV(Ii)) = max{(a(j o V{h)),aj o (Efo'+i - z j )cmvv{k 1 {Ii,I j )g{I j 

7=0 

777—1 

«o°(E (r i+ i - rj)conv(k 2 (Ii,Ij)h(Ik,V(Ik))))), 

k—0 

then 


a(j 0 ^ (£)) = cy 0 (corn;({a;(£)} U F(V ( t))))a(j o F(V (£))) < di ■ c • a(j o V (£)) 

for every £ £ J c . Because di • c < 1, we have a(j o U) < a(j o U). This is a 
contradiction. 
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If 

m— 1 

°{^2( z j+i - z j )cdnv(ki (/* , Ij )g(Ij ,V(Ij))))) 
j=o 

m—1 

= max{a(j o V(Ii)),aj o (^(^ +1 - z j )cmv(k 1 {I i ,I j )g(I j ,V(I j )))), 

3=0 

m—1 

( r i+i “ r i )cdnv{k 2 {h , Ij )h(I k , V(I k )))))}, 

k = 0 

we have 

a (j ° F(V)(t)) 

m—1 m—1 

< &+ 1 - ti) ■ rf l • XI ^' +1 “ ° 

i — o j— o 

m—1 m—1 

< ^ (A+i —ti)-d\-L- ^2(z j+1 - z j )k 1 {I i ,I j )a(j o V(/j)) 

2 — 0 j =0 

m—1 m—1 

- ^ H (*?+l “ Z i) a( J ° V ( I j)) kl 

j =0 2—0 

For j = 0, 1, 2, . . . ,ra— 1, there exists = 0, 1, 2, . . . ,m— 1 such that /j) < 

^1 ^ 0 , 


m—1 

a{j o F(V){t )) < di ■ c- L ■ {zj+i ~ z j)ki(I qj , Ij)v(sj), 


3=0 


Sj G Ij. 


Hence 

a(joF(V)(t)) 


m—1 

<<h-c-L-^2 {z j+ 1 - Zj)kj{I qj , Ij){v{sj) - v(pj)) 

3=0 

m—1 


+ d!-c-L-J2 ( Z J + 1 - > IjXp.?)- 


3=0 

By the continuity of v, we have j o v(sj) — jo v(pj ) < e. Therefore, we have 

a(j ° F(V)(t)) < di ■ c ■ L ■ f k\(t, s)v(s)ds 

Jo 

for t € I c . Since V = conv({x}UF(V)), we have a(joV(t)) < a(joF(V)(t)), so, 
v(t)<d v c-L 'fo &i(A s)i>(s)ds. By Gronwalls inequality, we have a(joIY(t)) = 0 
for t G / c . By Arzela— Ascoli’s theorem, we have V is relatively. Consequently, 
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by Theorem 5, F has a fixed point. That is to say that problem (1) have at 
least solutions. 

Similary, if 

771 — 1 

(rj + i - rj)conv(k2(Ii, Ij)h{h,V(Ik))))) 

k = 0 

771—1 

= max{a(j oV{Ii)),aj o (^(^ +1 - z j )cdrw(k 1 (I i ,I j )g(I j ,V{I j )))), 

3=0 

777—1 

“(j ° (XlOf+1 - r j )cmv(k 2 (I i ,Ij)h(Ik,V(I k )))))}, 
k = o 

then we have a{j o V(t)) < a{j o F(V)(t)). By Arzela— Ascoli’s theorem, the 
set V is relatively. By Theorem 5, F has a fixed point which is a solution of the 
problem (1). 

5 CONCLUSIONS 

In this paper, we give the definition of the u> — ACG* for a fuzzy- number- valued 
function and a generalized controlled convergence theorem. In addition, we deal 
with the Cauchy problem of discontinuous fuzzy integro-differential equations 
of mixed type involving the strong fuzzy Henstock integral in fuzzy number 
space. The function governing the equations is supposed to be discontinuous 
with respect to some variables and satisfy nonabsolute fuzzy integrablility. Our 
result improves the result given in Ref. [11, 2] and [26] (where uniform continuity 
was required), as well as those referred therein. 
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Abstract 

In this paper, a Stieltjes transform enfolding some Fox’s //-function has been investigated 
on certain class of generalized functions named as Boehnrians. By developing two spaces 
of Boehnrians, the extended transform has been inspected and some general properties are 
also obtained. An inverse problem is also discussed in some detail. 

Keywords: Fox’s //-function; Stieltjes transform; Laplace transform; Boelrmian space; Dis- 
tribution space. 


1 Introduction 


The Fox’s //-function is a generalization of the Meijer G-function introduced by Charles Fox 
[15]. It is defined by the compact notation adopted for 




m,n 

P,Q 


( a j j a j) 

(v-a..,.. 


'i=i,2,...,« 

and has an exemplification in terms of the Barnes-type integral [2] 




where C is a path in the complex plane, u; c = exp {? (log |u>| + * arg w)} , and 

«(?) 




c(?) d(c)’ 


where 


«0O 

c(?) 


= n r * 6 w n r - a i + 

i i 

q p 

= r (1 - - Pj<;) and d (?) := T (ay + ay?) , 


m+1 


n+1 
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with m,p,q € N, aj,bj £ C ,aj,/3j £ R + ,n £ No := N U {0} satisfying 0 < n < p and 
0 < m < q, and C,R + and N denote, respectively, the sets of complex numbers, positive 
real numbers and positive integers. 

We refer to the survey article by Braaksma [2] and the book of Charles Fox [15] for 
asymptotic behaviour of Fox’s //-functions. 

Fox’s //-functions being an extreme generalization of the generalized hypergeometric func- 
tions p Fq are utilized for applications in a large variety of problems connected with statistical 
distribution theory, structures of random variables, generalized distributions, Mathai’s path- 
way models, versatile integrals, reaction, diffusion, reaction diffusion, engineering, commu- 
nication, fractional differential and integral equations and many areas of theoretical physics 
and statistical distribution theory as well. 

Recently, utility and importance of //-functions are realized due to their occurrence as 
kernels of certain integral transforms. 

The generalized Stieltjes transform of a function ip (t) of one variable with kernel involving 
Fox’s //-function is defined by [5, (1.3)] 



(ai,ai) , (1 - bi 

(ei,7i) - ( e 2 > 7 2 ) 




<p (0 d £, 


(i) 


where H"'^ n [w] is the usual notation of the Fox //-function. 

An interesting fact that we find it worthwhile to be mentioned here is that the transform 
under consideration is a modulation of the Laplace transform 


x, M M 



(a i,ai) 

(ei,7i) > (e 2 ,7 2 ) 


<P (0 d£ 


(2) 


that rectified after some iterations and an appropriate choice on its parameter. 

Denote by J c ^ the Frechet space of smooth functions (p defined for all £ (0 < £ < oo) by 
the set {S cAk } of seminorms where 


&c,d,k (ty?) 


sup 

0<£<oo 


<?c,d( lo gO Vlv (0 


< 00 


(3) 


for every choice of k(k £ No) , 

Qc,d ( lo g£) 


£ c , 1 < f < oo 
0 < £ < 1 


c and d are being real numbers. 

The strong dual of continuous linear forms on J c ^ is denoted by J cd . 

Let pi and q\ be real numbers defined by p\ = min ^Re ^ ^ ( j = 1,2,..., m), qi = max ^Re 

( j = 1, 2, ..., n) and related by the pair of inequalities c + - + A^i < 0 and d + — + Xpi > 0. 
Then, the extended transform of a distribution f £ J c d is defined as the application of 
/ (i) € J c d to its kernel ( see [5, Theorem 3.1]) 


YiV 

(ai, ai) , (1 — t»i - /3 1 ,X/3 1 ) 


(ei,7i) , (e 2 ,7 2 ) 


giving, by kernel method, 


X'gif) M 




□ 1 tj-1,2 
2,2 



(ai,ai) , (1 - bi 

(ei,7i) , ( e 2 > 7 2 ) 


PvWi) 


(4) 
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On the generalized Stieltjes transform of Fox’s kernel function ... 


3 


where w is a complex number not lying on the negative real axis. 

For our consecutive investigation, we denote by X Ctd the subset of those integrable func- 
tions of J Ct d assigned by the set and its strong dual X d of distributions. Then, 

indeed, X cd C J c d and, hence, J c d C T c d . Denote by V the standard notation of the space 
of smooth functions whose supports are compact subset of (0, oo) . Then, it is easy to check 
that V C X c ,d and that topology of V is stronger than the topology induced on it by X cd . 
Hence, the restriction to any / £ I c d to V is in V , where V is the space of disributions. 

We need to establish the following theorem. 


Theorem 1 Given p £ X c ,d- Then, {ip) £ X cd - 

PROOF Let p £ X c ^ d be given. For the convenience of the reader, we write 


II. 


2,2 




(ai,<*i) , (1 - h 

(ei,7i) > (e2,72) 


fill A/3 i) 


By aid of (3) and (1) and simple computation we write 


0c, d Qog?) VI (Xg) (<f) (0 

This can also be revised to give 

0c, d (^g?) (?^) fc VI (Xg) (<P) (?) 

By utilizing the Property 2.8 



/»oo 

< 

L 


e c ,d(iogO (&>{)* 
x \v{y)\&y- 



poo 

< 

L 


QcA lo g?) (W V al Y Hi’ 
X \p{y ) | d y. 


T>, < z w H!‘ 


( a ii a i)l,p 

M), 


2)1, q 


wD k Trm.n+l 
Z n p+l,q+l 


CZ 


{—w, a ) , {a i ,a i ) l p 
i b j,fij)x >q ,{k-w,<r) 


of Kilbas and Saigo [1, p.33] we get 
1 0C, d (!°g0 (^) fe VI (x 3 g) (<f) (?) 


< 


W d (log?)? r 


\v{y)\ d y, 


where 


H. 


1.3 

3.3 


C y Y 

j 1 1 1 3 

~ ^3,3 

(vV 

(i, A) , {ax, ax) , (1 - bx - fix, Ax) 

[W J 

[W 

(ei,7i) , ( e 2)7 2 ) , V - A ) 


Therefore, the asymptotic properties of H- functions, for large £, imply 


sup 

0<£<oo 


^(log?)?'*^,’! 


= sup 

0<£<oo 


c C D \ ZT 1 ’ 3 
3,3 


Ct 5 H. 


where M\ is some positive constant. Similarly, for small £, it implies 


sup 

0<£<oo 


0c, d (log?)? 0 ? ^ 3,3 


= sup 

0<£<oo 


?"? 2 #3,3 


< M u 


< Mo 
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where M 2 is a postive constant. 

Let M = max {Mi, M 2 } . Then, by the preceding two formulas, we have 


sup 

0<£<oo 


0c, d Os 6 (€P«) fc VI ix s g) (¥>) (0 



\<p(y) I d ?; < 00, 


since ip is integrable. 

The proof of this theorem is finished. 

Definition 2 Let f £ T cd . Then, the Stieltjes transform y* of f £ T cd is defined by the 
inner product 

(x s g (/) M , P H) = (/ (w) , X S g {v) M) , (6) 

where p £ I Ct d is aritrary. 

The inner product on the left hand side of (6) is well-defined by Theorem 1. Hence, it may 
be noted from Equation 6 that the Stieltjes transform of / € I c d is a distribution in l c d . 


2 Generalized Distributions; Boehmian Spaces 

We always assume that readers are aquainted with the concept of Boehmian spaces, if it 
were otherwise, we would refer to [4], [6 — 14] and [16, 17]. 

Let us now prove the following Theorems that legitimate the existence of our Boehmian 
spaces. 

The following definition is important for our next investigation. 

Definition 3 Given p, ip £ T c ,d, then, for p and ip, the product ® is defined by 

{p®ip){u) = j (7) 

provided the integral exists. 

Theorem 4 Given ip £ I Ct d, then ip(&ip £ I c ,d, for every ip £ V. 

PROOF On account of (3) , we write 


Q c ,d (log 0 (££>?) fc ® VO (0 


< 


y y)\ 


0c, d (log?) (C^) fc \/lv ( y ~ 


d y 


< A * J \y al ip(y)\dy. 
0 


Let [ai, 02 ] be a closed interval containing the support of ip. Since <p £ I c ,d, it by considering 
supremum over all £ (0 < £ < 00 ) follows that 

PCL 2 

S c ,d,k {p ® ip) < A* / \y al ip(y)\ dy < 00 , 

J CLl 

for some constant A*. 

Hence, the proof of this theorem is finished. 

Let Y be the product of Mellin type given by 

pOO 

(ip y ip) (y) = / C n V(^ D1 y) {€)&€■ (8) 

do 
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We generate the space B ; ( P , Y)) where A is the subset of V of sequences (S n ) 

such that 

/ OO 

MO d£ = l; 

(ii) \S° n (01 < A, leR, A>0 ; 

(hi) supp S n (£) C (a„, b n ) , a„, b n — > 0 as n — > oo, 

n € N, ( € (0, oo) . 

In what follows we shall make a free use of the properties of the product Y that we briefly 
describe them as follows : 

(i) ^Y% = jj 2 Y p x , 

(ii) (p x Y p 2 ) Y p 3 = Pi Y (p 2 Y </? 3 ) ; 

(iii) (ap x ) Y^ 2 = qi (yi Y <p 2 ) ; 

(iv) ¥>i Y (<p 2 + V? 3 ) =ftY(p 2 + ftY <p 3 . 

Following theorem follows from elementary rules of integral calculus. Hence, its proof is 
deleted. 

Theorem 5 Given p n ,p,p x ,p 2 e P,d, a € C, and ip,ip x ,ip 2 € 2? such that p n p as 
n — > 00 , then the following are true : 

(i) <p n 0 ip — > p ® ip as n — » 00 . 

(ii) yq ® (Vq + ip 2 ) = p x ® ip x + p 2 ® 1p 2 - 
(iii) o ’{p®ip) = ap ® ip = p ® (aip) . 

Theorem 6 Given p £ I c ^ and ipi,ip 2 £ V, then p ® (-i/q Y ip 2 ) = (p ® Vq) ® i/v 
PROOF Let p £ T c ,d and ipi,ip 2 £ V. Then, by aid of the integrals (7) and (8) , we write 



(P® 1 Y M) M 



(^ Y ^)(c) de 


(2/) 2r 


£ 

v? (£ 


□ 1, 


V’r (Or 


v> 2 (y) — 




dyd£ 

d y 


The proof of this theorem is finished. 

Theorem 7 Given (5 n ) £ A and p £ T c ,d, then p ® S n £ T c ^ . 

PROOF Let p £ T c> d and (S n ) £ A be given. Then, by (3) and the Identity (i) of (9) we have 


Q c ,d (MO (££b) fc ® Sn - p) (0 



Be, d (l°g 0 (OM* \/l<Py (0 


X M (2/)l d y, 


( 10 ) 


where p y (£) = p (£y 1 )y J1 -p (0 . Since p y (£) £ T Cjd , we from (10) , get that 


8c, d (MO (O^f \/i {p ® S n 


V>) (0 


< A 



I S n (y)\dy, 


where A is some positive constant. 

Hence, by the identities (ii) and (iii) of (9) , Equation (11) can be expressed as 


( 11 ) 


8c, d (MO (OM* \fl (p ® s. n - p) (£) < AA X (b n - a n ) -> 0 as n -> 00 . 


( 12 ) 
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Hence, the proof of this theorem is finished. 

Theorem 8 Given p £ Ic,d, then, for every ( S n ) € A, we have <p®S n — > ip in J as n — > oo. 
PROOF Let F n be a compact subset of (0, oo) containing supp S n , for all n. Then, on account 
of (i) of (9) , we get 


Qc,d OgO (^) fe (<P ® S n - P) (0 


< 

f 


JFr, 


Qc,d (logC) (^) fc VIp ( x ° *£) 


xMrM d , 


+ 


e c ,d QogO (£Ds) fc \flp (0 


Therefore, (13) gives 

I Qc,d (!og 0 Vt {p 0 S„ - <P) (0 


<M 


x I S n (x) | dx. 

|<5n (X)| 


(13) 


f Uil to + i2 f |d n (x)| dx. 
J F „ X J F r. 


l Fn X 

Considering the supremum over all £, 0 < £ < oo, implies 

S c ,d,k {P 0 Sn ~ P) < OO, 

for any choice of the real numbers c, d and k £ No- Thus, we find that 

p 0 S n — > p in X Ci d as n — > oo. 

The proof has been completed . 

Corollary 9 Given (S n ) £ A and p 1 0 S n = p 2 0 5 ra , then for all Pi,p 2 £ Zc,d ■ 

The space B {{X c ,d, 0) ; (2?, Y)) is constructed. 

Addition and multiplication by a scalar in B {(X c ,d,0 ) ; (2?, Y)) are defined by 


YV 


+ 


'4>r. 


P n 0S n +1p n 0 d r , 


Sn Y £r; 


and /x 


Pr. 


PPr, 


( M £ C) . 


An extension of 0 and differentiation to B ((X c d, 0) ; (2?, Y )) is given as follows 


An 




Pn®^T 


Sn Y £ r 


and 2>° 


YY 


2> a Y>„ 


(a £ 


Given 
1 c ,d by 


YY 


£ B ((I c ,dj 0) ; (2?, Y)) and w £ X C)( j. Then, 0 can be extended to B {{1 c ,d> ®) j (2?, Y)) x 

'p n 0ZU~ 


YY 


) n7 =: 


/3 n P in B {(1 c ,di ®) 5 (2?, Y )) if there can be (S n ) in A satisfying (j3 n 0 S k ) , (/3 0 6 k ) £ X cA 
(. k , n £ N) and (/3 n 0 (5*,) — > (j3 0 <5fc) in X cA as n — » oo (fc £ N) . This can be expressed to 
mean : 

P n ~ > P ( n ~ ► 00 ) i n 2? ((X c ,d) 0) ; (2?, Y)) if there are p n k and p k £ J C)( j, and (S k ) £ A 


where j3 n = 


^PnJ c 


,/? = 


Pk 

S k 


and for each k £ N we have f nA — ► f k as n — > oo in X cA . 
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(3 n V /? in B ((X Cjd , 0) ; ( 2? , Y )) , in a sense of A, if there can be (5 n ) € A where (/?„ — /?)(g) 
S n G X c ,d (Vn € N) and that (/?„ — /?) ® (5„ — ► 0 as n — * oo in X c>d . 

By techniques similar to above, the space B ((X Cid , Y ) ; ( V , Y )) can similarly be generated. 

In B ((X C)d , Y ) ; (2?, Y)), addition and multiplication by a scalar has the following meanings 


Vn’ 

+ 

Vn’ 

= . 

. v . 





(p n Y Sn+'lPnY S n 

"Y £n 


and p 


8 n 


Sn 


(pe 


We extend Y and the differentiation to B ((X C)d , Y ) ; ( V , Y )) as 


Vn’ 

Y 

Vn’ 


'Vn Y W 

, v a 

Vn ’ 


[P'Vnl 

_ S n _ 

. ^ n . 


J' £n 

Vn. 


v 


a being real number. 


Given 

X C)d 3-S 


€ B((I Ci d, Y) ; (V, Y)) and zu G X c>d . We define Y for B ((X Cjd , Y) ; (V, Y)) x 

Pn Y tnl 


Pn 


Y© =: 


Convergence in £> ((X Cid , Y ) ; (2?, Y )) is as follows : 

P n —y /3 (n — > oo) in I? ((X C]d , Y ) ; (2?, Y )) if and only if there can be (<5„) in A such that 
(/V Y (5 fc ) , (/3 Y 5 fc ) G l c .d (Vfc, n G N) and (/3 n Y <S fc ) -> (/3 Y <S fc ) in X c>d as n -> oo (V/c G N) . 


Or, if there can be found G X C)d , (<S fc ) G A , P n - 


^Pn,k 

Sk 


,P = 




and f n k 7 fk 


as n — > oo in X c>d (fc G N) . 

Pn P ( n °°) > i R & ((X c>d , Y ) ; (V, Y)) , if there can be (S n ) G A satisfying (/3 n — /?) Y 
S n G l c ,d and (/3„ - /?) Y — *■ 0 as n — > oo in X Cjd . 


3 The Generalized x s g Transform of B ((2^, Y) ; (T>, Y)) 

We devote this section to the definition of the generalized Stieltjes transform and to derive 
some desired properties. The following theorem specifies the relation between Y and 0. 
Theorem 10 Given ip G X C)d , then y* (p Y ip) (ui) = (y® (</?) V 1 ) V) for every ip £ V. 

Proof Let p G X Cjd and ip £ V be given. Then, by (1) , we have 


X s g V T ip) (w) = [ 

Jo 


/•OO 

[m A 

/ 

/o 



(ax, ax ) , (1 - bx - PxAPx) 
(ei,Yi) > (e 2 ,Y 2 ) 

x(tpY ip) V) d£, 

which can be expressed after setting the variables and using Fubini’s theorem as 


7*00 /*C 

X s g V T ip) (w) = / ip (y) / 

Jo JO 


CJ 


□ 1 


(14) 


x22. 


2,2 


( z V 

(ai,ai) , (1 — 61 — Px,XPx) 

V 2 / Y/ 

(ei,Yi) - ( e 2 5 Y 2 ) 


(2) d^dy. 
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Simple motivation on (14) yields 

pOO />oo 

X s g (p X ip) (u) = / il> (y) / (y< 

Jo Jo 


xH. 


1,2 


f ^ v 

(ai,«i) , (1 - h - PiAPi) 


(ei,Yi) - (e 2 ,Y 2 ) 


(f (z) dzdy. 


Hence, the above equation is interpreted to mean 

7*00 

x s g (<p x i>) (u>) = / (y) y 1 (xg) (<p) (yu nl ) d y. 

Jo 

Hence, the proof of this theorem is finished. 


In view of the preceeding result we give the definition of \g transform of 
X) , {D, Y )) as 

■yS 
Ag 


( 

~Pn 

V- 

'XgPn 

V 

_S n _ 

J- 

S n 


in the space 
(15) 


which belongs to B ((X Cjd , ®) , (V, Y)) by means of Theorem 10. 

Theorem 1 1 The operator is well - defined and linear, mapping from B ((Z c ,d, X ) ; {V, Y)) 


®);(2?,X)). 



'i’n 



. _ 


PROOF Let | -^ | = | — I in the sense of B X ) ; ( V , Y )) . Then, by the concept of 

equivalent classes, Y" and — are equivalent in B ((l c d, X) ; (V, Y)) . Thus, it has been 

Vn £n 

obtained ip n Y e m = ip n X S m . 

Applying x s g to the sides of the above equation and employing Theorem 10 imply 


XqPn = XgV’n ® 5 m (Vn, TO G N) . 


That is, 


'X a gPn 


'X^n 

5 n 


£ n 


To show that the x s g '■ £> ((Z c ,d> X) ; (T>, X)) — > £> ((X Cjd , 0 ) ; (X>, Y)) is linear, let /q = 


Pn 


! 7*2 


' 


€ £> ((X c ,d, Y ) ; (2?, Y )) . Then, addition of Boehmians of £> ((T Cj < 2 , X ) ; ( V , Y )) 


and Equation 15, suggest to write 

x| (Pi + P2) = 
By aid of Theorem 10, we obtain 

9 a (pi + P2) = 


X S g {Pn X £n) + X S g {i>n Y <?n) 
X S n 


XgPn ® Zn + XgV’n ® 
T n. Y 


Employing the product 0 that assigned to the # ((X c? d, 0) ; (X>, Y)) gives 


x? (pi + p 2 ) = 


XqPn 


Xqi>r 
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Hence, we have obtained that 

x| (Pi + Pi) = x| 

Also, it is easy for readers to check that 


<P„ 


4>r 


A Xg (Pi) = Xg (APi) (A G C) . 

Hence, the proof of this theorem is finished. 

Theorem 12 The mapping \ s g : B (( I c ,d > Y) ; ( V , Y ))—»£> {{Z c ,d>®) > (2?, Y)) is an isomor- 
phism. 


Proof Given 
we get 


xX' 


'XgV’n' 





€ £> ((X Ci d, <8>) ; (2?, Y)) . Then, by virtue of Theorem 10, 


XgPn Xg^m ® (m, 71 € N) . 

Once again, Theorem 10 implies 

Xg (<Pn ® £m) = Xg ® S„) . 
Hence ip n ® e m = ® <5„. Therefore, 

1 eB((I Cid ,Y);(D,Y)). 


r<Pn‘ 


>n" 

e 




This proves that the above mapping is an injection, surjectivity of is obvious. 
The proof is finished. 

"" Xg^Pn " 


Definition 13 Let p* G B ((X C;d , <8>) ; (T>, Y )) , p* = 
Xg is defined as 

(3) L V) = 

for each (S n ) G A. 


. Then, we the inverse mapping 


(Xg) ’'(XX) 


Vn" 

1 

3 




Theorem 14 Let p* = 

'Xg<P„' 

[ j 

G B ((J C) d, ®) ; (2?, Y )) for some 

l 1 

£ S 

i i 

and <f>, ip G 2?. Then we 

have 




6B((I m ,«);(2),y)) 


(i) (.Xg) L1 (p*®0) = 


Y <j>, 


(ii) X s q 


Pn 


Proof Assume p* = 
write 


Y if) ) = p* 0 if) 
XgPn 


G B {(T Cj d, ®) ; (2?, Y)) be given. Then, by Theorem 10, we 


(Xg) _1 (P* ®<t>) = (-Xg) ~ 


f 

'XgP„ ® $ 


{ 

S n 

)-[ 


(Xg) D1 (Xg<Pn®0) 


Hence, 


(Xg) _ 1 (p* O ^) = 


Pn Y 0' 
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Therefore, 


^ (P* ® </>) = 


Y </>. 


To prove the second identity, we apply Theorem 10 to get 


V* 
A q 


Tn 


T Ip = Xn 


Vn Y 


= p* <S>tp- 


This finishes the proof of the theorem. 

CONCLUSION : This paper provides some integral products which were implemented to ex- 
tend a new type of Stieltjes transforms enfolding Fox’s ^/-functions as kernels to generalized 
functions. The generalized Sitieltjes transform was formed to satisfy the desired properties 
of the classical transform. It may be concluded here that the employed Stieltjes transform 
method is a very efficient technique in extending integral transforms to generalized functions 
and could lead to a promising approach for many integrals of special functions kernels . 
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Decision making based on interval- valued 
intuitionistic fuzzy soft sets and its algorithm * 

Hongxia.ng Tang* 

December 14, 2015 


Abstract: This paper investigates an approach to interval- valued intuition- 
istic fuzzy soft sets in decision making by means of grey relational analysis and 
D-S theory of evidence. An algorithm based on this approach in decision making 
is presented. 

Keywords: Interval-valued intuitionistic fuzzy soft set; Decision making; 
Grey relational analysis; D-S theory of evidence. 


1 Introduction 

In 1999, Molodtsov [18] initiated soft sets as a mathematical tool for dealing 
with vagueness and uncertainties. Compared with some traditional tools for 
dealing with uncertainties, such as probability theory, fuzzy set theory [32], 
rough set theory [23], soft set theory has the advantage of freeing from the 
inadequacy of the parametrization tools of those theories. 

Recently, many efforts have been devoted to further generalizations and ex- 
tensions of Molodtsov’s soft sets. Maji et al. [19, 20] defined fuzzy soft sets and 
intuitionistic fuzzy soft sets by combining soft sets with fuzzy sets and and intu- 
itionistic fuzzy sets, Yang et al. [31] defined the interval-valued fuzzy soft sets. 
Jiang et al. [7] proposed a more general soft set model called interval-valued 
intuitionistic fuzzy soft set, which is a substantial and important combination 
of the soft set and the interval-valued intuitionistic fuzzy set. The intuitionistic 
fuzzy soft set theory makes descriptions of the objective world more realistic, 
practical and accurate in some cases, making it very promising. 

With the rapid development of soft set theory, there has been some progress 
on the practical applications, especially the use of soft sets in decision making. 
Roy et al. [25] discussed score value as the evaluation basis to find an optimal 
choice object in fuzzy soft sets. But Kong et al. [10] argued that the Roy’s 
method was incorrect by using a counter example to discuss two evaluation bases 

‘This work is supported by the National Social Science Foundation of China (No. 
12BJL087). 

' Corresponding Author, School of Finance and Insurance, Guangxi University of Finance 
and Economics, Nanning 530003, P.R.China; Panyapiwat Institute of Management, Bangkok 
10310, Thailand, hongxiangtangl00@126.com 
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of choice value and score value, and they proposed a revised algorithm. Later 
Feng et al. [5] applied level soft sets to discuss fuzzy soft sets based decision 
making and subsequently extended the approach to interval-valued fuzzy soft 
set based decision making [6]. Jiang et al. [8] generalize the approach to solve 
intuitionistic fuzzy soft sets. Based on Feng’ works, Basu et al. [2] further 
investigated the previous methods to fuzzy soft sets in decision making and 
introduced the mean potentiality approach, which was showed more efficient 
and more accurate than the previous methods. Zhang [36] proposed a rough set 
approach to intuitionistic fuzzy soft set based decision making. Li et al. [15] 
investigated decision making based on intuitionistic fuzzy soft sets. Li et al. 
[16] considered fuzzy soft set based decision making for applications in medical 
diagnosis. Ma et al. [22] presented the algorithm to solve decision making 
problems based on interval-valued intuitionistic fuzzy soft sets. Qin et al. [24] 
present an adjustable approach to interval-valued intuitionistic fuzzy soft set 
based decision making by using reduct intuitionistic fuzzy soft sets and level 
soft sets of intuitionistic fuzzy soft sets. 

All of the above methods for soft sets in decision making are mainly based 
on the level soft set to obtain useful information such as choice values and score 
values. However, the existing methods have their limitations. For example, it 
is very difficult for decision maker to select a suitable level soft set to reduce 
subjectivity and uncertainty (see [36]). Moreover, there has been rather little 
work completed for interval-valued intuitionistic fuzzy soft set based decision 
making. Then it is necessary to pay attention to this issue. 

Grey relational analysis, initiated by Deng [4], is an important method to 
reflect uncertainty in grey system theory, which is utilized for generalizing es- 
timates under small samples and uncertain conditions. It has been successfully 
applied in solving decision-making problems [9, 27, 28, 35]. D-S theory of ev- 
idence, proposed by Dempster [3] and Shafer [26], is a powerful method for 
combining accumulative evidence of changing prior opinions in the light of new 
evidences [26] . Compared to probability theory, this theory captures more infor- 
mation to support decision making by identifying the uncertain and unknown 
evidence. It provides a mechanism to derive solutions from various vague ev- 
idences without knowing much prior information. Therefore, combining both 
theories enables the decision makers to take advantage of both methods’ merits 
and make evaluation experts to deal with uncertainty and risk confidently. The 
hybrid model is effective and practical under uncertainty [27, 29]. It is very 
meaningful to extend the hybrid model to interval-valued fuzzy soft set based 
decision making Thus, this not only allows us to avoid selecting a suitable level 
soft set, but also helps reducing humanistic and subjective in nature to raise 
the choices decision level. 

The purpose of this paper is to investigate decision making based on the 
interval-valued intuitionistic fuzzy soft sets. 
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2 Preliminaries 

Throughout this paper, U denotes an initial universe, E denotes the set of all 
possible parameters, 2 U denotes the family of all subsets of U. We only consider 
the case where U and E are both nonempty finite sets. Int[0, 1] denotes a set of 
all closed subintervals of [0, 1]. 

2.1 Interval- valued intuitionistic fuzzy soft sets 

Definition 2.1 ([1]). An interval-valued intuitionistic fuzzy set X over U is an 
object having the form X = {(x, fj,^(x),u^(x)) j x £ U} (e£ A), where /iy : 
U — > lnt[0, 1 ] and '■ U — > Int [0, 1 ] satisfy 0 ^ sup ^x(x) + sup n^{x) ^ 1 
for all x £ U. 

Px( x ) an d i'jjr(ar) are called the membership degree and non-membership 
degree of the element x £ U to X. 

The set of all interval-valued intuitionistic fuzzy subsets of U is denoted by 
IVIF(U). 

Definition 2.2 ([18]). Let A C E. A pair ( F,A ) is called a soft- set over U, 
where F is a mapping given by F : A — » 2 U . 

Definition 2.3 ([7]). Let A C E. A pair ( F,A ) is called an interval-valued 
intuitionistic fuzzy soft set over U, where F is a mapping given by F : A — * 
IVIF(U). 

In other words, an interval-valued intuitionistic fuzzy soft set over U is a 
parameterized family of interval-valued intuitionistic fuzzy subsets of U . For 
any e £ A, F(e) is referred as the set of e-approximate elements of ( F , A) and 
can be written as: 

F(e) = {{x,p, F ( e) {x),v F(e) {x)) | x £ U} (e G A), 

where p. F ( e ) : U — > Int[ 0, 1] and J'F(e) : U — > lnt[0, 1] satisfy 0 ^ sup p F ( e ){x) + 
sup v F ( e )(x) ^ 1. p F ( e )(x) and v F ^{x) are called the membership degree and 
non-membership degree that x holds e, respectively. tt f ^(x) = 1 — p F ^ e )(x) — 
v F ( e )(x) is called the hesitating degree of x holds e. 

The set of all interval- valued intuitionistic fuzzy soft subsets of U is denoted 
by IVIFS{U). 

Example 2.4. Let U = {hi,h 2 ,h 3 ,h 4 ,h$} be a set of houses and let A = 
(ei, e 2 , e 3 , e±, } C E be a set of status of houses where ej ( j = 1, 2, 3, 4) stand for 
the parameters “ beautiful ”, “ modern ”, “ cheap'’ and “in the green surroundings”, 
respectively. 

Now, we consider an interval-valued intuitionistic fuzzy soft, set (F, A) over 
U, which describes “the attractiveness of the houses” to this decision maker and 
its tabular representation is shown in Table 1. 
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Obviously, we can see that the precise evaluation for each object on each 
parameter is unknown while the lower and upper limits of such an evaluation 
are given. For example, we cannot present the precise membership degree and 
non-membership degree of how beautiful house hi is, however, house hi is at 
least beautiful on the membership degree of 0.6 and it is at most beautiful on 
the membership degree of 0.8; house hi is not at least beautiful on the non- 
membership degree of 0. 1 and it is not at most beautiful on the non-membership 
degree of 0.2. 

Table 1: Tabular representation of the interval-valued intuitionistic soft, set 
(F,A) 

ei e2 e3 

h[ [0.6, 0.8], 10. 1,0. 2] [0.7. 0.8], 10.15. 0.2] [0.75, 0.85], 10. 1.0. 15] [0.8. 0.9], [0.01, 0.1] 

h 2 [0.8, 0.9], [0.05, 0.1] [0.6, 0.7], [0.15, 0.21] [0.5, 0.6], [0.2, 0.35] [0.65, 0.75], [0.2, 0.25] 

h 3 [0.6, 0.7], [0.2, 0.25] [0.5, 0.7], [0.2, 0.3] [0.6, 0.8], [0.1, 0.18] [0.66, 0.77], [0.2, 0.22] 

ht [0.65, 0.78], [0.15, 0.21] [0.7, 0.75], [0.15, 0.25] [0.68, 0.75], [0.1, 0.2] [0.69, 0.78], [0.1, 0.2] 


2.2 Basic concepts of D-S theory of evidence 

D-S theory of evidence is a new important reasoning method under uncer- 
tainty. It has an advantage to deal with subjective judgments and to synthesize 
the uncertainty knowledge [34]. 

A frame of discernment, denoted 0, is a finite nonempty set of mutually 
exclusive and exhaustive hypotheses, denoted {A\, A 2 , • • • , A n } and AiCiAj = 0. 
2 e denotes the set of all subsets of 0. 

Definition 2.5 ([26]). Let 0 be a frame of discernment. A basic probability 
assignment function (or Mass function) on 0 is defined a mapping m : 2 e — > 
[0,1], to satisfies 


m(0) = 0 , ^ m{A) = 1 for A e 2 e . 

Ace 

For any A C 0, A is called as focal elements if m(A) > 0, m(A) represents 
the belief measuser that one is willing to commit exactly to A, given a certain 
piece of evidence. 

Definition 2.6 ([26]). Let 0 be the frame of discernment and m : 2° — > [0, 1] 
be a Mass function. Then a belief function on 0 is defined a mapping Bel : 
2 e — > [0,1], Bel satisfies 

Bel( 0) = 0, Bel(Q ) = 1, Bel(A) = m(B ) for A C 0. 

BCA 

Bel(A) can be interpreted as a global belief measure that the hypothesis A 
is true, and represents the imprecision and uncertainty in the decision-making 
process. In the case of single hypothesis, Bel(A) = m(A). 
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Definition 2.7 ([26]). Let 0 be the frame of discernment. Suppose there are 
two Mass functions are mi and m 2 over 0, induced by two independent items of 
evidences A\, A 2 , • • • ,A S and B\, B 2 , • • • , B t , respectively . D-S rule of evidence 
combination is defined and denoted as follows: 

( ihc S mi(Ai)m2(Bj), V A C ©, A ± 0, 
m(A) = mi 0 m 2 {A) = < a^b^a 
l 0, A = <b, 

where K = fn\{Ai)m 2 {Bj) < 1. 

AinBj=0 

I\ is called the conflict probability and reflects the extent of the conflict 
between the evidences. Coefficient is called normalized factor, its role is 
to avoid the probability of assigning non-0 to empty set 0 in the combination. 

D-S rule of evidence combination can be generalized to multiple Mass func- 
tions, the belief measure resulting from the combination of multiply evidences 
Ai is as follows: 


mi 0 m 2 • • • 0 m n (A) = Y" mi(Ai)m 2 (^ 2 ) • ■ • m„(A n ), 

V |~|”_i Ai=A,AiC@ 

where K = J2 mi(Ai)m 2 (A 2 ) • • • m n (A n ) < 1. 
n? =1 Ai=0,AiCe 

D-S rule of evidence combination can increase belief measure of hypotheses 
and reduce the uncertain degree to improve reliability. 

Example 2.8. Let 0 = {Ai,A 2 } be the frame of discernment. Suppose there 
are two Mass functions mi and m 2 over Q, induced by the independent items 
of evidences A\, A 2 , given by 

mi(Ai) = 0.3, mi (VI 2 ) = 0.4, ?ni(0) = 0.3, 
to 2 (Ai) = 0.4, TO 2 U 2 ) = 0-3, m 2 (0) = 0.3. 

Combining the two evidences by D-S rule of evidence combination leads to: 
m(Ai) = mi © m 2 {Ai) = = 0 . 44 , 

m(A 2 ) = mi © m 2 (A 2 ) = '"i^H(^)+"> 1 (^H(e)+" 1 (e)m a M 2 ) : 0 . 44 , 

m(0) = mi 0 m 2 (0) = _ 0.12, 

where I\ = mi(^4 1 )rn 2 (Yl 2 ) + mi(7l 2 )m. 2 (7li) = 0.25. 


3 An approach to interval-valued intuitionistic 
fuzzy soft sets in decision making 

Recently, research on soft sets based decision making has attracted more and 
more attention. The works of Roy et al. [10, 25, 5, 2, 11] are fundamental and 
significant. Later other authors like Qin et al. further studied and proposed an 
adjustable approach to interval-valued intuitionistic fuzzy soft set based decision 
making using the level soft sets and reductions . Generally, there does not exist 
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any unique or uniform criterion for the evaluation of decision alternatives under 
uncertain condition. However, it is very difficult for decision makers to select 
suitable level soft sets and discuss reduct intuitionistic fuzzy soft sets. 

Now we investigate interval-valued intuitionistic fuzzy soft sets based deci- 
sion making by means of grey relational analysis and D-S theory of evidence. 
It is divided three phases: First, grey relational analysis is applied to calculate 
the grey mean relational degree and the uncertain degree of each parameter is 
obtained. Second, the corresponding Mass function with respect to each pa- 
rameter is constructed by the uncertain degree of each parameter. Third, we 
apply D-S rule of evidence combination to aggregate individual alternatives into 
a collective alternative, by which the candidate alternatives are ranked and the 
best alternative is obtained. 

In the following, we consider the decision making problem with m mutu- 
ally exclusive alternatives Xi and n evaluation parameters (or indexes) ej. dij 
denotes the degree that the alternative satisfies the parameter e 7 . Put 

0 = {xi,x 2 , ■ ■ ■ ,x m } and A = {ei,e 2 , • • • , e„}. 

Define F : A -> IVIF(Q) by F(ej) = {(a:*, ti F ( ej ){ x i), v F ( e .){xi)) \ x t G 
0} ( ej € A) where p F ( e ) '■ U — > lnt[0, 1] and v F ( e ) : U — > Int[ 0,1] sat- 
isfy 0 ^ sup pF(ej){xi) + sup t / F(e J )( x i) ^ 1- Then (F,A) is an interval- 
valued intuitionistic fuzzy soft set over 0. Denote P L F( ej ){ x i) = [l- l 7j- dq]’ 

^F(ej)( x i) = a ij = (l J -F(e j )(Xi),VF(.e j )( x i))- D = ( «,j)mxn IS Called 

an interval- valued intuitionistic fuzzy soft decision matrix induced by (F, A) . 
Here, we see the set of parameters as a item of evidences information. 

The key to solve decision problems by using D-S theory of evidence is how 
to obtain the uncertain degree of evidences (or parameters). 

First, inspired by Xu [12], we define the score function of as follows. 

Definition 3.1. Suppose that ( F,A ) is an interval-valued intuitionistic fuzzy 
soft over 0. Suppose that D = ( aij) m xn is an interval-valued intuitionistic 
fuzzy soft decision matrix induced by ( F,A ). Denote pp{ej){ x i) = 
v F ( e .)(xi) = [vfjiVij], aij = (p F (e j ){ x i), v F(e j ){ x i)) ■ Then score function of djj 
is defined and denoted as 

s( a ij) = (p,jj + H% - vfj - v?j)/2 + a(t4j + v± - - vf j )/2. 

By Definition 4.1, we can convert d l3 into real numbers. .s(a,; 7 ) presents 
the global degree that the alternative x^ holds the parameter e 3 . Obviously, 
0 ^ s(aij ) < 1. cc is called a risk factor. For a = 0, > 0, < 0, they imply 
the attitude of decision makers for risk is neutral, positive, oppose, respectively. 
Decision makers can select a a value according to their risk preference. In this 
paper, we pick a = 0. 

To obtain Mass functions of each alternative with respect to each parameter, 
we consider score function values may be negative, so we should normalize the 
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score function values by the following formula: 


S (ay) mini 


Til Cl X 1 ^ j rn S ( 0.jj ) miTli^i^ m S(aij) 


, 1 ^ ^ to, 1 ^ j ^ n. 


Hence, we can get normalized matrix of score function values D = (djj) mxn 


Next, inspired by the paper [12], we define the grey mean relational degree 
and the uncertain degree of the parameter as follows. 

Definition 3.2. Let 0 = {x\,X 2 , • • • , x m }, A = {ei, e 2 , ■ ■ ■ , e n j and let ( F , A) 
be an intuitionistic fuzzy soft set on 0. Suppose that D = ( dij) mxn is normalized 
matrix of score function values. For any i,j, denote 


1 n 

^ = > 


Ad.y — | dij dj 


i = i 


mini^j^nmin^i^m Adij T p maxi^j^_ n maxi^i^ m Adi 
A dij + p rnaxi^j^nmaxi^gm A d tJ 


, P € (0, l)j 


W/ fe) = -(E(Af)’ (j = 1, 2, - - • , n). 

1 i= 1 

ry is called the grey mean relational degree between d ^ and dj. DOI(ej) is 
called q order uncertain degree of the parameter ej. 

p aims to expand or compress the range of the grey relational coefficient. 
Decision makers can select q , p values according to different circumstance. To 
obtain strong distinguishing effectiveness, we pick q = 2, p = 0.5 in this paper. 
We call DOI(ej) the uncertain degree of Cj for short. 

ft is worthy to notice that the method to obtain the uncertain degree varies 
from different situation in Definition 4.2. General speaking, since a index (or 
parameter) is specially more matching the mean of the index set than other 
indexes, it contains more satisfying information for decision making and the 
uncertain degree of the index information is lower. Then, in this paper we just 
consider grey mean relational degree between d tJ and dj. 

Definition 3.3 ([36]). Let X = (x\,X 2 ,--- ,x m ) be a finite difference informa- 
tion sequence, where there exists Xi k ^ 0 for k = 1, 2, • • • , to and 1 ^ ik ^ to. 
Then the information structure image sequence Y = ( 2 / 1 , 2/21 • ■ • ,2/m) is given by 


In the normalized matrix of score function values D = ( dij ) mxn , the infor- 
mation structure image sequence with respect to a parameter ej is denoted by 

dj = {dij, d- 2 j, dsj, ■ ■ ■ ,d m j } , where dij = „f‘ J . Then we obtain an informa- 

E dij 

i= 1 

tion structure image matric D = (dij) mxn induced by dj {j = 1, 2, • • • , n). 
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D-S theory of evidence is a powerful method for combining accumulative 
evidence of changing prior opinions in the light of new evidences [26]. The 
primary procedure of combining the known evidences or information with other 
evidences is to construct suitable Mass functions of evidences. 

Now, by the uncertain degree of each parameter, we can obtain Mass function 
of each alternative with respect to each parameter. 

Theorem 3.4. Let 0 = {x\, Xi, ■ ■ ■ , x m }, A = {ei, e 2 , • • • , e„} and let ( F , A) 
be an intuitionistic fuzzy soft set on 0. Suppose that D = (■ dij) mxn is the 
normalized matrix of score function values and DOI(ej) is the uncertain degree 

of ej . Denote dij = „f 1J . For any i, j, we define functions m ej (j = 1,2,--- , n) 

E d n 

i = 1 

with respect to the parameter ej, it satisfies: 

m 

m ej (xi) = dtj (1 - DOI(ej)), m ej (0 ) = 1 - y ^ rrij(i). 

Then m ej (j = 1, 2, • • • , n) are Mass functions. 

In a normalized matrix of score function values D = ( djj) mX ra> denote 
m e Axi), m ej (0) by rrij{i) and rrij(m+ 1), respectively. nij(i) implies the belief 
measure that holds the alternative Xj with the parameter ej and m.j(rri + 1) 
implies the belief measure of the whole uncertainty with parameter ej. 

Next, using D-S rule of evidence combination to compose nij (j = 1, 2, • • • , n), 
we get the belief measure of each alternative with all the parameters, by which 
the candidate alternatives are ranked and thus the best alternative is obtained. 


4 Algorithm 

4.1 Algorithm 

Based on the above analysis, the detailed step-wise procedure as an algorithm 
is given as follows: 

Input: An interval- value intuitionistic fuzzy soft set (F,A). 

Output: The optimal decision-making results. 

Step 1. Input an interval- value intuitionistic fuzzy soft set (F,A) and con- 
struct an interval-value intuitionistic fuzzy soft decision matrix induced by 
(F,A). 

Step 2. Compute the normalized matrix of score function values ( D = 
(dij) mxn) • 

Step 3. Compute the mean of all the score function values (d t ) with respect 
to each alternative. 

Step 4. Compute the difference information between dij and d,;. 

Step 5. Compute the gray mean relational degree between dij and dj. 

Step 6. Compute the uncertain degree DOI(ej) of each parameter ej. 
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Step 7. Compute the information structure image sequence dij with respect 
to each parameter ej by Definition 3.3. 

Step 8. Compute Mass function values of the alternative Xi and 0 with 
respect to the parameter by Theorem 3.4. 

Step 9. Compute belief measure of each alternative Xi by combining these 
Mass functions m e (j = 1, 2, • • • , n) respectively by Definition 2.8. 

Step 10. The optimal decision is to select Xk if c*, = maXi {Bel(xi)}. k has 
more than one value then any one of Xk may be optimal choices . 

4.2 An illustrative example 

Suppose that a fund manager in a wealth management wants to invest 
a company. Suppose that the set of four potential investment companies U = 
{xi, £2, £3, £4} which are characterized by a set of parameters A = {e\, e 2, e3, 64 }. 
For i = 1,2, 3, 4, the parameters e.j stand for “risk”, “growth /‘socio-political 
issues” ,and “environmental impacts” , respectively. The fund manager pro- 
vide his/her assessment of each investment company on each parameter as an 
interval- valued intuitionistic fuzzy soft set (A, A). Its tabular representation is 
shown in Table 2. 


Table 2: Tabular representation of the interval-valued intuitionistic soft set 
(F,A) 



ei 

62 

63 

e 4 

Xl 

[0.4, 0.5], [0.3, 0.4] 

[0.4, 0.6], [0.2, 0.4] 

[0.1, 0.3], [0.5, 0.6] 

[0.5, 0.7], [0.2, 0.3] 

X2 

[0.4, 0.5], [0.4, 0.5] 

[0.5, 0.8], [0.1, 0.2] 

[0.3, 0.6], [0.3, 0.4] 

[0.6, 0.7], [0.1, 0.3] 

X 3 

[0.3, 0.5], [0.4, 0.5] 

[0.1, 0.3], [0.2, 0.4] 

[0.7, 0.8], [0.1, 0.2] 

[0.5, 0.7], [0.1, 0.2] 

X4 

[0.2, 0.4], [0.4,0. 5] 

[0.6, 0.7], [0.2, 0.3] 

[0.5, 0.6], [0.2, 0.3] 

[0.7, 0.8], [0.1, 0.2] 


Now, we suppose that the four mutually exclusive and exhaustive investment 
companies consist a frame of discernment, denoted 0 = {xi, £2, £3, £4}. And 
we consider the set of parameters A = {ei, e2, e3, 64} as a set of evidences. 


Step 1. Construct an interval-valued intuitionistic fuzzy soft decision matrix 
induced by ( F , A) as follows: 


/ ([0.4, 0 . 5 ], [0.3, 0.4]) 
I ([0.4, 0.5], [0.4, 0.5]) 

([0.3, 0.5], [0.4, 0.5]) 
\ ([0.2, 0.4], [0.4, 0.5]) 


([0.4, 0.6], [0.2, 0.4]) 
([0.5, 0.8], [0.1, 0.2]) 
([0.1, 0.3], [0.2, 0.4]) 
([0.6, 0.7], [0.2, 0.3]) 


([0.1, 0.3], [0.5, 0.6]) 
([0.3, 0.6], [0.3, 0.4]) 
([0.7, 0.8], [0.1, 0.2]) 
([0.5, 0.6], [0.2, 0.3]) 


([0.5, 0.7], [0.2, 0.3]) \ 
([0.6, 0.7], [0.1, 0.3]) I 
([0.5, 0.7], [0.1, 0.2]) 
([0.7, 0.8], [0.1, 0.2]) / 


Step 2. Compute the normalized matrix of score function values as follows: 


D — ) 4X4 — 


1.0000 0.5000 0 0 

0.6000 1.0000 0.4737 0.4000 

0.4000 0 1.0000 0.4000 

0 0.8333 0.6842 1.0000 


Step 3. Compute the mean of all parameters with respect to each investment 
company Xi as follows: 

dx = 0.3750, d 2 = 0.6184, d 3 = 0.4500, d A = 0.6294 
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Step 4. Compute the difference information between dij and d z , and con- 
struct the difference matrix as follows: 

/ 0.6250 0.1250 0.3750 0.3750 \ 

An- I 0 0184 0 -3816 0.1447 0.2184 | 

_ 0.0500 0.4500 0.5500 0.0500 

\ 0.6294 0.2039 0.0548 0.3706 / 


Step 5. Compute the gray mean relational degree between d l3 and di based 
on AD as follows: 


/ 0.3545 0.7576 0.4830 0.4830 \ 

I 1.0000 0.4784 0.7251 0.6248 I 

0.9134 0.4356 0.3852 0.9134 

\ 0.3528 0.6423 0.9015 0.4861 / 


Step 6. Compute the uncertain degree of each parameter e :j by Definition 
3.2 as follows: 


DOI{e i) = 0.3609, DOI{e 2 ) = 0.2963, DOI(e 3 ) = 0.3279, DOI{e A ) = 0.3254. 


Step 7. Compute the information structure image sequence with respect to 
each parameter and construct the matrix as follows: 

/ 0.5000 0.2143 0 ° \ 

~ _ . I 0.3000 0.4286 0.2195 0.2222 | 

U ~ (dii > 4X4 “ 0.2000 0 0.4634 0.2222 

V 0 0.3571 0.3171 0.5556 / 

Step 8. Let 2° = {{cci } , {2:2}, {2:3}, {^4}, 0}. Compute Mass function values 
of Xi and 0 with respect to the parameter e 3 by Theorem 3.4: 




4X4 — 


0.3195 0.1508 0 

0.1917 0.3016 0.1475 

0.1278 0 0.3115 

0 0.2513 0.2131 


° \ 
0.1499 

0.1499 

0.3748 / 


and 


Tfi\ (5) = 0.3609, to 2 (5) = 0.2963, m 3 (5) = 0.3279, m 4 ( 5) = 0.3254, 


1 4 

-^m,(5)= 0.3276. 

3 = 1 

Step 9. We combine these Mass functions and compute each belief measure of 
each candidate a respectively as follows: 


Bel{{ x{\) = mi © m 2 © m 3 © m-4({a:i}) = 0.1098, 

Bel({ x 2 }) = mi © m 2 © m 3 © m-4({a; 2 }) = 0.3298, 

Bel({x 3 }) = mi © m 2 © m 3 © m.4({a:3}) = 0.1700, 

Bel({ x 3 }) = mi © m 2 © m 3 © m.4({a:4}) = 0.3309, 

Bel({x 5}) = mi © m 2 © m 3 © m4(0) = 0.0595. 
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Then the final rang order is X4 >~ X2 >~ X3 >~ X\. 

Step 10. X 4 is the optimal investment company for maxi {Bel(xi)} = 0.3309. 

From the above results, the belief measure of the uncertainty with respect 
to the whole candidates 0 is declined from 0.3276 to 0.0595, after applying grey 
relational analysis to construct the corresponding Mass functions for different 
evidences and then using the rule of evidence combination to compose these 
information. This implies the above algorithm is effective and practical under 
uncertainties. It not only allows us to avoid selecting the suitable level soft set, 
but also helps reducing humanistic and subjective in nature to raise the choices 
decision level. Moreover, it broadens the application field of the grey system 
theory and D-S theory of evidence. 
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PRODUCT-TYPE OPERATORS FROM WEIGHTED ZYGMUND 
SPACES TO BLOCH-ORLICZ SPACES 

YONG YANG AND ZHI-JIE JIANG 


Abstract. Let D be the open unit disk in the complex plane C and 77(D) the class 
of all analytic functions on D. Let ip be an analytic self-map of D and u £ 77(D). The 
boundedness and compactness of the product-type operators D n M U C V , D n C v M u , 
M u D n Cip, CipD n M u , M u CtpD n and C v M u D n from weighted Zygmund spaces to 
Bloch-Orlicz spaces are characterized by constructing some test functions in weighted 
Zygmund spaces. 


1. Introduction 

Let 0 = {z<EC:|,z|<l}be the open unit disk in the complex plane C and H( D) the 
class of all analytic functions on D. For a > 0, the weighted Zygmund space Z a consists 
of all / € H( B) such that 

bz°(f) = sup(l - |z| 2 )“|/"0)| < oo. 

z£B 

It is a Banach space with the norm 

||/||^ = |/(0)| + |/'(0)| + 6 2 o(/). 

If a = 1, then it becomes the famous Zygmund space, usually denoted by Z. For some 
results of weighted Zygmund spaces and some concrete operators on them, see, for example, 
[9,22,24,43,56] and the references therein. 

Next we introduce the Bloch-Orlicz space which was defined by Ramos Fernandez in [32] . 
Let 47 be a Young’s function, i.e., 47 is a strictly increasing convex function on [0,+oo) 

such that 47(0) =0 and lim t hoo 47 (t) = +oo. The Bloch-Orlicz space B' 1 ' consists of all 

/ € H (D) such that 

sup(l - |z| 2 )4'(A|/ , (z)|) < oo 

z£B 

for some A > 0 depending on /. The Minkowski’s functional 

ll/H* = inf{fc>0:S#(£) <l} 

defines a seminorm for S' 1 ’, where 

S*(f) = su p(i - M^G/O)!)- 

zeB 


2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37. 

Key words and phrases. Weighted Zygmund space, Bloch-Orlicz space, Product-type operator, Test 
function, Boundedness, Compactness. 
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B 9 becomes a Banach space with the norm ||/|| B * = |/(0)| + ||/||j-. Ramos Fernandez 
in [32] proved that it is isometrically equal to a special /.%-Bloch space, where 

M*) = YT i T » * GD - 
w li-ld 2 ' 

Consequently, a equivalent norm on B 9 is given by ||/||b<p = |/(0)| + &e*(/), where 

&B*(/) = sup^(2)|/'(2:)|. 

«eD 

Clearly, the quantity bg* (/) is a seminorm on the space B 9 and a norm on the quotient 
space B 9 / Po, where Po is the set of all constant functions. The Bloclr-Orlicz space gen- 
eralizes some spaces. For example, if 'F(f) = t p with p > 0, then B 9 coincides with the 
weighted Bloch space B a , where a = 1/p; if T (t) = flog(l + t), then B 9 coincides with 
the Log-Bloch space (see [2]). 

Let ip be an analytic self-map of D and u £ H (D) . The weighted composition operator 
W VtU on H(U>) is defined by 

W VtU f(z) = u(z)f(ip(z)), z £ D. 

If u = 1, it becomes the composition operator, usually denoted by C v . If <p(z) = z, it 
becomes the multiplication operator, usually denoted by M u . Since W V}U = M u Ccp, it is 
a product-type operator. For some studies on weighted composition operators, see, for 
example, [1,4,7,10,19,22,29,42,49,50] and the references therein. 

Let n £ No = N U {0}. The nth differentiation operator D n on if(O) is defined by 

D n f(z) = fW(z), z£ D, 

where = f. If n = 1, it is the well-known differentiation operator D. Zlru in [57] 
introduced the following, so-called, generalized weighted composition operator: 

D n v J{z)=u{z)f^Xv{z)), z£ D. 

If n = 0, it becomes the weighted composition operator. Since £)” = M u C ip D n , it is 

also a product-type operator. For generalized weighted composition operators, see, for 
example, [3, 28, 47, 53, 54, 59, 60] and the references therein. Before the operator £>” u 
some other product-type operators were introduced and studied. For example, the next 
product-type operators 

M U C V D , C V M U D, M V DC V , C V DM U , DC V M U , DM U C V 

were studied by Sharma in [34]. They were also studied on weighted Bergman spaces 
by Stevie et al. in [51] and [52]. However, a normally systematic study of product-type 
operators started by Stevie et al. since the publication of papers [21] and [25]. Before that 
there were a few papers in the topic, e.g., [8]. The publication of paper [21] first attracted 
some attention in product-type operators DC V and C V D (see, e.g., [23,30,39,41] and the 
references therein). The publication of paper [25] attracted some attention in product- 
type operators involving integral-type ones (see, e.g., [16,26,37,43,48] and the references 
therein) . Recently there is a great interest in various product-type operators between two 
given spaces of holomorphic functions (see, e.g., [11,12,17,31,33,36,38,40,45,57] and the 
references therein) . 

Before this paper some product-type operators from Zygmund spaces or weighted Zyg- 
mund spaces to some other spaces were studied, for example, in [3,13,14,18,27]. In this 
paper we consider the following product- type operators: 

D n M u C v , D n C v M u , M u D n C ip , C v D n M u , M u C v D n , C^M u D n . (1) 
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The boundedness and compactness of operators in (1) from Zygmund spaces to Blocli- 
Orlicz spaces were characterized in [14]. As a continuation and completeness of our work, 
we consider the same problems for operators in (1) from weighted Zygmund spaces with 
a / 1 to Bloch-Orlicz spaces. Because these operators are more complicated than those 
above mentioned, we need seek some other test functions in weighted Zygmund spaces to 
achieve our objective. 

Let X and Y be Banach spaces. A linear operator L : X — > Y is bounded if there exists 
a positive constant K such that ||L/||y < Aj|/||x for all / € X. The operator L : X —> Y 
is compact if it maps bounded sets into relatively compact sets. The norm of the operator 
L : X — > Y is defined by 

\\L\\x^y = sup ||L/||y. 

!l/llx<i 

In this paper, the letter C denotes a positive constant which may differ from one 
occurrence to the other. The notation a < b means that there exists a positive constant 
C such that a < Cb. When a < b and b < a, we write axi. 


2. Preliminaries and test functions 

We first state the following result which was essentially proved in [35] and [46]. 
Lemma 2.1. For a > 0 and f £ Z a . Then 

(a) For 0 < a < 1, |/(z)| < j^\\f\\z and \f'(z)\ < j^\\f\\z- 

(b) For a = l, |/(z)| < \\f\\ z and \f(z)\ < \\f\\ z log 

(c) For 1 < a < 2, \f(z)\ < (ct _ 1) 1 (2 _ a) \\f\\z<* and \f'(z)\ < -i • 

(d) For a = 2, |/(z)| < 2||/||^2 log x=^pr and \ f{z)\ < T= fa\\f\\ Z 2 . 

(e) For a >2, \f(z)\ < {a _^ a _ 2) and \f(z)\ < 

The following result directly follows from the corresponding result for the Bloch type 
spaces when a function / is replaced by f (see, e.g., [55]). 

Lemma 2.2. For each k £ N and k > 2, there exists a positive constant Ck independent 
of f £ Z a and z £ D such that 


11 - ( 1 - |z| 2 )“+ fe - 2 ' 


Let w £ D and i £ No- It is easily shown that the next function is in the space Z a 

— M 2 ) 2+i n 

Tw ^ Z ) - (l_^)a+i > ^ eD - 

The following result provides the needed test functions for the cases 0<a<l, l<a<2, 
a = 2 and a > 2. 

Lemma 2.3. (a) If 0 < a < 1, then for each fixed k £ {2, 3, . . . , n + 1}, there exist 
constants a o,fc, ai,fe, . . . , such that the function 

n+1 


fw,ki z ) = E^r Ufi (z) 


i = 0 
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satisfies 

&( W ) = (1 _ | and &( W ) = 0 ( 2 ) 

for each j € {0, 1 , . . . , n + 1} \ {fc}. 

(b) If 1 < a < 2, then for each fixed k € {1,2, . . . ,n + 1}, there exist constants &o,fc, 
bi t k, • • • , 6 n +i,fc such that the function 

n+1 

9wM z ) = y^iiz) 

i = 0 

satisfies 

9w!k( W ) = (1 _ |J|2)a+fc-2 aUd ^kH = 0 (3) 

for each j € {0, 1, . . . , n + 1} \ {fc}. 

(c) If a > 2, then for each fixed k £ {0, 1, . . . , n + 1}, there exist constants co,fc, Cyfc, 
. . . , c n + i t k such that the function 

n+1 

h / w,k( < z') — ^ ^ 

i= 0 

satisfies 

h w\( W ) = (1 _ |J|2)a+fc-2 and h w]k( W ) = 0 (4) 

for each j £ {0, 1 , . . . , n + 1} \ {fc}. 

Proof, (a). From a calculation, it follows that (2) is equivalent to the following system 

' n+1 

2 + = 0 
i = o 

n+1 

X) (a + i)(a + i + 1 )o i)fc = 0 
*= o 

n+1 k— 1 (5) 

e n (« + * +j)ai,k = 1 

i— 0 j—0 
n+1 n 

E Il(“ + i + j)ai,k = 0. 

i—0 j= 0 

Hence, we only need to prove that there exist constants ao,fc, a+fc, , a rl +ij such that 

the system (5) holds. By Lemma 3 in [47], the determinant of the system (5) equals to 
n;+ jf which is different from zero. So there exist constants ao.k, n+fc, • • • , «n+i,fc such 
that the system (5) holds. Results (6) and (c) can be proved similarly, so we omit. □ 

Let w £ D and 

q w (z) = (l + log 2 6 _ ) log^ 1 - — i 2 - 
V 1 — wzJ 1 — \w\ z 
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5 


Lemma 2.4. For the function q w , it follows that 


w k 


w k 


= >-MV + 4 (i-M 2 )‘ log 


-1 


1 - \w\ 


where Ck > 0 for each k > 1, d± = 0 and dk > 0 for each k > 2. 


( 6 ) 


Proof. By a direct computation, we have 


, / x ^ w e _ 

q w {z) = r -log- — log - — 

1 — wz 1 — wz 1 — 


w 


and 


w 2 


Qw( z ) = 2 77 !0g 7 — log 


-1 


+ 2 - 


w 2 




-1 


(1 — wz) 2 1 — wz l — \w\ 2 (1 — wz) 2 

Also, from a direct computation, we see that for k > 2 


l - M 


w k 


qi k \z) = 2 (k - 1)! _ log — ^ log" 1 — ^ 

(1 — wz)* 1 — wz 1 — \w\ z 


+ [fc — 1 + 2{k — 1)! 


w k 


(1 — wz) k 


log" 


l — M 2 


(7) 


(8) 


(9) 


Set Cfe = 2 (k — 1)!, d\ = 0 and dk = k — 1 + 2 (fc — 1)! for k > 2. Then (6) follows from 
(7)-(9). □ 


Remark 2.1. Let X w be the functions in Lemmas 2.3 and 2.f. Then 

sup HXrollzo, < 1, (10) 

uigD 

and X w — > 0 uniformly on compact subsets of D as |u>| — > 1. In fact, if X w are the 
functions in Lemma 2.3, then this remark follows from the facts that sup^gn || /’w.i II 1 
and r Wt i — > 0 uniformly on compact subsets of D as |w| — > 1; if X w is the function in 
Lemma 2.f, then it follows from [44]. 

Stevie in [47] used Faa di Bruno’s formula of the following version 

n 

(/ o ¥>)<">(*) = Y f ik \^))B nM ^p\z), . . . , <p {n - k+1) (z)), (11) 

k — 0 

where B n> k(x\, ..., x n -k+i) is the Bell polynomial. See [15] for the Faa di Bruno’s formula. 
For nfN the sum can go from k = 1 since B n p(tp'(z ), ..., ip^ n ~ k+1 ' ) (z)) = 0, however we 
will keep the summation since for n = 0 the only existing term Bop is equal to 1. From 
(11) and the Leibniz formula the next lemma follows. 

Lemma 2.5. Let f,u€ H{ D) and ip be an analytic self-map of D. Then 

n+1 n+1 

(u(z)f(ip(z))) (n+1) = Y f ik) (v 0)) Y C n+ iK (n+1 ' j) WBj,)c(^(7)> • • . , <+“ fe+1) (z)) . 
k — 0 j—k 
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3. Boundedness the product- type operators 

We first characterize the boundedness of the operator D n M u C v> : Z a — > . 

Theorem 3.1. Let ip be an analytic self-map of D, u € H(JS>), C 3 n+1 the binomial coeffi- 
cient and 0 < a < 1. Then the following statements are equivalent- 

fa) The operator D n M u C v : Z a — > B * is bounded. 

(b) The functions u and p satisfy the following conditions: 

71+1 

I 0 ■- sup//*(z)| V C° n+1 u (jl+1 ~ 3 \z)Bjfi (<p'(z) , . . . ,p b+1) (z)) < 00 , 

zSD j = 0 

71+1 

h := sup pM,(z)\j2ci +1 u (n+1 ~ j) {z)B J:1 (p'{z), . . . < oo, 

z6B 1 3 - =1 

and 

< oo 

for each k £ {2, 3, . . . , n + 1} . 

Moreover, if the operator D n M u C v : Z a — > is bounded, then 

71+1 

D M U C V || a» o x Tj k . 

fc=0 

Proof, (a) => (6). Let hk{z) = z k € Z, k = 0, 1, . . . , n + 1. Then applying the operator 
D n M u C v : Z a — > B' v to the function h 0 , we have 

71+1 

J 0 = supM*)| Y,CLiU {n+1 ~ j \z)B jfi (p , (z),...,p( j+1 \z)) < C\\D n M u C v \\. (12) 

260 j = o 

By the fact ||</?||oo < 1, the boundedness of D n M u C v : Z a — > B the triangle inequality 
and (12), we have 

h<I 0 + C\\D n M u C v \\. (13) 

Assume now that we have proved the following inequalities 

71+1 

sup^( Z )\Y / Ci +1 u^+ 1 - 3 \z)B j!l (p\z),...,p^- l+1 \z)) < C\\D n M u C v \\ (14) 

' , 

3=1 

for each l £ {0, 1, ..., k — 1} and a k < n+ 1. Applying Lemma 2.5 to the function hk, and 
noticing that h]f\z) = 0 for s > k, we get 

k Ti+l 

(■ D n M u C v hk)\z ) = £ h[ j \p(z)) Y Ci l+1 u^ +1 - i \z)B. lJ (p'(z), ..., ^~ 3+1 \z)) 

3=0 i=j 

k Ti+l 

= y k ■ ■ ■ (k - j + 1 mz)) k ~ j Y c: + Y n+1 - i \z)B hj (p\ Z ), ..., <+- j+l) (+. (is) 

3=0 i=j 


Mz) E Ci +1 u^+ 1 - 3 \z)B J , k (p'(z),...,^- k + 1 \z)) 

j=k 

( 1 - \p(z)\ 2 ) a + k ~ 2 
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From (15), the boundedness of function ip and the triangle inequality, by noticing that the 
coefficient at 

n+1 

E Ci + y n+1 -i\z)B Jtk (ip>(z), . . . , ^~ k+1 \z)) 

j=k 

is independent of z and finally using hypothesis (14) we easily obtain 

n+1 

L k := supM*)| E C i+i u(n+1 ~ j \ z ) B J^\z), . . . , +- fc+1 +))| < C\\D n M u CJ. 


261 


j—k 


(16) 

By induction we see that (16) holds for each k £ {0, 1, . . . , n + 1}. 

For a fixed w £ D and a fixed k £ {2, 3, . . . , n + 1}, by Lemma 2.3 (a) there exists a 
function 

n+1 

fw,k(z) = ^ ^ Q j i : k'T'(p(w),i(z') 
i = 0 

such that 

OpM) = (1 _ |^| 2 )a+fc — 2 and f^k( t PM)=0 

for each j £ {0, 1, . . . , n + 1} \ {k}, and 


sup \\fw,k\\z<* ^ C - 

w£B 

Then by (17), (18) and the boundedness of D n M u C v : Z a — > , we have 


n+1 


h(w) := 


^+u>)|<p+)| fe | c n+i u{n+1 +),••■, <+ fe+1) M)| 

j=k 


(1- |^(u>)| 2 )“+ fc - 2 

< \\D n M u C v f w , k \\B* < C\\D n M u CJ. 

From (19) we see that 

sup I k {z) < C\\D n M u C v \\, 


(17) 

(18) 


(19) 


which leads to 


n+1 


sup 

\<p{z)\>l/2 


j=k 


(1- \ip{z)\ 2 ) a + k ~ 2 


< C\\D n M u C ip 


(20) 


On the other hand, by (16) we have 


n+1 


sup 

I ¥>(*)! <1/2 


M*)| E Ci +1 u^+^\z)B jtk (ip'(z),...,ipU- k +^(z))\ 

j—k 

(1- |^(z)| 2 )“+ fc - 2 


<C\\D n M u CJ. 


Hence from (20) and (21) we obtain 

h < C\\D n M u CJ < oo. 


(21) 

(22) 
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(b) =>■ (a). By Lemmas 2.1, 2.2 and 2.5, for all / £ Z a we have 
sup nxn(z) | ( D n M u C cp f)\z ) | 

Z& 

n+1 n+1 

= sup 0)1 E / (fc) (^0)) E C 'n+T u( " +1 ^ ) 0)%fc(00) I • • . , V5° _fc+1) 0)) 

* 6D 1 ^ 

n+1 n+1 

< sup^O) E |/ W (^))I I E C i+i u(n+1 ~ j) (z)B J ,k(^(z ), . . • ,^- fe+1) 0)) 

fc— 0 1 ,=fc 

n+1 

< (r^^o+^ + E^) 11 ^ 0 - (23) 

k—2 

It is clear that 


\{D n M u C v fm\<C\\f\\ Z c. (24) 

Hence, from (23) and (24) it follows that the operator D n M u C v : Z a — + B' 1 ' is bounded. 

Clearly, if the operator D n M u C v : Z a — > B' 1 ' is bounded, then the operator D n M u C v : 
Z a — + B 9 / Po is also bounded. By the definition of the norm in the quotient spaces, and 
using the same functions in the proofs of (12), (13) and (22), we obtain 


Ik < C\\D n M u C v \\ Z ac^B* /p^ : j 

for each k G {0, 1, 2, . . . , n + 1}, and then 

n+1 

Yh<C\\D n M u Cp || ,Z“— >B*/P 0 ■ (25) 

k—0 

By (23) we have 

n+1 

\\D n M u C v \\ za ^ BVPo <CEO (26) 

k = 0 

The asymptotic expression of \\D n M u C v \\ Za ^ B <s, / Po follows from (25) and (26). □ 


Remark 3.1. In fact, from the fact z k £ Z a , in the proof of Theorem 3.1 we have seen 
that if the operator D n M u C v : Z a — > B® is bounded, then L k < oo for all a > 0. 

Theorem 3.2. Let ip be an analytic self-map of D, u € H( D), C 3 n+l the binomial coeffi- 
cient and 1 < a < 2. Then the following statements are equivalent- 

fa) The operator D n M u C v : Z a — > B* is bounded. 

(b) The functions u and ip are such that Iq < oo and for each k £ {1, 2, . . . , n + 1} 


n+1 


M k := sup 


M*) E Ci +1 u^-I\z)B j ^'{z),...MI- k + 3 \z)) 

1 j=k 


Z 6 D ( l -|^)| 2)°+*-2 

Moreover, if the operator D n M u C lp : Z a — > B® is bounded, then 

n+1 


< 00. 


\D n M u a 


/¥ 0 2 ° ' 


E Mk - 


fc= 1 
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Proof, (a) => (6). Let ho(z) = 1 g Z a . Then I 0 < oo. For a fixed w € D and each fixed 
k € {1, 2, . . . , n + 1}, by Lemma 2.3 ( b ) there exists a function 

n+1 

9w,k(z') = ^ ^ 


2\a+k—2 alld = 0 


such that 

9wlk(<P( W )) = (1 _ |^p)a+fc-2 aild = 0 

for each j € {0, 1, . . . , n + 1} \ {k}. Moreover, 

sup \\g w> k\\z« < C. 

tl)£D 

Then from (27), (28) and the boundedness of D n M u C v : Z a — > , we have 


W{w)\ip{w)\ k \ C 3 n+1 u( n+1 ^(w)B jtk ((p'(w),...,<p^ fe+1) (w))| 

:= ( 1 - |++| 2 )“+ fc - 2 

< \\D n M u C v g v{w)<k || B » < C\\D n M u CJ. (29) 

From (29) we see 

supM k {z)<C\\D n M u Cj, (30) 


sup M k (z) < C\\D n M u CJ\, 

z6D 


and then 


sup 

\<p{z)\>l/2 


|“ X 

M*) E Ci +1 u(^\z)B^ k ( l p'(z),...,^- k +^(z)) 

j—k 

(1- \v(z)\ 2 ) a + k ~ 2 


< C\\D n M u CJ. 


On the other hand, by using the fact L j. < oo for each k £ {0, 1, . . . , n + 1}, we get 


sup 

I ¥>(*)! < 1/2 


it-]- x 

M*) | E Ci +1 u^-i\z)B J , k (<p'(z),...,^- k+1 Hz)) | 

j—k 

(1- \v(z)\ 2 ) a + k - 2 


<C\\D n M u CJ. 


Hence from (31) and (32) we see that M j. < oo for each k € {1, 2, ..., n + 1}. 

(b) => (a). By Lemmas 2.1, 2.2 and 2.5, for all f € Z a we have 

sup ix m{z)\(D n M u C v f)\z)\ 

z£B 

n+1 n+1 

= sup/x*(z)| Y f (k \ip(z)) Y C° n+l u (n+1 - 3 \ z ) B jik (ip\z), . . . ,<+- fc+1 +)) I 


n+1 n+1 

< sup /i* (z) Y I / (fc) + 0)) I | Y C l+l u(n+1 ~ j) ( Z ) B J,k ,---,P b ~ k+1) (z)) 

k — 0 j—k 


« (a — 1)(2 — a) a — 


n- |-i 

i- + ^C' fe M fc )||/|U a . 
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It is clear that 


\(D n M u C v f)(0)\ < C\\f\\ z °. (34) 

Hence from (33) and (34) it follows that the operator D n M u C p : Z a —> B' v is bounded. 
Similarly is obtained the asymptotic formula of \\D n M u C p \\ Z o.^ B <s, / Po , hence we omit. □ 


Theorem 3.3. Let ip be an analytic self-map of IS), u € HfIS), C J n+1 the binomial coeffi- 
cient and a = 2. Then the following statements are equivalent- 

fa) The operator D n M u C p : Z 2 — > B* is bounded. 

(b) The functions u and ip satisfy the following conditions: 


n+1 


R 0 :=sup/x*(z) C J n+1 u {n+1 

ZGB I J=Q 

and for each k £ {1, 2, . . . , n + 1} 


log 


1 - \ip(z)\‘ 


< 00 . 


I n+1 


R k := sup 


j-k 


, 6 D (l-kW| 2 ) fe 

Moreover, if the operator D n M u C p : Z 2 — > is bounded, then 

n+1 


< 00 . 


n» m n 

U lVl u ^ p Za ^ B y/ p o 


e +• 


k = 0 


Proof, (a) => (6). By using Lemma 2.3 (6), we can prove that Rk < oo for each k £ 
{1,2, . . . ,n + 1}, so we do not give the proof again. For a fixed w £ D, by Lemma 2.4 
there exists a function 


n+1 

&(p(w)(z) — Pip(w) (^) “1“ ^ ^ d , iV l p( w )^j( < z') 
i = 0 


such that 

M»)(^N) = lo S ancl S vlw)&( W )) = 0 (35) 

for each j £ {1, 2, . . . , n + 2}, moreover, sup^gp ||s v o) \\z 2 < C. Then from these and the 
boundedness of D" M u C, p : Z 2 — > B' v , we have 


n+1 


R 0 (w) := M+) \J2 C n+i u{n+1 3> ( m )%o(/W, • • ■ ,<+ +1) (w)) | log 1 _ |^^| 2 


< | \D n M u C v s viw) \\ B * < C\\D n M u C v \\. 

Then from (36) it follows that Ro < oo. 

(b) => (a). From Lemmas 2.1, 2.2 and 2.5, for all f £ Z 2 we have 


(36) 


ze e 


sup n*{z)\{D n M u C p f)\z) 

n+1 

E 

k = 0 


n+1 


= SUpM+ J2 f {k \ip(z)) C n+ l u(n+1 0) { z ) B S,kW{z), • • ■ ,<E k + 1 \z)) 

j—k 


zGl 
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zGK 


n+1 

< sup H*(z) Y | /^ (</+)) || Y C n+1 u(n+1 ~ j) ( Z ) B J,k(<p'{z), . . .,^- k+1 \z)) 

k = 0 


n+1 


j—k 


n+1 


< (2R 0 + e R 1 + Y C kRk) WfWz*- 
It is clear that 


(37) 


k—2 


\(D n M u C v f){0)\ < C\\f\\ Z 2. (38) 

Hence from (37) and (38) it follows that the operator D n M u C v : Z 2 — > B' J ' is bounded. 
The asymptotic expression of \\D n / Po can be similarly obtained. □ 


Theorem 3.4. Let ip be an analytic self-map of D, u £ 17(0) and a > 2. Then the 
following statements are equivalent. 

(a) The operator D n M u C lp : Z a — > B * is bounded. 

(b) The functions u and ip satisfy 


S k ■= sup 


n+ 1 

M*) E Ci +1 u^~i\z)B hk {p'{z), . . . ,<+- fe+1 +)) 

zGB (1-| <p(zW)«+K-* 

Moreover , if the operator D n M u C v : Z a — » is bounded, then 

n+1 


< oo, A; = 0, . . . , n + 1. 


n” /it r' 


E - E - 


fc =0 


Proof. Similarly to the proofs of Theorems 3. 1-3. 3, this result can be proved. □ 

Remark 3.2. By using the similar methods and techniques, the boundedness of the oper- 
ators D n C v> M u , C v D n M u , M u D n C v> , M u C v D n and C v M u D n from weighted Zygmund 
spaces to Bloch-Orlicz spaces can be characterized, so we omit. 


4. Compactness of the product- type operators 


The first result is an alternative to Proposition 3.11 in [5], which characterizes the 
compactness in terms of sequential convergence. So the proof is omitted. 


Lemma 4.1. Let T G {D n M u C v , D n C v M u , M u D n C v , C v D n M u , M u C v D n , C v M u D n } 


Then the bounded operator T : Z a — > is compact if and only if for every bounded 

sequence {fj} in Z a such that fj — » 0 uniformly on compact subsets o/D as j — > oo, it 
follows that linij-xx, irai B* — 0- 


The following lemma was proved in [46] . 


Lemma 4.2. (a) If 0 < a < 2 and {fj} is a bounded sequence in Z a which uniformly 
converges to zero on compact subsets o/D as j — > oo, then 

lim sup | f j (z) | = 0. 

°° zGD 

(b) If 0 < a < 1 and {fj} is a bounded sequence in Z a which uniformly converges to 
zero on compact subsets of D as j — > oo, then 


lim sup|/+)| =0. 

j^oo z6D 
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Now we characterize the compactness of the operator D n M u C,„ : Z a — > . 

Theorem 4.1. Let ip be an analytic self-map of D, u £ H{ D) and 0 < a < 1. Then the 
following statements are equivalent. 

(a) The operator D n M u C (p : Z a — > B * is compact. 

(b) The functions u and ip satisfy L k < oo for each k £ {0,l,...,n + l}, and for each 
k £ {2, 3, . . . , n + 1} 


lim 

l¥>(*)|— *1 


pm(z) 


E . . .,<pV- k +V{z)) 

j—k 

(: \-\p{z )\ 2 ) a + k ~ 2 


= o. 


Proof, (a) =>• (6). Suppose that the operator D n M u C v : Z a — » B' v is compact. Clearly 
the operator D n AI u Ccp : Z a — > B' v is bounded. By Remark 2.1, L k < oo for each 
k £ {0,1 ,...,n + 1}. Consider a sequence {(p(zfa} in D such that \p{zi)\ — > 1 as * — > 
oo. If such a sequence does not exist, then the last condition in (6) obviously holds. 
Without loss of generality, we may suppose that \p{zf)\ > 1/2 for all t £ N. For each 
fixed k £ {2, 3, . . . ,n + 1}, using this sequence we define the function sequence fa : k(z) = 
f 'tfi(zi) ,k( z ) , i £ N. Then by Lemma 2.3 (a) we have that sup igN < C and fa^ — > 0 

uniformly on every compact subset of D as * — > oo, moreover 


(i_ | (p (-.)|2)a+fe-2 


and fyf(<p(zi)) = 0 


for each j £ {0, 1, . . . , n + 1} \ {k}. By Lemma 4.1 and (39), we have 


(39) 


lim 

i—> oo 


n+1 


M*(2»)| E C J n+1 u( n+1 ^(zi)B jtk (ip'(zi),...,ip^ fc+1) (^))| 
( l -|^ i )| 2 ) Q+fc - 2 


= 0. 


(40) 


(b) => (a). We first check that D n M u C v : Z a — > B* is bounded. We observe that the 
last condition in (6) implies that for every £ > 0, there is an rj £ (0, 1) such that for all 
z £ K = {z £ D : | ip(z) | > 77} and for each k £ {2, 3, . . . , n + 1} 


M *) I E Ci +1 u( n+1 - j \z)B jtk ( i p / (z),...,^- k + 1 \z))\ 

th. < e (41) 

( 1 - \p{z)\ 2 Y+ k ~ 2 1 ’ 

From the fact L k < 00 for each k £ {2, 3, . . . , n + 1}, and (41), we have 

~ £ + (1 - ?? 2 ) a + fc -2 • ( 42 ) 

From (42) and the fact L k < 00, it follows that D n M u C (p : Z a — > B ^ is bounded. 

To prove that D n M u C v : Z a — > is compact, by Lemma 4.1 we just need to prove 
that, if {fa} is a sequence in Z a such that sup i6N ||/,:||.z<* < M and fa 0 uniformly on 
any compact subset of D as i — > 00, then 


lim \\D n M u C v fa\\ B * = 0. 

i — ►oo 

For such chosen e and 77, by using (39), Lemma 2.1 and Lemma 2.2, we have 
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sup fj, 9 (z)\(D n M u C (p f i )' (z) 


zei 


n+ 1 


n+1 


zei 


= sup/j*(z)| J2 5Z C n+ l u( ” +1 ( Z ) B i,k(v'{z), ...,<+ fc+1) ( 2 )) 

A:— 0 j—k 

n+1 _ n+1 

c(k) 


< sup /z* ( 2 ) ^ | f\ k) (<p(z)) I ^ C+ 1 u (n+1 j) {z)B jtk (ip'(z) k+1) ( 2 :)) 

260 fc — 0 j=k 

n+1 

< sup/z+z)! ^ C^ +1 1 Z ( ” +1 ~ J) ( 2 ;)+- 0 +'(+ . . . , <+ +1) 0)) | /,:(+(+)) | 

Z6D I +( 

n+1 

sup /Z*(z) I X! Cn+lW ( " +1 ' j) (^)+,l (+'(+ • • • ,+ 0 ^)) I | /<(</+) )| 




i=i 


n+1 


n+1 


+ (sup+ sup )w(z) 55 |/f fc) +(T))| 5Z C 'n+l u( " +1 k+l \z )) 


zGK 2:GD\i<T 


k—2 


j—k 

n+1 


< ^osup|/i(y?(^))| +Li sup I /'(v?(>)) I + ^L/c sup |/i ( z )| +(:76: - 

2 GD zGD k—2 \ z \— ^ 


(43) 


From (43), Lemma 4.2 and the fact /* — ► 0 uniformly on compact subsets of D as i — > 00 

(k) 

implies that for each k £ N, f- — ■> 0 uniformly on compact subsets of D as i — + 00 , we 
finally get 

(44) 


lim sup fUs,{z)\(D n M u Cyfi)'{z)\ = 0. 

1 »oo z6D 


It is clear that 


lim (. D n M u C v f 2 m = 0. 


From (44) and (45) we obtain 


lim \\D n M U C V /j 1 1 = 0. 

i—* 00 

This shows that the operator D n M u C lfi : Z a — * 13* is compact. 


(45) 


□ 


Theorem 4.2. Let ip be an analytic self-map of D, u £ H( D) and 1 < a < 2. TTien f/ie 
following statements are equivalent. 

(a) The operator D n M u C v : — > £>* is compact. 

(b) The functions u and <p are such that L k < 00 for each k £ {0, 1, . . . , n + 1}, and for 
each k £ {1, 2, . . . , n + 1} 


n+1 


lim 

lv(z)+l 


Mz ) I E Ci +1 u^+^\z)B jM (p'{z),...,p b - k + 1 \z))\ 

j—k 

( 1 - |++ 2 )“+ fc - 2 


= 0. 


Proof, (a) => ( b ). Suppose that the operator D n M u C ip : Z a — > B * is compact. Obviously 
the operator D n M u C v : Z“ — > B * is bounded. Then L k < 00 for each k £ {0, 1, . . . , n+1}. 
Consider a sequence {+( 2 i )} ie N in D such that |+(+)| — > 1 as i — » 00 . If such a sequence 
does not exist, then the last condition in ( b ) obviously holds. Without loss of generality, 
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we may suppose that \tp(zi)\ > 1/2 for all i e N. For each fixed k £ {1, 2, . . . , n + 1}, 
by using this sequence we define the function sequence gi } k(z) = g v ( Zi ),k( z )i isN. Then 
from Lemma 2.3 (6) we see that sup igN ||<7i,fc||.z“ < C and g.i k — > 0 uniformly on every 
compact subset of D as i — > oo, moreover 




<P(Zi) 


(l-|++|+>+* 


ry and g?l{v{zi)) = 0 


(46) 


for each j £ {0,1 ,..., n + 1} \ {fc}. From Lemma 4.1 and (46), for each fixed k £ 
{1, 2 , . . . , n + 1} we have 


lim 

i—>oo 


/M+ I E C'n+i u(n+1 3) {Zi) B i, k {v'{Zi),.. 

(l+++l 2 )“+ fc - 2 


<P ij - k+1) ( Zi ))\ 
= 0 . 


(47) 


( b ) =$■ (a). We first check that D n M u C v : Z a — » B* is bounded. We observe that the 
last condition in ( b ) implies that for every £ > 0, there is an rj £ (0, 1) such that for all 
z £ K = {z £ D : \tp{z)\ > rj} and for each k £ {1, 2, . . . , n + 1} 


< £. 


(48) 


(49) 


n+1 
j=k 

(1- \v{z)\ 2 ) a+k ~ 2 

From the fact L k < oo for each k £ {0, 1, , n + 1}, and (48), we have 

- z + (1 - ?? 2)a+fc-2 ' 

From (49) and the fact Iq = L 0 < oo, it follows that D n M u C, f : Z a — > B' J ' is bounded. 

In order to prove that D n M u C ip : Z a — > B ^ is compact, by Lemma 4.1 we just need to 
prove that, if {,/)} is a sequence in Z a such that sup ieN ||/i||2“ < M and /,; — > 0 uniformly 
on any compact subset of D as i — > oo, then Hindoo \\D n M u C v fi\\^ = 0. For such chosen 
£ and 77, by using (46), Lemma 2.1 and Lemma 2.2, we have 

su V n*{z)\{D n M u C v f i )\z)\ 

zeB 


n+1 


n+1 


= sup nv (z) Y /i (</+)) Y C i i" <n " 1 o) ( z ) B 3 ,k{v'(z ), . . . ,<+ fc+1) (+ 

260 1 k=0 j=k 

n+1 n+1 

< sup Hv{z) Y | /P (</+)) | I Y C n+1 u{n+1 ~ 0)( K Z ) B hk{v\z), ■ • • ,+ 2_fc+1) (^)) 


zei 


0 

n+1 


j=fc 


<sup n*(z) Y C n+ i u(n+1 j) {z)B ]fi (ip , {z),...,ip ij+1) (z)) I fi{<p{z)) 


3 = 0 


n+1 


n+1 


+ (sup+ SwJl3y(z)Y\fi\v( Z ))\\Y C n+l uin+1 j) ( Z ) B 3,k{ < P , ( Z )’---’<P <J k+1) ( Z )) 

j—k 


zgk zeiD’XAr 1 

n+1 


< L 0 sup \fi(v(z))\ + Y L k sup I fi (z) | + Ce. 

z6D fc=1 \A<V 


(50) 


From (50), Lemma 4.2 and the fact fi — > 0 uniformly on compact subsets of D as * — > 00 

(k) 

implies that for each k £ N, f- — > 0 uniformly on compact subsets of D as i — > 00, we 
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get 


It is clear that 


lim sup H\s/{z) I (D n M u C v fi)'(z) I = 0. 

00 Z6D 


lim \{D n M u C v f l ){0) \ = 0. 

i—* oo 

From (51) and (52) we obtain 

lim || D n M u C v f i \\ B * = 0. 

2— >-00 

This shows that the operator D n M u C lp : — > £>' ,y is compact. 


(51) 


(52) 


□ 


Theorem 4.3. Let ip be an analytic self-map of D, u £ H( D) and a = 2. Then the 
following statements are equivalent. 

(a) The operator D n M u C v : Z 2 — > is compact. 

(b) The functions u and ip are such that L k < oo for each k £ {0, 1, . . . ,n + 1}, 


W(z)\- 


n+1 



>|E 

Cl +1 u^ +1 

1=0 



{1,2, 

. . . ,n 

+ 1} 


1 n+1 



log 


1 - | <p(z)\' 


= 0, 


lim 


3 — At 

" (i+++ 2 ) fc 


= o. 


Proof, (a) => ( b ). Suppose that the operator D n M u C v : Z 2 — > B' v is compact. Clearly the 
operator D n M u C v : Z 2 — > B' v is bounded. Then L k < oo for each k £ {0, 1, . . . , n + 1}. 
Consider a sequence {v?(zj)}ieN in D such that \p(zi)\ — > 1 as i — > oo. If such a sequence 
does not exist, then the last two conditions in (b) obviously hold. Without loss of generality, 
we may suppose that \<p{zi)\ > 1/2 for all ieN. For each fixed k £ {1, 2, . . . , n + 1}, by 
using this sequence we define the function sequence gi, k (z) = g v { Zi ),ki,z), i E N. Then 
from Lemma 2.3 (6) we see that sup igN ||< 7 »,fc||.z 2 < C and <?,; ^ — > 0 uniformly on every 
compact subset of D as i — > oo, moreover 


ffiS ++)) = 


V{zi) 


(l-|++| 2 ) fc 


and 


<©¥>(*)) = 0 


(53) 


for each j £ {0,l,...,n+ 1} \ {k}. From Lemma 4.1 and (53), for each fixed k £ 
{1, 2, . . . , n + 1} we have 


n+1 


lim 

i—> oo 


/M+ | E C 3 n+1 u^ n+1 ++%£++;),...,<+ fc+1) (+)| 

j—k 


= 0. 


(54) 


(l-|^)l 2 ) fc 

Now consider another function sequence qi(z) = q v ( Zi )(z) ■ Then by Lemma 2.4 we have 


9i k \<P(zi)) = c k 


V{zi) 


V{z.i) 


log" 


(l-l^)IT K {l-\q>{ Zi )\ 2 f 6 1-I^)| 2 ’ 


(55) 
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where c k > 0 for each k > 1, d\ = 0 and fife > 0 for each fc > 2. Moreover, sup igN ||<ii ||.z 2 < 
C, and qi — > 0 uniformly on every compact subset of D as i — > oo. From Lemma 4.1, we 
get 

lim \\D n M u C ip q i || B « = 0. (56) 


By (55) and the triangle inequality, we have 

71+1 

M+| E^+l U {n+ 1 ~ 3 ) {Zi)B jt o(<p'{Zi), . . . ^b+V^Zi)) (log 


log' 


7=0 


n+1 


1-I++I 2 b i-k(+l 2 

c k HM,(zi)\(fi(zi)\ k \ E C^ +1 u^ n+1 ~ 3 \zi) Bj^ k (ip' (z-i) , . . . , if^ 3 ~ k+1 \zi))\ 

(1-|++I 2 ) fc 


n+1 

< \\D n M u C vqi \\ B * + — 

k= 1 
n+1 

dk^(Zi)\<P(Zi)\ k \ E cJ n+i u ^ n+1 ~ 3) {z i )B^ k {q}'{z i ),...,^ 3 - k+1 \zi)) 
j=k 


n+1 

+ E 

k = 1 


(i-|++l 2 ) fe 


log 


-1 


1-I++I 2 ' 

(57) 


Therefore, taking the limit in (57) as i — > oo, from (54), (56) and the fact 

e 


log' 


1 - |< p ( ft )| 2 


0 as i — > oo, 


we get 


n+1 


log 


1 - l++l : 


= 0. 


lim M+ £^ + i« ( " +1 j) (ft)+.o+ , (2),...,^ 0+1) (^)) 

i—>oo I z ' I 

3=0 

( b ) => (a). We first check that D n M u C v : Z 2 — > 23 ' p is bounded. We observe that 
the conditions in (5) imply that for every £ > 0, there is an 77 € (0,1), such that for any 
z € K = {z £ D : \ip(z)\ > 77} 

n+1 


7=0 


.(n+l-j; 


(2)+, o+'(+ • • . ,<+ +1) (z)) 


log 


1 -bWI 2 


< e (58) 


and 


71+1 


E Cl l+1 u^- 3 \z)B hk {q3\z),...,^- k +^{z)) 

3 — k 

(1-I+++ 

for each k € {1, 2, . . . , n + 1}. From the fact L 0 < 00 and (58), we see 

o 

R 0 <£ + L 0 log ■ 


< £ 


1 — if- 

From (59) and the fact L k < 00 for each k G {1, 2, . . . , n + 1}, we see 

^ £+ (T^+' 

Then from (60), (61) and Theorem 3.3, it follows that D n M u C v : Z 2 — > B^ is bounded. 

In order to prove that D n M u C lp : Z 2 — > B ^ is compact, by Lemma 4.1 we just need to 
prove that, if {/*} is a sequence in Z 2 such that sup igN ||/i||z 2 < M and _/) — » 0 uniformly 


(59) 

(60) 
(61) 
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on any compact subset of D as i — > oo, then lirn^oo \\D n M u C v fi\\^ = 0. For such chosen 
e and 77 , by using (58), (59), Lemma 2.1 and Lemma 2.2, we have 

sup ny (z) I (D n M u C v fi ) ' (z) I 


n+1 


n+1 


= sup n*!, (z) Y C J n+1 u {n+1 J '>(z)B jtk (ip'(z), ...,<+ k+1) {z)) 

26 0 1 t^o ]~t 

n+1 n+1 

< sup /Zip (z) Y | if° (</+)) 1 1 n C'+iW ( ” + 1 _j) (^)-Bi,fc(v ,/ (^), • • . ,^~ k+1) {z)) 
260 k = 0 


j=fc 


n+1 


< ( sup + sup )n*(z) Y C n+i u ^ n+l 3) ( z ) B j,o(^{z),...,ip u+1) (z)) | fi{<p{z)) 


zeK zeB\K 


j = 0 

n+1 


n+1 


+ (sup+ sup +*+) X] |/i ’(v+O)! Y C ™+i u{n+1 J) ( z ) B j,k(<p\z),...,ip b k+1 \z)) 


z£K j;6D\A: 


fc = 1 


j—k 


n+1 


(62) 


<Y Lk SU P |/i (*0| + ^ 
k—0 l 2 !-^ 

From (62) and the fact /) — > 0 uniformly on compact subsets of D as i — ■> 00 implies that 
(k) 

for each fcgN, f - — > 0 uniformly on compact subsets of D as i — » 00 , we get 

lim sup H\Sf(z) \(D n M u C v fi)'(z) \ = 0. 


It is clear that 


From (63) and (64) we obtain 


lim ( D n M u C v fi)(0) = 0 . 


lim \\D n M u C v fi\\ B * = 0. 


(63) 

(64) 


Hence this shows that the operator D n M u C ip : Z 2 — > B' iJ is compact. 


□ 


Theorem 4.4. Let ip be an analytic self-map of D, u £ H{ D) and a > 2. Then the 
following statements are equivalent. 

(a) The operator D n M u C v : Z a — ■> S* is compact. 

(b) The functions u and ip are such that L k < 00 and for each k £ {0, 1, . . . , n + 1} 


H*{z) 

lim 

IvWI -* 1 


E Ci^+^\z)B j ^\z), . . .M j - k+1 \z)) 

j=k 

( 1 - |++ 2 )“+ fc - 2 


= 0 . 


Proof. Similarly to the proofs of Theorems 4. 1-4. 3, this result can be proved. □ 

Remark 4.1. By using the similar methods and techniques, the compactness of the oper- 
ators D n C lp M u , C v D n M u , M u D n C v , M u C v D n and C v M u D n from weighted Zygmund 
spaces to Bloch-Orlicz spaces can be characterized, so we omit. 
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Union soft p - ideals and union soft sub-implicative ideals in 

BCI- algebras 

Sun Shin Ahn, Jung Mi Ko and Keum Sook So* * 

Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering many 
problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of union soft 
p-ideals(sub-implicative ideals) are introduced, and related properties are investigated. Conditions for a union 
soft ideal to be a union soft p-ideal(sub-implicative ideal) are established. Characterizations of a union soft p- 
ideal(sub-implicative ideal) are considered, and a new union soft p-ideal(sub-implicative ideal) from an old one is 
constructed. 


1. Introduction 

The real world is inherently uncertain, imprecise and vague. Various problems in system 
identification involve characteristics which are essentially non-probabilistic in nature [[TB]. In 
response to this situation Zadeli P3 introduced fuzzy set theory as an alternative to probability 
theory. Uncertainty is an attribute of information. In order to suggest a more general framework, 
the approach to uncertainty is outlined by Zadeh [IB]. To solve complicated problem in economics, 
engineering, and environment, we can’t successfully use classical methods because of various 
uncertainties typical for those problems. There are three theories: theory of probability, theory 
of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for 
dealing with uncertainties. But all these theories have their own difficulties. Uncertainties can’t 
be handled using traditional mathematical tools but may be dealt with using a wide range of 
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague 
sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have 
their own difficulties which are pointed out in na. Maji et al. D3 and Molodtsov m suggested 
that one reason for these difficulties may be due to the inadequacy of the parametrization tool 
of the theory. To overcome these difficulties, Molodtsov na introduced the concept of soft set 
as a new mathematical tool for dealing with uncertainties that is free from the difficulties that 
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the 
applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory 
and its applications in recent years. Evidence of this can be found in the increasing number 
of high-quality articles on soft sets and related topics that have been published in a variety of 
international journals, symposia, workshops, and international conferences in recent years. Maji 
et al. [[13] described the application of soft set theory to a decision making problem. Maji et 

°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: Exclusive set, Union soft ideal, Union soft p-ideal, Union soft sub-implicative ideal. 

* The corresponding author. Tel: +82 32 1234 5678, Fax: +82 32 1234 5678 


152 


Sun Shin Ahn et al 152-165 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2 Sun Shin Ahn, Jung Mi Ko and Keum Sook So 

al. [32] also studied several operations on the theory of soft sets. Akta§ and Qagman |2j studied 
the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing 
examples to clarify their differences. They also discussed the notion of soft groups. Jun [2] 
discussed the union soft sets with applications in BCK / BCI- algebras. We refer the reader to 
the papers [H El El El HD! for further information regarding algebraic structures/properties of soft 
set theory. 

In this paper, we discuss applications of the union soft sets in p-ideals of BCI- algebras. We 
introduce the notion of union soft p-ideals, and investigated related properties. We provide 
conditions for a union soft ideal to be a union soft p-ideal, and establish characterizations of a 
union soft p-ideal. We construct a new union soft p-ideal from an old one. 

Secondly, we define the notion of union soft sub-implicative ideals, and investigated related 
properties. We provide conditions for a union soft ideal to be a union soft sub-implicative ideal, 
and study characterizations of a union soft sub-implicative ideal. We find a new union soft 
sub-implicative ideal from an old one. 


2. Preliminaries 

We review some definitions and properties that will be useful in our results. 

By a BCI -algebra we mean an algebra (A", *, 0) of type (2,0) satisfying the following conditions: 

(al) (Vx, y, z G X ) (((x * y) * (x * z)) * (z * y) =0), 

(a2) (Vx, y G X) ((; x *(x*y))*y = 0), 

(a3) (Vx G X) (x * x — 0), 

(a4) (Vx, y G X) (x * p = 0, y * x = 0 =>■ x — y). 

If a .BCT-algebra A" satisfies the following identity: 

(a5) (Vx G _A)(0 * x = 0), 

then X is called a BCK- algebra. A HCT-algebra X is said to be p-semisimple if 0 * (0 * x) = x 
for all x G X. A BCI-algebra. X is said to be implicative if (x * (x * y)) * (y * x) = y * (y * x) for 
all x, y G X . 

In any .BCT-algebra X one can define a partial order “<” by putting x < y if and only if 
x * y — 0. 

A BCI- algebra X has the following properties: 


(bl) 

(Vx G X) (x * 0 = 

= x), 



(b2) 

(Vx,y,z 

G X) ((x *y) * z = (x 

*z) *y), 


(b3) 

(Vx, y G 

X) (0 * | 

[x *y) = ( 0 * 

x) * (0 * y)), 


(b4) 

(Vx, y G 

X) (x * 

(x * (x * y)) = 

- x * y). 


(b5) 

(Vx, y, z 

G X) (x 

< y =>■ x * z 

< y * z, z * y < 

z * x), 

(be) 

(Vx, y, z 

G X) ((x * z) * (y * z) 

<x*y), 


(b7) 

(Vx, y, z 

e X) (0 

* (0 * ((x * z) 

* {y*z))) = (0 

*y) * { 0 
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(b8) (Vx, y G X ) (0 * (0 * (x * y )) = (0 * ?/) * (0 * x)). 

A non-empty subset S of a .BCI-algebra X is called a subalgebra of X if x * y G S whenever 
x,y G S. A non-empty subset A of a BCI- algebra X is called an ideal of X if it satisfies: 

(cl) 0 G A, 

(c2) (Vx G X) (\/y G A) {x * y G A =>- iG A). 

Note that every ideal A of a BCI- algebra X satisfies: 

(Vx G X) (Vp G A) (x < y =>- x G A). 

A non-empty subset A of a .BCI-algebra A" is called a p-ideal ([15]) of X if it satisfies (cl) and 
(c3) (Vx, y, z G X)((x * z) * (y * z) £ A and i/GA^xG A). 

Note that any p-ideal is an ideal, but the converse is not true in general. 

Theorem 2.1. ([15]) An ideal I of a BCI-algebra X is a p-ideal if and only if 0 * (0 * x) G / 
implies x G / for any x G X. 

For any elements x and y of a BCI- algebra A", x n * y denotes x * (x * ■ ■ ■ * (x * (x * y ■ ■ ■) in 
which x occurs n times. A non-empty subset A of a BCI- algebra X is called a sub-implicative 
ideal ([11]) of X if it satisfies (cl) and 

(c4) (Vx, y, z G A")((x 2 * y) * (y * x)) * z G A and zGA^i/biGA). 

Note that any sub-implicative ideal is an ideal, but the converse is not true in general. 

Theorem 2.2. ([11]) An ideal I of a BCI-algebra X is a sub-implicative ideal if and only if 
(x 2 * y) * (y * x) G / implies y 2 * x G I for any x, y G X . 

We refer the reader to the book [7] for further information regarding BCI- algebras. A soft set 
theory is introduced by Molodtsov [T4] . 

In what follows, let U be an initial universe set and A be a set of parameters. We say that the 
pair (U, E ) is a soft universe. Let &(U) denotes the power set of U and A, B,C, ■ ■ ■ C E. 

Definition 2.3. ([14]) A soft set & a over U is defined to be the set of ordered pairs 

■= {(x, Ia{x)) :iG£, /a(x) G &{U )} , 

where /a : E — » ^(U) such that /a(x) = 0 if x ^ A. 

The function /a is called the approximate function of the soft set J^a- The subscript A in the 
notation /a indicates that /a is the approximate function of J?a- 
In what follows, denote by S(U) the set of all soft sets over U. 

Definition 2.4. ([12]) For two soft sets IX a and over a common universe U, we say that .Xa 
is a soft subset of denoted by cXaCL^b, if it satisfies: 

(i) ACB, 

(ii) For every e G A, J^(e) and £f(e) are identical approximations. 
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Let & a G S(U) and let r C U. Then the r -exclusive set of & A is defined to be the set 
e(^ A ] r) \= {x G A | f A (x) C r} . 

Obviously, we have the following properties: 

(1) e{& A -,U) = A, 

(2) f A (x) = n {r C u I X G e(^A] r)} , 

(3) (Vri, t 2 C U) (n C r 2 =>• e(J^; u) C e(^ A ; t 2 )) . 


3. Union soft p-ideals 

Definition 3.1. ([9]) Let (U, E) = (U,X) where X is a 5CJ- algebra. Given a subalgebra A of 
E, we let & A G S(U). Then & A is called a union soft deal over U (briefly, U-soft ideal) if the 
approximate function f A of & A satisfies: 

(Vx e A) (f A (0) C f A (x)) , (3.1) 

(Vx, t/ed) (/a(x) c f A (x *y) U /a(p)) • (3.2) 


Definition 3.2. Let (U,E) = (U,X) where X is a BCI- algebra. Given a subalgebra A of E, 
let & A G S(U). Then & A is called a union soft p-ideal over U (briefly, U-soft p-ideat) if the 
approximate function f A of & A satisfies (3.1) and 


(Vx,y,z e A) (f A (x) C f A ((x *z) » (y*z)) u f A (y)) ■ 


(3.3) 


Example 3.3. Let (U, E) = (U, X) where X = {0, l,a, 6, c} is a BCI- algebra ([10]) with the 
following Cayley table: 


* 

0 

1 

a 

b 

c 

0 

0 

0 

a 

b 

c 

1 

1 

0 

a 

b 

c 

a 

a 

a 

0 

c 

b 

b 

b 

b 

c 

0 

a 

c 

c 

c 

b 

a 

0 


Let t i , r 2 and r 3 be subsets of U such that r\ C t 2 C t 3 . Dehne a soft set UEe over U as follows: 
= {(0, ri), (1, t 2 ), (a, r 3 ), (6, r 3 ), (c, r 2 )} . 

Routine calculations show that &e is a U-soft p-ideal over U. 

Theorem 3.4. Let ( U,E ) = (U, X) where X is a BC I -algebra. Then every U-soft p-ideal is a 
U-soft ideal. 
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Proof. Let a be a U-soft p-ideal over U where A is a subalgebra of E. Taking z 0 in (3.3) 
and using (bl) we obtain 

Ia(x) C f A ((x * 0 )*(y* 0)) U f A (y) 

=f A {x*y)) uf A (y) 

for all x,y G A. Therefore & A is a U-soft ideal over U. □ 

The following example shows that the converse of Theorem 3.4 is not true. 

Example 3.5. Let (U,E) = (U,X) where X = {0,1, 2, 3, 4} is a UCT-algebra ([9]) with the 
following Cayley table: 


* 

0 

1 

2 

a 

b 

0 

0 

0 

0 

a 

b 

1 

1 

0 

1 

b 

a 

2 

2 

2 

0 

a 

a 

a 

a 

a 

a 

0 

0 

b 

b 

a 

b 

1 

0 


Let Ti,t 2 ,t 3 ,T 4 and r 5 be subsets of U such that T\ C r 3 C r 4 C r 5 and T\ C t 2 C t 5 . Define a 
soft set over U as follows: 

&e = {(0, d), (1, r 2 ), (2, r 3 ), (a, r 4 ), (6, r 5 )} . 

Routine calculations show that is a U-soft ideal over U. But it is not a U-soft p-ideal over U, 
since 

/e(&) = r 5 ^ r 4 = ri U r 4 = /#((& *b) *(a* b )) U /e(o). 

We provide some conditions for a U-soft ideal to be a U-soft p-ideal over U. 

Theorem 3.6. Let (U, E) = (U. X) where X is a BCI-algebra. For a subalgebra A of E, let 
A € S(U). Then the following are equivalent: 

(1) fX a is a U-soft p-ideal over U, 

(2) is a U-soft ideal over U and its approximate function f A satisfies 

(Vx, y,z E A) (f A (x * y) C f A ((x *z)*(y* z))) . (3.4) 

Proof. Assume that .'X a is a U-soft p-ideal over U. By Theorem 3.4, & A is a U-soft deal over U. 
Using (al) and (b2), we have 0 = ((x * z) * (x * y)) * (y * z) = ((x * z) * (y * z)) * (x * y) for any 
x,y,z G A. Hence ((x *y) * (x * y)) * [((x * z) * (y * z)) * (x * y)] =0*0 = 0. It follows from (3.3) 
and (3.1) that 

f A {x * y) C f A ((x *y)*(x* y)) * [((x * z) * (y * z)) * (x * p)]) U f A ((x * z) * (y * z)) 

—f A (0) U f A ((x *z)*(y* z)) 

=f A ((x*z) * (y*z)). 

Hence (3.4) holds. 
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Conversely, suppose that & A is a U-soft ideal over U satisfying (3.4). Using (3.2) and (3.4), 
we have f A {x) C f A (x * y) U f A (y) C f A ((x * z) * (y * z)) U f A (y) for any x,y,z G A. Hence EE A 
is a U-soft p-ideal over U . This completes the proof. □ 

Lemma 3.7. Let (U, E) = (U,X) where X is a BCI-algebra. For a subalgebra A of E , let 
& A G S(U). If IE A is a U-soft ideal over U, then the approximate function f A of IE A satisfies the 
following condition: 

(Vx G A)(f A ( 0 * (0 * x)) C f A (x)). 


Proof. Assume that EE A is a U-soft ideal over U. Note that 0 = (0 * x) * (0 * x) = (0 * (0 * x)) * x. 
Using (3.2) and (3.1), we have 

f A (0 * (0 * x)) Cf A ((0 * (0 * x) * x)) U f A (x) 

=/a( 0) U f A (x) 

=Ja(x ) 

for any x G A. This completes the proof. □ 

Theorem 3.8. Let ( U,E ) = ( U. X ) where X is a BCI-algebra. For a subalgebra A of E. let 
EE A G S(U). Then the following are equivalent: 

(i) EE A is a U-soft p-ideal over U , 

(ii) EE a is a U-soft ideal over U and its approximate function f A satisfies 

{Vx e A) (f A (x) C f A (0 * (0 * x))) . (3.5) 

Proof. Assume that EE A is a U-soft p-ideal over U. By Theorem 3.4, & A is a U-soft deal over U. 
It follows from (3.3) and (3.1) that 

Ia (x) C f A ((x * x) * (0 * x)) U f A { 0) 

=/a(0* (0*x)) 

for any x G A. Hence (3.5) holds. 

Conversely, suppose that ^ A is a U-soft ideal over U satisfying (3.5). By Lemma 3.7, we 
obtain /^(O * (0 * ((x * z) * (p * z)))) C f A {{x * z) * {y * z)). It follows from (b7) and (b8) 
that 0 * (0 * (x * y)) = (0 * y) * (0 * x) = 0 * (0 * (x * z) * {y * z))). Using (3.5), we have 
f a(x * y) C f A { 0 * (0 * (x * y))) C f A ((x * z) * (y * z)). By Theorem 3.6, & A is a U-soft p-ideal 
over U. □ 

Lemma 3.9. ([S] ) Let (U,E) = (U, X) where X is a BCI-algebra, Given a subalgebra A of E, 
let EE A G S(U). Then the following are equivalent: 

(i) EE a is an U-soft ideal over U , 

(ii) The nonempty r-exclusive set of EE A is a ideal of A for any r C U. 
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Theorem 3.10. Let (U, E ) = (U, X ) where X is a BCI-algebra, Given a subalgebra A of E. let 
& A € S(U). Then the following are equivalent: 

(i) t'X a is a U-soft p-ideal over U, 

(ii) The nonempty r-exclusive set of & a is a p-ideal of A for any r C U. 

Proof. Assume that .’X A is a U-soft p-ideal over U. Then TF a is a U-soft ideal over U by Theorem 
3.4. Hence e(^A’, T ) is an ideal of A for all r C U by Lemma 3.9. Let r C U and let x, y, z G A be 
such that (x * z) * (y * z) G e(#Ai t) and y G e(^ A ] t). Then /a((x * z) * (y * z)) C r, /a(p) Q t, 
and so 


Ia{x) C f A ((x * z) * (y * z)) U f A (y) C r. 

Hence x G e(#Ai t). Thus e(#A! t) is a p-ideal of A. 

Conversely, suppose that the nonempty r-exclusive set of .'X A is a p-ideal of A for any r C U. 
Then e(f^ A ; r) is an ideal of A for all r C U. Hence & a is a U-soft ideal over U by Lemma 3.9. 
Let x G A be such that f A ( 0 * (0 * x)) = r. Then 0 * (0 * x) G e(^ A ] t), and so x G t) by 

Theorem 2.1. Hence /a(x) C /a(0 * (0 * x)). It follows from Theorem 3.8 that #a is a U-soft 
p-ideal over U. □ 


The p-ideals e(#Ai t) in Theorem 3.10 are called the exclusive p-ideals of & A . 


Theorem 3.11. Let (U,E) = ( U,X ) and LF a G S(U) where X is a BCI-algebra and A is a 
subalgebra of E. For a subset r ofU, define a soft set TP* A over U by 


r A :E->f?(U), x ^ 


/a(x) ifxGe(^AU), 

U otherwise. 


If TP a is a U-soft p-ideal over U, then so is & A . 


Proof. If #a is a U-soft p-ideal over U, then e(#Ai t) is a p-ideal of A for any r C U. Hence 
0 G e(#Ai t), and so f A ( 0) = /a(0) C f A (x) C f A (x) for all x G A. Let x,y,z G A. If (x * z) * 
(y * z) G e(J? A ; t) and y G e(J^A; t), then x G e(#Ai t) and so 

/I(^) =/U(t) 

C/a((x *z)*(y* z)) U f A (y) 

=/a(0*U> * {y*z))\jfX{y). 

If (x *y) * (y * z) ^ e(J?A; r) or y ^ e(#A; r), then f A ((x * z) * (y * z)) = U or /^(p) = U. Hence 


/a(t) £ U = f A ((x * z) * (y * z)) U f* A {y). 


This shows that & A is a U-soft p-ideal over U. □ 

Theorem 3.12. Let (U, E) = (U. X) where X is a BCI-algebra. Then any p-ideal of E can be 
realized as an exclusive p-ideal of some U-soft p-ideal over U. 
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Proof. Let A be a 77-icleal of E. For any subset rC{/, let ,Ha be a soft set over U defined by 

Obviously, /a(0) C f A (x) for all x G E. For any x,y,z G E, if (x * z) * (y * z) £ A and y G A 
then x G A. Hence 

f A ((x * z) * (y * z)) U f A (y) = t = f A (x). 

If (x * z) * (y * z) £ A or y £ A then f A ((x * z) * (y * z)) = U or f A (y) = U. It follows from (3.3) 
that 

}a(x) Q U = f A ((x * z) * (y * z)) U f A (y). 

Therefore & A is a U-soft 71-ideal over U, and clearly e(#Ai t) = A. This completes the proof. □ 


Example 3.13. Let (U,E) = (U,X) where X is a BCT- algebra. 

(1) B(X) : = {a; G A|0 * x = 0}. Then B( X) is a 71-ideal ([15]) of X. For any subset r C U, let 
J^b(x) be a soft set over U defined by 


Ib{x) '■ E — > £P(U), x e-> 


r if x G B(X), 
U if x<£B(X). 


Then ^b(x) is a U-soft 71-ideal over U. 

(2) T n (X) := {a; G A|0 * x n = 0}, where 0 * x n = (• • • (0 * x) *•••)* x in which x appears n- times. 
Then T n ( X) is a 71-ideal ([15]) of X. For any subset rC[/, let c $T ri (X) be a soft set over U defined 
by 


9r n (x) '■ E -a £?(U), x 1 y 


t if xeT n {X), 
U if xiT n {X). 


Then &T n (x) is a U-soft 71-ideal over U. 


Theorem 3.14. [Extension property] Let (U, E) = (U, X) where X is a p-semisimple BCI- 
algebra. Given subalgebras A and B of E, let Ha,^b £ S(U) such that 

(i) 

(ii) a U-soft ideal over U. 

If #(4 is a U-soft p-ideal over U, then so is dis- 


proof. Let r C U be such that e(J^A;T) 7^ 0. It follows from the condition (ii) and Lemma 3.9 
that e(diB] t) is an ideal. Assume that & A is a U-soft 71-ideal over U. Then e{& A \ t) is a 71-ideal 
for every r C U by Theorem 3.10. Let x G E and r C U be such that 0 * (0 * x) G e(^e;r). 
Since X is a 71-semisimple BCI- algebra, 0 * (0 * x) = x. Hence x G e(J^s; r). Thus e(J^h; r) is a 
71-ideal by Theorem 2.1. By Theorem 3.10, is a U-soft p-ideal over U. □ 


159 


Sun Shin Ahn et al 152-165 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Union soft p-ideals and union soft sub-implicative ideals 


9 


4. Union soft sub-implicative ideals 


Definition 4.1. Let (U,E) = (U,X) where X is a BCI- algebra. Given a subalgebra A of 
E, let & A £ S(U). Then & A is called a union soft sub -implicative ideal over U (briefly, U-soft 


sub-implicative ideal) if the approximate function f a of & A satisfies (3.1) and 
(Vx, y,z E A) ( f A (y 2 * x) C f A (((x 2 *y)*(y* x)) * z) U f A {z)) . 


(4.1) 


Example 4.2. Let (U, E) = (U,X) where X = {0,1,2} is a BCI- algebra ([11]) with the 
following Cayley table: 


* 

0 

1 

2 

0 

0 

0 

2 

1 

1 

0 

2 

2 

2 

2 

0 


Let T\ and r 2 be subsets of U such that 7y C r 2 . Define a soft set &e over U as follows: 

&e = {(0,ti),(1,ti),(2,t 2 )}. 

Routine calculations show that &e is a U-soft sub-implicative ideal over U. 

Theorem 4.3. Let (U, E) = (U,X) where X is a BCI-algebra. Then every U-soft sub- 
implicative ideal is a U-soft ideal. 


Proof. Let TP a be a U-soft sub-implicative ideal over U where A is a subalgebra of E. Taking 
y := x in (4.1) we obtain 

f A (x) =f A (x 2 *x) 

C f A (((x 2 *x)*(x* x)) *z) U f A (z) 

= f A (x * z)) U f A (z) 

for all x, z € A. Therefore TX A is a U-soft ideal over U. □ 


The following example shows that the converse of Theorem 4.3 is not true. 

Example 4.4. Let (U,E) = (U,X) where X = {0,1, 2, 3, 4} is a RCJ-algebra ([11]) with the 
following Cayley table: 


* 

0 

a 

b 

c 

0 

0 

0 

0 

c 

a 

a 

0 

0 

c 

b 

b 

b 

0 

c 

c 

c 

c 

c 

0 


Let Ti and r 2 be subsets of U such that ly C r 2 . Define a soft set &e over U as follows: 

= {(0, ri), (a, r 2 ), (6, t 2 ), (c, t 2 )} . 
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Routine calculations show that & E is a U-soft ideal over U. But it is not a U-soft sub-implicative 
ideal over U, since 

f E (a 2 *b) = f E (a ) = r 2 ^ ri = f E (({b 2 * a) * (a * b )) * 0) U f E ( 0). 

Proposition 4.5. Let ( U,E ) = (U. X) where X is a BCI-algebra. For a subalgebra A of E, let 
& A £ S(U). If & a Is a U-soft sub-implicative ideal over U , then the approximate function f a of 
.'X a satisfies the following condition: 

(Vx, y e A) ( f A {y 2 * x) c f A ((x 2 * y )*( y * x))) . (4.2) 


Proof. Assume that ffF A is a U-soft sub-implicative ideal over U . For any x,y G A, we have 

fA(y 2 * x) Ff A (((x 2 *y)*(y* x)) * 0) U f A ( 0) 

=fA((x 2 *y) * (y*x)). 

This completes the proof. □ 

We provide conditions for a U-soft BCI- ideal to be a U-soft sub-implicative ideal over U. 

Theorem 4.6. Let (U, E) = (U. X) where X is a BCI-algebra. For a subalgebra A of E, let 
.'X a € S(U). If LX a Is a U-soft ideal over U satisfying the condition (4.2), then .'X a is a U-soft 
sub-implicative ideal over U. 

Proof. Assume that fF a is a U-soft ideal over U satisfying the condition (4.2). For any x,y G A, 
we have 

fA(y 2 * X ) Ff A ((x 2 *y)*(y* x)) 

cfA((x 2 *y)*(y* x)) *z) U f A (z) 

which proves the condition (4.1). This completes the proof. □ 

Corollary 4.7. Let (U,E) = (U,X) where X is an implicative BCI-algebra. Then every U-soft 
sub-implicative ideal is a U-soft ideal. 

Theorem 4.8. Let (U, E) = (U,X) where X is a p-semisimple BCI-algebra. For a subalgebra 
A of E, let & a ^ S(U). The notions of a U-soft ideal over U and a U-soft sub-implicative ideal 
over U coincide. 

Proof. Note that x 2 *y = y for all x,y e X, since X is a p-semsimple RCJ-algebra. Assume that 
.'X A is a U-soft ideal over U. For any x,y,z G A, we have 

f A (y 2 *x) =f A (x) 

Cf A (x * z) U f A (z) 

=fA((y 2 * x) * z)) U f A (z) 

=fA(((x 2 *y)*(y* x)) *z) U f A (z). 

Therefore & a ia a U-soft sub-implicative ideal over U. □ 
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Theorem 4.9. Let (U,E) = (U,X) where X is a BCI-algebra. Then every U-soft p-ideal is a 
U-soft sub-implicative ideal. 

Proof. Let & a be a U-soft p-ideal over U, where A is a subalgebra of E. Then & A is a U-soft 
ideal over U . Then TF A is a U-soft ideal over U by Theorem 3.4. Note that 

(0 2 * (y 2 * x))*((x 2 * y) * (y * x)) = 0 * ((x 2 * y) * (y * x)) * (0 * (y 2 * x)) 

= [(0 * (x 2 * y)) * (0 * (y * x))] * (0 * (y 2 * x)) 

= [((0 * x) * (0 * (x * y))) * (0 * (y * x))] * [(0 * y) * (0 * (y * x))] 

< ((0 * x) * (0 * (x * y))) * (0 * y) 

= ((0 * x) * (0 * y)) * (0 * (x * y)) 

= 0 . 

For any x,y € A, we have 

f A (y 2 *x) Cf A ( 0 2 * (y 2 * x)) 

Q /a((0 2 * (y 2 * x)) * ((x 2 * p) * (p * x))) U f A ((x 2 * p) * (p * x)) 

QIa( o) u ((x 2 *y) * (p*x)) 

= fA((x 2 *y ) * (p*x)). 

It follows from Theorem 4.6 that & A is a U-soft sub-implicaticve ideal over U. □ 

The converse of Theorem 4.9 may not be true in general as seen in the following example. 

Example 4.10. Let (U, E) = (U, X ) where X = {0, a, 1, 2, 3} is a BCI- algebra with the following 
Cayley table: 


* 

0 

a 

1 

2 

3 

0 

0 

0 

3 

2 

1 

a 

a 

0 

3 

2 

1 

1 

1 

1 

0 

3 

2 

2 

2 

2 

1 

0 

3 

3 

3 

3 

2 

1 

0 


Let t i , r 2 and r 3 be subsets of U such that ly C r 2 C r 3 . Define a soft set & E over U as follows: 
= {(0, Ti), (a, r 2 ), (1, r 3 ), (2, r 3 ), (3, r 3 )} . 

Routine calculations show that & E is a U-soft sub-implicative ideal over U. But it is not a U-soft 
p-ideal over U, since 

f E (a) = t 2 Ti = f E ((a * 1) * (0 * 1)) U f E ( 0). 

Theorem 4.11. Let ( U,E ) = ( U,X ) where X is a BCI-algebra, Given a subalgebra A of E. let 
ffP A U S(U). Then the following are equivalent: 

(i) .'X A is a U-soft sub-implicative ideal over U , 

(ii) The nonempty r-exclusive set of & a is a sub-implicative ideal of A for any r C U. 
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Proof. Assume that .X a is a U-soft sub-implicative ideal over U. Then & A is a U-soft ideal over 
U by Theorem 4.3. Hence e^A'c) is an ideal of A for all r C U by Lemma 3.9. Let r C U 
and let x,y,z G A be such that (( x 2 * y) * (y * x)) * z G e{^ A ]x) and z G e{^A]x). Then 
fA(((x 2 *y)*(y* x)) *z) C r, f A (z) C r, and so 

fA(y 2 * x) C f A (((x 2 *y)*(y* x)) * z) U f A (z) C r. 

Hence y 2 * x E e(#A; t). Thus e(#A; r) is a sub-implicative ideal of A. 

Conversely, suppose that the nonempty r-exclusive set of &a is a sub-implicative ideal of A 
for any r C U. Then e{&A\ t) is an ideal of A for all r C U. Hence PF a is a U-soft ideal over [/ by 
Lemma 3.9. Let x, y G A be such that f A ((x 2 *y)*(y* x)) = r. Then (A 2 *y)*(y*x) G e(J^A; t), 
and so y 2 * x E e(#^; r) by Theorem 2.2. Hence /a(t/ 2 * x) C f A ((x 2 * y) * (y * x)). It follows 
from Theorem 4.6 that #a is a U-soft sub-implicative ideal over U. □ 

The sub-implicative ideals e(^A',x) in Theorem 4.11 are called the exclusive sub-implicative 
ideals of #a- 


Theorem 4.12. Let (U, E) = (U,X) and UP a G S(U) where X is a BCI-algebra and A is a 
subalgebra of E. For a subset r of U, define a soft set &* A over U by 

n-E^nu), {f x) if f €e( ^ iT) - 

[ U otherwise. 

If is a U-soft sub-implicative ideal over U, then so is 


Proof. If &a is a U-soft sub-implicative ideal over U, then e(^ A ] T ) is a sub-implicative ideal of 
A for any r C U. Hence 0 G e{J&A\ t), and so f A ( 0) = /a(0) C /a (a;) C f A {x) for all x G A. Let 
x,y,z G A. If ((A 2 * y) * (y * x) * z) G e(fP A ] t) and z G e(#A! t), then y 2 * x E a\ t ) and so 

f* A (y 2 *x) =f A (y 2 *x) 

A/a(((^ 2 *y)*(y* x)) *z) u f A (z) 

=/a(((a 2 *y)*(y* z)) *z)u fX(z ). 

If ((A 2 * y) * (y * x)) * z fi e(fP A \ r) or z ^ z{&a\ t ), then f A ((x 2 * y) * {y * x)) * z)) = U or 
f A (z) = U. Hence 

fl(x) c u = f* A {{{x 2 *y)*(y* x)) *z) u /1(A). 

This shows that i s a U-soft sub-implicative ideal over U. □ 


Theorem 4.13. Let ( U,E ) = ( U. X ) where X is a BCI-algebra. Then any sub-implicative ideal 
of E can be realized as an exclusive sub-implicative ideal of some U-soft sub-implicative ideal 
over U. 


Proof. Let A be a sub-implicative ideal of E. For any subset r C U, let A be a soft set over U 
defined by 


f A '■ E —$■ £P(U), X^ 


t if x G A, 
U if x(£A. 
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Obviously, /a(0) C /a (a;) for all x G E. For any x,y, z G E, if ((x 2 *y) * (y*x))*z G A and z G A, 
then y 2 *x G A. Hence fA(y 2 *x ) = r = /a ( ( ( a; 2 * y) * (y*x)) *z) U/a(z). If ((a; 2 *t/)*(t/*a;))*;t ^ H 
or z (f A, then /a(((o; 2 * y) * (y * x)) * z) = U or /a(z) = U. It follows from (4.1) that 

fA(y 2 * x) c u = /a (((^ 2 *y)*(y* x)) * z) u /a(^). 

Therefore #a is a U-soft sub-implicative ideal over U, and clearly e(#Ai t) = A This completes 
the proof. □ 

Example 4.14. Let ( U,E ) = (U,X) where X is a BCI - algebra and let B(X) := {a; G X|0*a: = 
0}. Then B( X) is a sub-implicative ideal ([11]) of X. For any subset rCU, let J^b(x) be a soft 
set over U defined by 


Then it is easy to see that J^b(x) is a U-soft sub-implicative ideal over U. 
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On interval-valued fuzzy rough approximation 

operators * 

Weidong Tang* Jinzhao Wir Meiling Liu-* 
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Abstract: Rough approximation operators based on approximation spaces 
are a key concept of rough set theory. This paper investigates rough approxi- 
mation operators in interval- valued fuzzy (for short, IVF) environment by using 
constructive and axiomatic approaches. Moreover, IVF pseudo-closure opera- 
tors are considered. 

Keywords: IVF set; IVF relation; IVF approximate space; IVF rough set; 
IVF rough approximation operators. 


1 Introduction 

Rough set theory was proposed by Pawlak [16] as a mathematical tool for 
data reasoning. It may be seen as an extension of classical set theory, has been 
proved to be an effective approach to deal with intelligent systems characterized 
by insufficient and incomplete information, and has been successfully applied to 
machine learning, intelligent systems, inductive reasoning, pattern recognition, 
mereology, image processing, signal analysis, knowledge discovery, decision anal- 
ysis, expert systems and many other fields [17, 18, 19, 20]. The foundation of its 
object classification is an equivalence relation. The upper and lower approxima- 
tion operations are two core notions of this theory. They can also be seen as the 
closure operator and the interior operator of the topology induced by an equiv- 
alence relation on the universe, respectively. In the real world, the equivalence 
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relation is, however, too restrictive for many practical applications. To address 
this issue, many interesting and meaningful extensions of Pawlak’s rough sets 
have been presented in the literature. Equivalence relations can be replaced by 
tolerance relations [23], similarity relations [24], binary relations [7, 27]. 

Various fuzzy generalizations of rough approximations have been proposed 
in the literature [1, 2, 6, 10, 11, 15, 21, 26, 29]. The most common fuzzy rough 
set is obtained by replacing the crisp binary relations with fuzzy relations on 
the universe and the crisp subsets with the fuzzy sets. 

There are mainly two approaches to the development of rough set theory. 
One is the constructive approach in which rough approximation operators are 
constructed by means of relations, partitions, coverings, neighborhood systems 
and so on. The constructive approach is suitable for practical applications of 
rough sets. The other one is the axiomatic approach. In this approach, a set of 
axioms is used to characterize rough approximation operators that guarantee the 
existence of certain types of relations which produce the same operators. This 
approach is appropriate for studying algebra structures of rough sets. Under 
this point of view, rough set theory may be interpreted as an extension of set 
theory with two additional unary operators. 

As a generalization of Zadeh’s fuzzy set, interval-valued fuzzy (IVF, for 
short) sets were introduced by Gorzalczany [4] and Turksen [25] , and they were 
applied to the fields of approximate inference, signal transmission and controller, 
etc. Mondal et al. [14] defined topology of IVF sets and studied their properties. 

By integrating Pawlak rough set theory with IVF set theory, Sun et al. [22] 
introduced IVF rough sets based on an IVF approximation space, defined IVF 
information systems and discussed their attribute reduction. Gong et al. [5] 
studied the knowledge discovery in IVF information systems. Zhang et al. [30] 
discussed (X, T)-IVF rough sets based on an IVF approximation space on two 
universes of discourse. 

The purpose of this paper is to investigate IVF rough approximation oper- 
ators by using constructive and axiomatic approaches. 

2 Preliminaries 

Throughout this paper, “ interval- valued fuzzy ” denote briefly by “ IVF ”, 
U denotes a nonempty finite set called the universe of discourse. I denotes [0, 1] 

and [/] denotes {[a, b] : a, b € I and a < b}. &(U) denotes the family of all 

subsets of U. -FW([/) denotes the family of all IVF sets in U. a denotes [a, a] 
for each a £ [0, 1]. 

2.1 IVF sets 

For any [aj,bj] £ [/]( j = 1, 2), we define 

[tti, &i] = [a 2 , & 2 ] •<=>• Oi = Cf 2 , b\ = 62 ; 

[ai,6i] < [02,^2] < t=> ai < 02, 61 < 62; 
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[oi, 6 i] < [ 02 , 62 ] [ai,b 1 ]<[a 2 ,b 2 ] and[ai,bi]^[a 2 ,b 2 ]; 

I - [ai, 6 i] or [ai,&i] c = [1 - 61, 1 - aj. 

Obviously, ([a, 6 ] c ) c = [a,b] for each [a, b] € [/]. 

Definition 2.1 ([4, 25]). For each {[aj,bj] : j £ J} C [I], we define 

V \ a h b i\ = [V a F V ^ and A = tA a J- A 6 i]> 

ieJ jeJ j&J jeJ jeJ j&J 

where \J aj = sup {aj : j £ J} and f\ aj = inf {aj : j £ J}. 
jeJ j£J 

Definition 2.2 ([4, 25]). An IVF set A in U is defined by a mapping A : U — > 
[I], Denote 

A(x) = [A~ (x) , A + (x)] (x € U). 

Then A~(x) (resp. A + (:r) ) is called the lower (resp. upper) degree to which x 
belongs to A. A~ (resp. A + ) is called the lower (resp. upper) IVF set of A. 

The set of all IVF sets in U is denoted by F^\U). 

Let a,b £ I. [ a,b\ represents the IVF set which satisfies [a, b] (x) = [a,b\ for 
each x € U. We denoted [a, a ) by a. 

We recall some basic operations on F^(U) as follows ([4, 25]): for any 
A,B £ F®(U) and [a, 6 ] € [/], 

(1) A = B <=» A(x) = B(x) for each x € U. 

(2) A C B •<=>■ A(x) < B(x) for each x £ U. 

(3) A = B c <£=>■ A(x) = B(x) c for each x £ U. 

(4) {A n B)(x)=A(x) A B(x) for each x £ U. 

(5) (A U B)(x)=A(x) V B{x) for each x £ U. 

Moreover, 


( U A )( x ) = V and (Pi ^x®) = A A ( x ^ 

j&J j£J jeJ jeJ 

where {Aj : j £ J} C F^fiU). 

(6) ([a, b]A){x) = [a, b] A [A~(x) 1 A + { x)\ for each x £U. 
Obviously, 


A = B A —B and A + = B + ; ([a,5]) c = [a, b\ c ([a, b\ £ [/]). 


Definition 2.3 ([14]). A £ F^\U) is called an IVF point in U, if there exist 
[a, b } £ [/] — {0} and x £ U such that 


A (y) 


[a, 6], y = x, 

0 , y^x. 


We denote A by ieu m. 
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If [a, b] = 1, then 


x\ (y) 


1, y = x, 
0, y ± x. 


Remark 2.4. A = (J (A(x)xi). 

xeu 


2.2 Definition of IVF rough approximation operators 

Recall that R is called an IVF relation on U if R £ F^(U x U). 

Definition 2.5 ([7, 22]). Let R be an IVF relation on U. Then R is called 

(1) reflexive, if R(x,x) = 1 for each x £ U. 

(2) transitive, if R(x, z) > R(x, y) A R(y, z) for any x,y, z £ U . 

(3) preorder, if R is reflexive and transitive. 

Definition 2.6 ([22]). Let R be an IVF relation on U. The pair ( U,R ) is called 
an IVF approximation space. For each A £ F^\U), the IVF lower and the IVF 
upper approximation of A with respect to ( U,R ), denoted by R(A) and R{A), 
are two IVF sets and are respectively defined as follows: 

R(A)(x) = f\ ( A(y ) V (I - R(x,y))) {x £ U ) 
y&u 

and 

R(A)(x) = \J ( A(y ) A R(x,y)) ( x£U ). 
y&u 

The the pair (R(A),R(A)) is called the IVF rough set of A with respect to (U, R). 

R : F®(U) -» F®(U) and R : F^(U) F^(U) are called the IVF lower 

approximation operator and the IVF upper approximation operator, respectively. 
In general, we refer to R and R as the IVF rough approximation operators. 

Remark 2.7. Let (U, R) be an IVF approximation space. Then 

(1) for each x,y £ U, 

R(xi){y) = R(y,x) and R({xi) c )(y) = I - R(y,x). 

(2) for each [a, 6] £ [I], R([a, 6]) D [ a,b } D R([a, b]). 

Proposition 2.8 ([22]). Let ( U,R ) be an IVF approximation space. Then for 
each A £ F^\U), 

(R(A))~ = R+(A~), ( R(A))+ = RT(A + ), 

(R(A))~ = R~(A~) and (R(A))+ = R+(A + ). 

3 IVF rough approximation operators 

In this section, we deeply investigate IVF rough approximation operators. 
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3.1 Construction of IVF rough approximation operators 

Theorem 3.1 ([28]). Let ( U,R ) be an IVF approximation space. Then for any 
A,B G F®(U), {Aj :j£J}C F^(U) and [a, 6] G [I], 

(1) R( 1) = 1, i?(0) = 0. 

(2) A C B =>_R(A) C R(A) C R(B). 

(3) R(A C ) = (i?(A)) c , R(A C )_ = (R(A)) C . 

(4) R( f) Aj) = H R(Aj), R( U A,) = U R{Aj). 

jeJ jeJ jeJ jeJ 

(5) R([a,b } U A) = [a, b] U-R(A), R([a,b]A) = [a, b]R(A). 

Theorem 3.2 ([28]). Let ( U,R ) be an IVF approximation space. Then 

(. ALR ) VA G F {i \U),R(A) C A. 

(. AUR ) VA G F^{U),A C T(A). 

(ALT) VA G T (i) (/7),T(A) C R(R(A)). 

(. AUT ) VA G F®(U),R(R(A)) C 7?(A). 

Corollary 3.3 ([28]). Let (U,R) be an IVF approximation space. If R is pre- 
order, then 

R{R{A)) = R(A) and R(R(A)) = R(A) (A G T (i) (C)). 

Let A G F^\U). Denote 

A a = {(x) e U : A~ {x) > X} (AG/), 

A A = {(i)g[1:A+(i)>A]} (Ag/), 

A a+ = {(a;) G U : A - (a;) > A} (Ag[0,1)), 

A a+ = {(a:) G U : A+( x) > A]} (A G [0, 1)). 

Definition 3.4 ([4, 25]). Let A G F^ l \U) and [a,/?] G [I]. Denote 

A[ a ,p] = {x G U : A~( x) > a, A + ( x) > /?]}, 

A[ a ,p}+ = U G U : A( x) > [a, /?]}, 

A( a)( g) = (x G U : A - (a;) > a, A + (a;) > /?]}. 

T/ien A[ a>/ 3 ] (resp.Ar A( a ^) is called the [a, 0\-level (resp. strong [a, /?]- 
level, (a, 0) -level) set of A. 

Obviously, A^ 0) C A [aj/3] + C A [a>/3] . 

Proposition 3.5 ([4, 25]). Let A,Bg F^(U) and [a,/?] G [I]. Then 

(1) A C B => A[ Q)j9 ]+ C U [a]/3 ]+; 

(2) (A U S)[ a>/3 ]+ D U B [a,0] + >■ 

(2) (A n T)[ a>/3 ]+ = A[ a)/3 ]+ n -B[ a>/ 3]+ ■ 


(1) i? is reflexive 

(2) 1? is transitive 
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Let R G F«(£/ x U). Denote 

R\ = {(x,y)eUxU:R~(x,y)>\} (A G /), 

R x = {(x,y)€UxU:R+(x,y)> A]} (A G I), 

R\+ = {(x,y) G U x U : R~(x,y) > A} (Ag [0,1)), 

R x+ = {(x,y)eUxU:R+(x,y)> A]} (A G [0, 1)), 

R[a,p] = {{x,y) eu xU : R{x,y)>[a,(3]} {[a,0\ G [/]), 

^[«,/ 3 ]+ = {(x,y) eU xU : R{x,y) > [a,(3]} (a < 1, [a, 0\ G [/]). 

Proposition 3.6. Let f? &e an IVF relation on U . 

(1) If R is reflexive, then R\, R x , R\+, R x and R[ a ,/ 3 ]+ are reflexive. 

(2) If R. is transitive, then R\, R x , R\+, R x and R\ ct m+ are transitive. 

Proof. (1) are obvious. 

(2) For any x,y,z G U, if (x, y), (y, z) G R\, we have R~(x, y) > A and 
R~(y,z ) > A. Note that R is transitive. Then R(x,z ) > R(x,y) A R{y,z) and 
so 

R~ (x, z) > R~ ( x , y) A R~ ( y , z) > A. 

Thus (x, z) G R\. Hence R\ is transitive. 

Similarly, We can prove that R x , R\+ and R x are transitive. 

For any x,y,z G U, if (x, y), (y, z) G R[ a ,/ 3 ]+, w e have R(x,y) > [o,/3] and 
R{y,z) > [a,/?]. Note that R is transitive. Then 

R{x , z) > R(x , y) A R(y, z) > [a, (3\. 

and so (x, z) G R[ a ^]+. Hence R[ a ,y]+ is transitive. □ 

Theorem 3.7. Let (U, R) he an IVF approximation space. Then IVF rough 
approximation operator can be represented as follows: for each A G F^ l \U), 

(1) (R(A))~ = U A Rfzl(A x ) = U A ^±(A X+ ), 

As/ a e/ 

= U X R { 1 ~ x)+ (Ax) = U X R ( 1 ~ x)+ (Ax+); 

A ei a ei 

(2) (R(A))+ = U XRi-x(A x ) = U \Ri-x(A x+ ), 

xei x e/) 

= U A R { 1 _x )+ (A x )= u a R ( 1 _ x)+ (A x+ ); 

a ei a ei 

(3) (R(A))~ = U A Rx(A x ) = U A R^(A X ), 

A e/ As/ 

= U XR\(A x +) = IJ XR\+(A x +); 

x ei x ei 

(4) (R(A))+ = U A 1F(A X ) = U A rA+(H a ), 

a ei x e/ 

= IJ A R x (A x+ )= IJ A RA+(H A+ ); 

A SJ A 6/ 
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Proof. (1) For each x G U, by Proposition 2.10, 

(U a ^(^a))W = Vi A e 1 '■ x G 

a ei 

= \J{XgI:(R 1 ~ > ') s (x)CA x } 

= \J {X G I : R + (x,y) > 1 — A implies A~(y) > X} 

= \J {X G I : 1 — R + (x,y) < X implies A~(y) > X} 

= V^ A e ^ : A ( A ~{x) V (i - R + (x, y))) > X} 

yeu 

= \J{XGl:(R(A))-(x)>X} 

= (R(A))~(x). 

Then {R{A))- = |J A R 1 ~ X (AA. 

A e/ 

Similarly, we can prove that 

(E(A))~= |J A^(aL a+ ) = (J X RA~» + (A x ) = |J X R^~^ + (A x+ ). 

Ae[o,i) Ae(o,i] Ae(o,i) 

(2) The proof is similar to (1). 

(3) For each x € U, by Proposition 2.10, 

(|J X(R^(A x )))(x) = \/{XgI :xGRf(A x )} 

AS/ 

= \/{Xei-.(R x ) s (x)nA x ^(b} 

= \J{XG 1 :3y GU,y G A x n(R x ) s (x)} 

= \/{X G I : By G U, A~(y) A R~{x,y) > A} 

= \f {X G I : \f (A~ (y) A R~ (x, y)) > A} 
y&u 

= \J {X G I : (R(A))~ (x) > A} 

= (R(A))~(x). 

Then U HR~x(A x )) = (R(A ))~ . 

A £/ 

Similarly, we can prove that 

(R(A))~= |J X(R^(A x ))= |J X(R x (A x+ ))= |J A (R^(A X+ )). 

Ae[o,i) Ae[o,i) Ae[o,i) 

(4) The proof is similar to (3). □ 
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Theorem 3.8. Let (U, R) be an IVF approximation space. Then IVF rough 
approximation operator can be represented as follows: for each A £ F^(U), 

R{A) = [J ({a,p]R[ a ^]+(A [a4 3 ]+))= [J ([a,/3}R[ a ^+(A[ at p])) 

[a,0]G[I] [oc,0 ']£[/] 

= [J (,[a,l3]R[ a ,0](A [a ,0]+))- 

[a,/3]£[7] 

Proof. Denote B = (J ([a, l3\R[ a ,p\+ {A{ a ^+)). By Proposition 2.10, 

[a,/3]e[7] 

B~(x) = \J (o: A i?[ a>J g]+(A [a)( g]+)(a;)) 

a£l 

— \J i a £ I '■ x £ {R[a,f3}+{A[a,i3 ] + ))} 

\J ^ I : (-^[a,/3] + )« (•*■) D 7l[ Q , jj g]+ 0} 

= 1 : 3y £ U,R(x,y ) > [a,/?] and A(y) > [a, /?] } 

= 1 : 3y £ U, A (y) A R (. x,y ) > a and A + (y ) A R + {x,y) 

> ft or A~(y) A R~(x,y ) > a a?rd T + (y) A i? + (a;, 2 /) > /?} 

= \/ (^~(») Air(*,y)) = (^))"(*)- 

v&u 

Then (i?.(T)) _ = Ft~ . Similarly, we can prove that (i?(AL)) + = B + . Hence 
R(A) = B = [J ([a,0\R[ at p\+(A[ ai fl+)). 

[a,0 ]e[/] 

Similarly, we can prove that 

R(A)= [J ([a, p\R[ a:/3 ]+(A[ aJ 3 ]))= [J ([«, /?]i?[ Q ,/3](^[a, /?]+))• 

[a,/3]S[/] [a,/3]e[/] 

□ 


3.2 Axiomatic characterizations of IVF rough approxima- 
tion operators 

In an axiomatic approach, rough sets are axiomatized by abstract oper- 
ators. For the case of IVF rough sets, the primitive notion is the system 
(F^ l \U),f],[j,c,L,H), where L, H : F( l \U) — > F^\U) be two IVF set opera- 
tors. In this subsection, rough approximation operators in the IVF environment 
are characterized by some axioms. 

Definition 3.9. Let L,H : F^ l \U) — > F^(U) be two IVF set operators. If 
(. L(A)) C = H(A C ) ( A £ F®(U)), 
then L, H are called two dual operators. 
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Remark 3.10. L,H : F^\U) — > F^‘ l \U) are two dual operators iff ( H(A)) C = 
L(A C ) for each Ae F^(U). 

Theorem 3.11. Let L,H : F^(U) — > F^ l \U) be two dual operators. Then 
there exists an IVF relation R on U such that L = R and Ft = R iff L 
satisfies axioms {ALT) and ( AL2 ), or equivalently, Ft satisfies axioms {AUT) 
and (AUT): 

(ALT) L(\afb\ U A) = \afb\ U L(A) (A G F®(U), [a, b] G [/]), 

(ALT) L(AnB) = R(A)nL(B) (A, B G F {i \U); 

(AU1) H([a,b]A) = [a, b]H(A) (A G F®(U), { a,b } G [I]), 

(AUT) H(A U B) = H(A) U H(B) (A, B G F^(U)). 

Proof. Note that L , H : F^\U) — > F^(U) are two dual operators. Then (ALT) 
and (ALT) are equivalent to (AU1) and (AUT). We only need to prove that 
L = R and H = R iff H satisfies axioms (AUT) and (AUT). 

Necessity. This is obvious. 

Sufficiency. Assume that the operator H satisfies axioms (AUT) and (AUT). 
Define an IVF relation R on U by 

R(x,y) = H(yi)(x) (x,y£U). 

Let A G F^(U). Note that 

H(A)(x) = H( IJ (A(y)yi))(x) = ( |J H(A(y) yi ))(x) = ( |J (A(y)H( yi )))(x) 

y£U yGU y£U 

= \/ ( A ( y ) A H (yi)(x)) = \J (A(y) A R(x, y)) = R(A)(x) 

y&u y£U 

for each x G U. Then H(A) = R(A). By Theorem 3.1(3), 

L(A) = (H(A C )) C = (R(A C )) C = R(A). 

Thus L = R, H = R. □ 

Theorem 3.12. Let L,H : F^(U) — > F^(U) be two dual operators. Then 
there exists a reflexive IVF relation R on U such that L = R and H = R iff 
L satisfies axiom (ALT), (ALT) and (ALR), or equivalently, H satisfies axiom 
(AU1), (AUT) and (AUR): 

(ALR) L(A) C A (A G F (i) (t/)); 

(AUR) ACH(A) (AgF^(U)). 

Proof. This holds by Theorems 3.2(1) and 3.11. □ 
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Theorem 3.13. Let L,H : F^(U) — > F^(U) be two dual operators. Then 
there exists a symmetric IVF relation R on U such that L = R and H = R iff 
L satisfies axiom (ALl), (AL2) and ( ALS ), or equivalently, H satisfies axiom 
(AUl), {AU2) and (AUS): 

(ALS) L((xi) c )(y) = L(( m ) c )(x) (x, y G U); 

(ALS) H(xi)(y) = H(yi)(x) (x,y G U). 

Proof. This hold by Remark 2.9(1) and Theorem 3.11. □ 

Theorem 3.14. Let L,H : F^(U) — > F^(U) be two dual operators. Then 
there exists a transitive IVF relation R on U such that L = R and H = R iff 
L satisfies axiom (ALl), (AL2) and (ALT), or equivalently, H satisfies axiom 
(AUl), (AU2) and (AUT): 

(ALT) L(A) C L(L(A)) (A € (£/)); 

(AUT) H(H(A)) C H(A) (A G F^(U)). 

Proof. This holds by Theorems 3.2(2) and 3.11. □ 


4 IVF pseudo-closure operators in IVF approx- 
imation spaces 


In this section, we investigate IVF pseudo-closure operators in IVF approxi- 
mation spaces. 

For each [a, b] G [I],X G h?(U), we define 


([a,b\X)(x) 


[a, b ], x G X, 

o, xeu-x. 


Denote 

S(U) = {[a,b]X : [a, b] G [I\,X G &>(U)}. 
Then S(U) C F^(U). 

Definition 4.1. Let r be an IVF topology on U . Define 


S T (A)= |J d T ((a,p\A [a>m } (AeF®(U)). 

[a.|8]e [/] 

Then S T : F^(U) — > F^(U) is called the IVF pseudo-closure operator induced 
by t on U. 

Theorem 4.2 ([25]). Let A G F^(U). Then 


A = U i a ’fi\ A {a,P] = U \ a ^\ A («,t3)- 

[a,/3]£[I] [a,0}e[I] 
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Theorems 4.3(5) and 4.4 below illustrate the meaning on IVF pseudo-closure 
operators. 

Theorem 4.3. Let r be an IVF topology on U and let S T be the IVF pseudo- 
closure operator induced by r on U . Then for any A,B£ F^ l \U), 

(1) 5 r (0) = 0. 

(2) A C Sr (A) C dr (A). 

(3) Sr(AuB) D S T (A)US T (B). S t (A n B) C S r (A) n S t (B). 

(4) A£t c =► S r (A) = A. 

(5) S T coincides with cl T as operators from $(U) to F' l >(U). 

Proof. (1) For any [a, 0\ £ [I] and x £ U, since 


([a,/3]0 [ai/3 ])(a;) = [a,/3\ A 0[ a ,p](x) 


[0, 0] A 1 = 0, [«,/?] = 0, 

[a,0\ A0 = 0, [a,(3\ £ [/] - {0}. 


we have [ot,j3\ 0[ a ,/3] = 6- Thus 

5 r (0)= |J d T ([a,0\ O [a ,0)= U dr( 6) =6. 

[a,/3]e[/] [a,/3]6 [I] 

(2) By Theorem 4.2, 

A= |J [a, (3\A [o , tl3] C [J d T ([a, 0\A [a ^]) = S r (A) and 

[a,/3]S[/] [a,/3]6[/] 


M" 4 ) = [J d T ([a, fi]A [oii fl) C d T ( [J [a, 0\A [a>l3] ) = d T {A). 

[a, (3 ']£[/] [a,/3]e[7] 

(3) For any A,B £ F^\U), [a,/3] £ [/] and x £ U put 

C(x) = I 1, x€A l a A}’ } D(x) = [\' 

|0, X £ U — A\a ;| g] (0, X £ U — 

Obviously, 

[a, /3]A [a)J g] = [a, /?] 0 C, [a, P}B [a ^ = [a, /?] n D, 

[a, 0\(A m U B [a<fS[ ) = \ajj\ fl(CUD) 
and _ 

[a,j^(il M nB M ) = [o,fln(Cnfl). 

We can easily prove that 


(T U S)[ a ,/ 3 ] 2 U i?[a,/ 3 ] and ( A n B)[ a ,/3] = ^4[ a ,/3] H B^py 
By Proposition 2.6(5), 
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Sr(Al)B) 

= U cl T ([a,f3](A\J S)[ a>/3 ]) D |J cl T ([a, /3](A[ a ^ U B[ a> ^)) 
[a,/3]6[7] [a,/3]e[7] 

u d r {&0\n{CuD))= |J d T ((M]nc)u(M]nfl)) 

[a,/3]e[7] [a,/3]e[7] 

= fj (cl T ([a, 0\ fl C) U cl T ([a, 0\ fl D)) 

[«,/?! 6 [i] 

= ( U ci T (M]nC)) u( U drifaflnD)) 

[a,/3]e[/] [a,/3]e[/] 

= ( U cl r(.[ot, P}A[ a>/ 3]) ) U ( [J cl T ([a, 0\B [a> i 3 ])) 

[«,/?] e[J] [«,/3]e[7] 

= S t (A)US t (B). 

By Proposition 2.6(3), 

Sr(AnB) 

-- Pi cl T ([a,/ 3 ](Ar S) [a>/3] ) = |J cZ r ([a,/?](A[ a)i 9] nB M )) 

[a,/3]6[7] [a,/3]e[7] 

u d T (&j3\n(CnD))= |J d r (MnC)n(MnD)) 

[a,/J]6[7] [a,/3]e[7] 

— U (c^r([»j 0\ n C) n cl T ([a, /3] n D)) 

[a,/3]£[J] 

c ( |J d T (M]nC))n( |J d T (Mnfl)) 

[«,/?]£ [7] [a,/3]6[7] 

= ( U cl T ([a, P\A [at/}] ) ) n ( [J ci T ([a,^]B [a)( 3]) ) 

[a,/3]e[7] [a,/3]e[7] 

= S r (A)nS T (B). 

(4) By (2) and Proposition 2.6(6), 

cl T (A) C S(cI t (A)) C d T {clr(A)) = dr (A ), 

Note that A £ t c . Then 


5 t (A) = S T (d T (A)) = d T (A) = A. 

(5) Let G S(U). Then there exist [a, b] € [/] and X G &{U) such that 
A = [a, b]X. 

(i) If [a, b] ^ 0, then for each x G U, 

. , . , r . fl, ([a, &]X)(x) > [a, 6] fl, x £ X, 

•4 M1 m = = l z | 0iS j = o, « c-x. 
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Thus = X. So 

S T (A) = [J cl T ([a, 

[a,/3]e[I] 

2 cl r ([a,b\A[ atb] ) = cl T ([a,b\X ) = cl T (A). 

By (2), S T (A)_Ccl(A). Thus S T (A) = cl T (A). 

(ii) If [a, b } = 0, then A = 0. By (1), S T (0) = 0. Thus S T (A) = cl T (A). 

By (i) and (ii), 

S T coincides with cl T as operators from &{U) to F^^U). 

□ 

Theorem 4.4. Let (U,R) be an IVF approximation space. If R is preorder, 
then 

R(A) = S Tr (A) (A£#(U)). 

Proof. For each A £ S{U), by Theorems 3.11(3) and 4.3(5), 

R(A) =cl TR (A) = S tr (A). 

□ 
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SOME WEIGHTED HERMITE-HADAMARD TYPE 
INEQUALITIES FOR GEOMETRICALLY ARITHMETICALLY 
CONVEX FUNCTIONS ON THE CO-ORDINATES 

WAJEEHA IRSHAD \ M.A.LATIF 2 , AND M. IQBAL BHATTI 3 


Abstract. In this paper, the concept of GA-convex functions on the co- 
ordinates is introduced. By using a concept of GA-convex functions on the 
co-ordinates, Hermite-Hadamard type inequalities for this class of functions 
are settled. 


1. Introduction 


A function / : I C K. — * ffi. forenamed as convex in the classical touch [24], if the 
inequality 


/ (Ax + (1 - A )y) < A f(x) + (1 - A )f{y) 
holds for all x, y € I and A € [0, 1]. 

Indeed, a vast literature has been written on inequalities using classical convexity 
but one of the most celebrated is the Hermite-Hadamard inequelity. This double 
inequality is stated as follows: 

Let f : I C R -» K be a function and a, b £ I with a < b. Then f is convex on 
[a, b] iff 


/ 



1 

< 

b — a 


f ( x ) dx < 


/ (a) + / ( b ) 
2 


( 1 . 1 ) 


This also reveals that (1.1) can be compulsary as a adequate and sufficient con- 
dition to function / to be convex on [a, b] . 

Hermite-Hadmard inequality (1.1) has recieved considerable attention of many 
reserclrers because of its various applications and usefulness in the field of mathe- 
matical inequalities itself as well as in other areas of mathematics. The inequality 
(1.1) has been extended to various forms by using various generalizations of the 
definition of classical convex functions and it has also been refined under different 
hypotheses, see for instance [6, 9, 10, 11, 15, 24, 32] and the references therein. 

As stated above the classical convexity has been generalized to different forms 
and we mention below one of the generalizations of the classical convexity which is 
known as GA-convexity. 


Definition 1 . [18, 19] A function f : I C l 0 = [0,oo) — > R. is said to be GA-convex 
function on I if 

f (*V~ A ) < A/Or) + (1 - A )f(y) 

holds for all x, y £ I and A £ [0,1], where x x y 1 ~ x and A/(x) + (1 — A )f(y) are 
respectively the weighted geometric mean of two positive numbers x and y and the 
weighted arithmetic mean of f{x) and f{y). 


For results on Hermite-Hadamard type inequalities on GA-convex functions and 
their applications we refere to a recent articles of Latif [15] and Zhang et al. [32]. 


Date: March 4, 2016. 

2000 Mathematics Subject Classification. Primary: 26A15, 26A51; Scondary 52A30. 
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The definition of classical convexity for functions of of one variables was extended 
to functions two variables as follows. 

Definition 2. [5, 6] Let A =: [a, b] x [c, d] C R 2 with a < b and c < d be a 
bidimensional interval. A mapping f : A — > R is said to be convex on A if the 
inequality 

/(Ax + (1 - A )z, Xy + (1 - A )w) < A/(x, y) + (1 - A )f(z, w) 

holds for all (x, y), (z, w) £ A and A £ [0, 1] . 

The Definition 2 of convex functions on A was modified as co-ordinated convex 
functions by Dragomir in [5]. 

Definition 3. [5] A function f : A — > R is said to be convex on the co-ordinates 
on A if the partial mappings f y : [a, b] — > R, f y (u) = f{u,y) and f x : [c, d] — » R, 
f x (v) = f(x,v) are convex where defined for all x £ [a, b\, y £ [ c,d ]. 

Remark 1. [12] It is clear that if a function f : A — > R is convex on the co- 
ordinates on A. Then 

f(tx + (1 — t)z, sy + (1 — s)w) 

< tsf(x, y) + f( 1 - s)f(x, w ) + s(l - t)f(z, y) + (1 - t)(l - s)f(z, w), 

holds for all (f, s) £ [0, 1] x [0, 1] and x, z £ [a, b],y,w £ [c, d\. 

ft is well-known that every convex mapping / : A — > R is convex on the co- 
ordinates but converse may not be true (see [5]). 

The following inequalities of Hermite-Hadamard type for co-ordinated convex 
functions on the rectangle from the plane R 2 were established in [5, Theorem 1, 
page 778]: 

Most recently, the notion of co-ordinated convexity has also been generalized in a 
diverse manner and as a result, the author [14] extended the defintion of GA-convex 
functions of one variable to GA-convex functions of two variables. 

Definition 4. [14] A function f : AC (0, oo) x (0, oo) — > R is GA-convex on A if 

f ( x V"\ y x w 1 ~ x ) < A/(x, y) + (1 — A) f(z , w) 

holds for all (x, y ) , (z, w) £ A and A £ [0, 1] . 

A modification in Definition 4 resulted in the notion of GA-convex functions on 
the co-ordinates on A. 

Definition 5. [14] A function f : A C (0, oo) x (0, oo) — » R is said to be GA- 
convex on the co-ordinates on A if the partial mappings f y : [a, b] C (0, oo) — > R, 
f y (u) = f(u,y) and f x : [c,d\ C (0, oo) — > R, f x {v) = f(x,v) are GA-convex where 
defined for all x £ [a, b], y £ [c, d\. 

The following result holds as a consequence of the defintion of GA-convex fuctions 
on the co-ordinates on A. 

Remark 2. If a function f : AC (0, oo) x (0, oo) — > R is GA-convex on the 
co-ordinates on A. Then 

/(xy-',/® 1 -*) 

< tf (x, yW- 8 ) + (1 -t)f (z, ySw 1 -*) 

< t [sf (x, y) + (1 - s) / (x, w)] + (1 - t) [sf (z, y) + (1 - s) f ( 2 , w)] 

< tsf(x, y) + t( 1 - s)/(x, w) + s(l - t)f(z, y) + (1 — f)( 1 - s)f(z, w) 
holds for all (t, s) £ [0, 1] x [0, 1] and x, z £ [a, b],y,w £ [c, d\. 
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INEQUALITIES FOR GA-CO-ORDINATED FUNCTIONS 3 

In [13], some H-H type inequalities for GA-convex functions on the co-ordinates 
on A were also proved for GA-convex functions on the co-ordinates on A. For more 
results on H-H type inequalities for different generilazations of the dehntion of of 
co-ordinated convex functions we refer the reader to [1], [2], [7]- [12], [16], [20]- [23], 
[27], [28] and closely related articles mentioned therein. 

The main objective of the present paper is to establish some new weighted H- 
H type inequalities for the class of GA-convex functions on the co-ordinates on a 
rectangle from the plane in Section 2. 


2. Weighted Inequalities for co-ordinated GA-convex functions 
For the sake of convenience to the reader, we will use the following notations 

1 + t 1-t 1 + s 1 — s 1 -t 1 + t 1-s 1 + S 

L\ (t) = a 2 b 2 , L 2 (s) = c 2 d 2 , U\ (t) = a 2 b 2 , U 2 (s) = c 2 d 2 . 
To obtain our main results, we first establish the following weighted identity. 


Lemma 1. Suppose that f : A C (0, oo) x (0, oo) — > R. has second order partial 
derivatives on A° and [a, 6] x [c, d\ C A° with a < b and c < d. If h : [a, b\ x [c, d] — > 
[0, oo) is twice partially differentiable mapping and ft. s £ L ([a, 6] x [c, d]), then we 
have 


$ (a, b, c, d; /, h) 

= h (a, c) / (a, c) - h (a, d) / (a, d) - h (6, c) / (6, c) + h (6, d) / (6, d) 

pd pd pb 

+ / h y (a, y) / (a, y)dy- / h y (6, y) f (6, y)dy- / /i x (a;, d) f (x, d) dx 
J c J c J a 

pb pb pd 

+ h x (x, c) / (x, c) dx + / / /i X!/ (x, y) / (x, y) dydx 

J a J a J c 

= Qnb-\na)Qnd-\nc) \ f 1 j 1 ^ ^ ^ (g) (<) > ^ (g)) ftg (t) ; (s)) 

4 L/o -'o 

+ f [ U 1 (t)L 2 (s)h(U 1 (t),L 2 (s))f ts (U 1 (t),L 2 (s))dsdt 

Jo Jo 

+ [ [ L 1 {t)U 2 {s)h{L 1 {t) ,U 2 (s)) fta{Lx{t) ,U 2 (s))dsdt 

Jo Jo 

+ [ [ Ui (t) U 2 (s) h {U\ (t) , U 2 (s)) fts (Ui (t) , U 2 (s)) dsdt . (2.1) 

Jo Jo 

Proof. By letting x = y = ctu dT and by integration by parts with 

respect to y and then with respect to x, we have 


(In b lDQ )( W lnc) r r L \ If) L 2 (. 8 ) h (Li (i) , L 2 (s)) fts (Lr (i) , i 2 (s)) dsdt 
4 Jo ^0 

/• y/ab p y/cd 

/ / h(x,y) f xy (x, 2/) dydx = h (Vab,Vcd) f (Vab,Vcd) 

J a J c ' ' ' ' 


p\/ ca 

-h I a, vcd) / I a, Vcd)—h I vah, c) / I vcd>, c\+h (a, c) / (a, c)+ / h y (a, 2/) / (a, y) dj/ 

\ / \ / \/ \/ J c 

p y/cd /* \/a& 

— / /i y ( v a &, y j / ( vafr , y j dy — / /i^ ( x, v cdj / ( x, vcd) dx 

J c ' ' ' ' </a ^ 7 


py/ao py/ab py/cd 

+ h x (x, c) / (x, c) dx + / / d X3/ (x, y) / (x, y) dydx. (2.2) 

J a J a J c 
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Similarly, we obtain 


(In ft — In a) (In d — In c) 
4 


f f U 1 (t)L 2 (s)h(U 1 (t),L 2 (s))f ts (U 1 (t),L 2 (s))dsdt 
Jo Jo 


0 Jo 

= h ( ft, Vcd ) f ( ft, V cd ) — h(b,c) f (b,c) — h [V ab,V cd) f [Vab,V cd) 

y/cd 


v pvca 

1 ab,c) - J h y (ft, y) f (ft, y) dy 


py/cd 

/ \ ( b ( \ 

/ 

. \ 

/ h y (Vab,y)f 

J c ^ ' 

( Vab,y)dy h x lx,Vcd)j 

' ' J y/ab ' ' 

F (a;, a 

' cd ) dx 


pb pb pyfcd 

+ K (x, c) f (x, c)dx + / h xy ( x , y) f (x, y) dydx, (2.3) 

J y/ab J y/ab J c 


(In b — In a) (In d — Inc) 


[ f L 1 (t)U 2 (s)h(L 1 (t) ,U 2 (s)) f ts (L 1 (t) ,U 2 {s))dsdt 
Jo Jo 



+ h [a, Vcd) f [a, Vcd) — L h y ( Vab,y J / ( Vab,yj dy 

pycd py/ab 

+ / hy (a, y) / (a, y) dy — / h x (x,d) f (x,d) dx 
J c J a 

py/ab py/ab pd 

+ / h x ( x, Vcd) / ( x, Vcd) dx + / / h xy (x,y) f (x,y) dydx (2.4) 

Ja v 2 ' ' Ja J \Jcd 


and 


(In b — In a) (In d — In c) 
4 


[ j U 1 {t)U 2 {s)h(U 1 (t) ,U 2 {s)) ftsiUxit) ,U 2 (s))dsdt 
Jo Jo 

= h ( b , d) / ( 6 , d) — h ^ft, Vcii) / ^ft, Vcd) — ft. d^) / (p/ab, d^j 

+ h IV ab, V cd) f IV ab, V cd) — / h y (ft, y) / (ft, y) dy 
' ' ' J y/cd 

pd /»6 

+ / h y (Vab,y) f IVab,y) dy — / h x (x,d) f (x,d) dx 

J y/cd ' ' ' ' J y/ab 

pb . . /»d 

+ / h x (x,Vcd) f (x,Vcd) dx + / / h xy (x,y) f (x,y) dydx. (2.5) 

J y/ab ' ' ' ' J y/ab J y/cd 

Adding (2.2)-(2.5), we get the desired identity. This completes the proof of the 
lemma. □ 

Lemma 2. Let u, v > 0, 77 , k £ ffi. and y ^ 0. Then 

( (u,v,k,r]) = f (1 — kt) u^ +vt v^~ r,t dt 
Jo 

kv 2 V u 2 {Liu 11 ,v v ) — U V ] , -—r? - T ( 77 77 \ _/ 

l +V2 VLKv”), 


«[r-(r-fc) 2 ] 

I® : 


u = v, 
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where L (it, v) is the logarithmic mean 

( 1 V ~1 U — 5 u ^ V, 

Inv- In it 7 ' 1 

l ( u , v) = < 

[ U, U — V. 

Proof. The proof follows by integration by parts. 


□ 


Now we present some new weighted H-H type inequality for GA-convex functions 
on a rectangle from M 2 . 

In what follows, we will use the following notation to make our presentation 
compact. 


cri ( u,v,z,w;q ) = 


1 


C o C z,w;~ 1, - I fts (a, c)| 


1 


1 


+ C C Z > W 'A, A \fts(a,d)\ 9 + ( u,v;l,- 


XC ( z,w\- 1, - I fts (b,c)\ q + C ( U,v, 1, - ) C ( z,w\ 1, - I fts ( b,d)\ 


(t 2 ( u,v,z,w;q ) = 


C [%v; 1 ,-- c z,w;~ 1, - \f ts (a,c)| 


1 


1 


+ C [u,v,l,-~ K [z,w;l, - I fts (a,d) I +C u,v;-l,~- 


1 


1 


xC z,w;~ 1, - | f ts (b,c) \ q +C u,v;-l,~- ( z,w; 1, - \f ts (M)| 


1 


cr 3 ( u,v,z,w;q ) = 


C - C z,w\ 1 ,-- | fts (a,c)| 


+ C ( u,v,-l, - ) C ( z,w;~ 1, -- | fts ( a,d)\ q +( u,v; 1, - 


xC ( z,w; 1 ,-^ ) | fts (b,c) | 9 T C ( u,v, 1 , ^ ) C ( z,w;-l,-^ ) | f ts (b,d) I 


and 

<74 ( u,v,z,w;q ) = 


C - C z,w\- 1, - | f ts (a, c)| 


+ C ( u,v;-l, - J C ( z,w; 1 , - ) \f ts {a, d)\ q + ( (u, v; -1) 
xC {z,w\ 1) I fts (b, c)\ q + C ( u,v; -1,-^ c \f ts (b,d) I 


It is easy to observe that when u = v = z = w = 1, then 

<7i(l,l,l,l;g) = 


| I fts ( a,c)\ q + ^ | f ts (a,d) \ q + 1 1 fts {b, c)\ q + ^ \f ts (b,d) | 9 


<t 2 (1, 1,1,1; g) = 

<^3 (1, 1, 1, 1; g) = 


\ I .fts (a,c ) \ q + ^ | f ts (a, d)\ q 


+ |/t* (M 


+ t I fts (b, d)\ q 


\ l/ts (a,c)| 9 + | |/ ts (a,d) \ q + \ I fts ( b , c ) \ q + ^ |/ ts (6, d)\ q 
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and 

CT4 (1, 1, 1, 1; q) = 


\ I fts (a,c) \ q + | | f ts (a,d) \ q + ^ | f ts ( b , c)\ q + ^ \f ts (b,d) \ q 


Theorem 1 . Let f : AC ( 0 ,cx)) x ( 0 , oo) -tlfca twice partially differentiable 
mapping on A° and [a, b] x [c, c?] C A° with a < b and c < d. If h : [a, b] x [c, d\ — > 
[ 0 ,oo) zs a fwrace partially differentiable mapping such that ft s £ L{[a, b] x [c, c?]) 
and \fts\ q is GA-convex on the co-ordinates on [a, b] x [c, d] for q> 1 , then we get 
hands on: 


|$ (a,b,c,d-f,h ) | < 


i+l 



1 


(In 6 — lna) (Inc? — Inc) ||/i|| c 

-,1-i 


1 


C - c c,c?;0, - 


+ 


+ 


1 


1 


C ( a, fe; 0, — - ) C ( c,c?;0, - 


c ( a, b; 0, B C (c,d; 0, 


(Ti (a, b, c,d]q) 


cr 2 (a, b, c,d ; 9) 


(j 3 (a, b, c,d ; 9) 


1 


1 


C a, 6; 0 , — - C c,c?;0, — - 


-1 1- . 


cr 4 (a, &, c, c?; q) > , (2.6) 


where 


sup h (x, y) and f ( u , z;; k, rf) is defined in Lemma 2 . 

(x,y)€[a,b\ x [c,d] 


Proof. By virtue of Lemma 1 , we have 
|d>(a, b , c, d; /, h) \ 

(In b — lna) (Inc? — Inc) ||/i|| 


< 


f ( Li (t)L 2 (s) \f ts (Li (?) ,L 2 (s))| dsdt 
Jo Jo 

f f U 1 (t)L 2 (s)\f ts (U 1 (t),L 2 (s))\dsdt 
Jo Jo 

[ [ L 1 (t)U 2 (s)\fts(L 1 {t) ,U 2 {s))\dsdt 
Jo Jo 

+ [ [ U 1 (t)U 2 (s)\f ts {U l {t) ,U 2 (s))\dsdt 
Jo Jo 


( 2 . 7 ) 


Now by using Holder’s inequality for double integrals and by the GA-convexity of 
\fts\ q on the co-ordinates on [a, b] x [c, d] for q > 1, we acquire 

f [ L\ (t) L 2 ( s ) \ f ts {Li (t) , L 2 (s))| dsdt 
Jo Jo 

< i^J J Lx (?) L 2 (s) dsdtj (/ J Lx(t)L 2 (s)\f ts {Lx(t) ,L 2 {s))\ q dsdt'j 




i 


i 


C M; 0 , a C c,c?;0, - 


l 


l-i r 


C a,6;-l, - C c,c?;-l, - 


x | fts (a,c)| 9 + C a,6;-l, - C c,c?;l, - | f ts {a,d)\ q + ( a,b\ 1, - 


xC c,d; -1, - | f ts (b,c)\ q + C (a,b;l, - K c,d; 1, - \f ts ( b,d)\ 
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Correspondingly 


f f Ui (t)L 2 (s) \f ta (£7i (t) ,L 2 (s))| dsdt 
Jo Jo 


to Jo 

*G)‘ 


C ( C (c,d; 0 , ^ 


i-J 


C ( a, 6 ; 1,-0 C 0,d;- 1 , ^ 


x \fts(a,c)\ q + ( 0 , 6 ; 1,-0 C (c,d\l, 0 \f ts (a,d)\ q +( 0 , 6 ;- 1,0 

xC 0,d;-l, 0 | fts ( 6 ,c ) | 9 + C 0,6; -1,-0 C 0. rf ; 1 >0 |/t« ( 6 ,d )| 9 


f f L 1 (t)U 2 (s)\f ts {L 1 (t) ,U 2 (s))\dsdt 
Jo Jo 


to Jo 


C ( a,6;0, 0 C 0,d;O, 0 


1-1 r 


C ( a,b;-l, 0 c (c,d; 1, 0 


x |/ts (a , c )| 9 + C 0,6; — i, 0 C 0, d;— 1 , — 0 | fts {a,d)\ q +( 0, 6 ; 10 
xC 0, d; !, — 0 |/ ts ( 6 ,c)|‘ ? + C 0,6; 1,0 ( 0,d;-l,-0 \f ts (b,d)\ q 


by similar argument 


f f U 1 (t)U 2 (s)\fts(Ui(t) ,U 2 {s))\dsdt 
Jo Jo 


to JO 
' 1 


< 


C ( a, 6; 0,-0 C 0,d;O,0 


C ( a, 6 ; 1,-0 C 0, rf; 1 , — ^ 


x | fts (a,c )| 9 + C 0,6; 1,-0 C 0,d;-l,-0 \ f ts (a, d)\ q + < 0, 6 ; — 1 , — ^ 

1 

xC 0, d; 1,-0 I /to ( 6 ,c )| 9 + C 0,6; -1,-0 C 0,d;-l,-0 | fts (b,d)\ q 


Using the above four inequalities in (2.7) and by resolution, it reveals (2.6) and 
proof is completed. □ 


Corollary 1. Suppose the assumptions of Theorem 1 are met and if q = 1 ,then 


\${a,b,c,d;f,h)\ < 


(In b — In a) (In d — In c) 
16 


x {ex ! (a, 6 , c, d ; 1 ) + a 2 (a, 6 , c, d; 1 ) + <73 (a, 6 , c, d; 1 ) + <74 (a, b, c, d; 1 )} . ( 2 . 8 ) 
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Corollary 2. If we consider h {x , y) = {lnb _ lna ^ nd _ lnc) , (x,y) G [a,b\ x [c,d\ ir 
Theorem 1 , then 

1 


$ a,b,c,d ; /, 


(In b — In a) (In d — In c) 


< 4 


iv +1 


C ( a,b;0, - ) c ( c,d-,0, - 


1 


nl- 


+ 


+ 


C I a,b;0,-\ ) C I C,d;0 


2 
i-i 


c { a, fe; 0, — ) C ( c,d; 0 , -- 


(Ji (a, b,c,d; q ) 
cr 2 (a, b, c,d ; 9) 

(j 3 (a, b, c, d; q ) 


C ( C fc, d; 0, — ^ 


1— l 


(J4 (a, 6, c, d ; ( 2 - 9 ) 


Theorem 2. Suppose f : A C ( 0 , 00) x ( 0 , 00) ->Rfea twice partially differentiable 
mapping on A° and [a, 6] x [c, d] C A° with a < b and c < d. Further let h : [a, b] x 
[c, d] — ► [ 0 ,oo) &e a twice partially differentiable mapping. If ft s G L([a, 6] x [c, <i]) 
and \ft.s\ q is GA-convex on the co-ordinates on [a, b] x [c, d] for q > 1 , then we have 
inequality of the form: 


l+l 


|<& (a, b,c,d; f,h) | < ( - ) (In 6 — In a) (lnd — Inc) 


C ( aA,6«-i ; 0 f ) C ( 


1 


i-J 


+ 


+ 


C C c®-i,d®-i;0, - 


C ax- 1 ,6-'-i;0, - ( c?_1 , d®- 1 ; 0, — - 


1 1- 


( 7 i (1, 1,1,1; 


(j 2 (1,1, i,i; ?) 


cr 3 (1, 1, 1, 1; q) 


+ 

where 


C C c®-i,d®-i;0,-- 


i-J 


(74(1,1,1,1;^) > , (2.10) 


sup h ( x , y) and £ ( u , lj; /c, 77) is defined in Lemma 2 . 

( x,y)£[a,b\ X [c,d] 


Proof. From Lemma 1 , we may write 

|$ (a, 6, c, d; /, /i)| 

(In b — In a) (lnd — Inc) ||/i|| 


< 


[ f L 1 {t)L 2 {s)\f ts {L 1 (t) ,L 2 (s))\dsdt 
Jo Jo 

[ f U\ (t) L 2 (s) \f ts (U\ (t ) , L 2 (s))| dsdt 
Jo Jo 

[ [ L 1 (t)U 2 (s)\fts(L 1 {f) ,U 2 {s))\dsdt 
Jo Jo 

+ [ f Ui (t)U 2 (s)\ fts (Ui (t) ,U 2 (s))\ dsdt 
Jo Jo 


■ (2.11) 


Now by using Holder’s inequality for double integrals, Lemma 2 and by the GA- 
convexity of \fts\ q on the co-ordinates on [a, b] x [c, d] for q > 1, consequently we 
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have 


[ [ Lx (t)L 2 (s) \fts (Lx (t) ,1/2 (s))| dsdt 
Jo Jo 


< 


1 r l 


{L\ (t) L 2 (s)) i- 1 dsdt 


Ldo Jo 


1 r 1 


I fts (Li ( t),L 2 (s))\ q dsdt 


o Jo 


< 


_ i g , g „ 1 \ / g _ g „ 1 

C ( 1;0, - J C ( - 


X 


l/e* (a,c)| 9 + ^ |/ ts (a, d)| 9 + ^ |/ ts (b,c) \ q + -^ | fts ( b , d)| 9 


In addition 
cl cl 


f [ U\ (t) L 2 (s) \f ts (C / 1 (t ) , U 2 (s))| dsdt 
Jo Jo 


< 


, 1 - 


(t/i (t) L 2 (s)) 9-1 dsdt 


o do 


|/ts (C/i (t),L 2 (s))\ q dsdt 


o do 


< 


_ i g , g „ 1 \ _ / g . g „ 1 

C ( ( ( o-hd’-dO, - 


i i-i 


^ l/e* (a,c)| 9 + ~7 |/ ts (a,d)| 9 + ^ |/ ts (6,c)| 9 + ^ \f ts (b, d)| 9 


[ [ Li(t)U 2 (s)\f ts (L 1 (t) ,U 2 (s))\dsdt 
Jo Jo 


< 


(Lx ( t ) U 2 (s)) q ~ 1 dsdt 


Ldo -10 


i-i 


| fts (L\ (t) ,U 2 (s))\ q dsdt 


o Jo 


< 


. . g g 1 \ / g g 1 

C ( a®- 1 , bi- 1 ; 0, - J C I c®-i,d®-i;0, -- 


X 


Y^ l/e* ( a ) c )\ q + l/e« (a, d)\ q + ^ | fts (b,c) \ q + ^ | f ts (b, d) \ q 


equivalently 
ri ci 
/o do 


f f Ux (t) U 2 (s) \ f ts (Ux (t ) , U 2 (s))| dsdt 
Jo Jo 


< 


1 Cl 


(Ux ( t ) U 2 (s))® -1 dsdt 


o Jo 


i cl 


\fts(Ux (t),U 2 (s))\ q dsdt 


0 Jo 


< 


/ g . g 1 \ / g g 1 

C ( o®-i,6®-i;0,--J C I c®-i,d«-i;0, -- 


i-i 


l/e* (a,c)| 9 + ~7 |/ ts (a, d)| 9 + ^ |/ ts (6,c)| 9 + ^ \f ts (b, d) \ q 

Using the above four inequalities in (2.11) and simplifying, we get the required 
inequality (2.10). □ 
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Corollary 3. If we take h(x,y) = ( i nb _ lna l (lnd _ lnc) , (x,y) G [a,b] x [c, d] ir 
Theorem 2, then 


$ a,b,c,d\ /, 


1\ 1+ ^ 


(In b — In a) (In d — In c) 


1\1 9 


C a,*- 1 , b«~ 1 ; 0, - C a-' 1 , ; 0, - a i (1, 1 , 1 , 1; q) 


+ C c c^,d^; 0 , 


0-2 (1,1, 1,1; q) 


+ C a"- 1 , 6’- 1 ; 0, - C 0, -- ct 3 (1, 1, 1, 1; g) 


174 ( 1 , 1 , 1 , 1 ;^. ( 2 . 12 ) 


+ c a 9 -i,6 9 -i;0, -- C c®-i,d«-i;0,- 


lM 9 


We shall use the following notation for the next theorem and its related corollary. 

Ai (a,b,c,d\q) = ( 9 (<?)) 9 |/ ts (a, c)\ q + (9 (q)) ® |/ ts (a., d) | 9 
+ (*(«))* l/t- (&,c)| 9 + |/ ts (6,d)| 9 , 

A 2 (a,b,c,d;q) = (9 (g)) 9 \f ts (a,c) \ q + |/ ts (a,d)| 9 

+ (d(<?)) f Ifts (b,c) \ q + (0(q))*\f ta (M)|\ 

A 3 ( a,b,c,d;q ) = (0 (g)) 9 |/ ts (a, c)| 9 + (9 (q)) ® |/ ts (a,d)| 9 
+ |/ ts (0,c)| 9 + (0(g)H/ ts (6,d)| 9 


A 4 (a, 6, c, d; q) = |/ ts (a,c)| 9 + (0(g)) 9 |/ ts (a,d)| 9 

+ (d(<?)) 9 l/ ts (6,c)| 9 + (0(g))f |/ ts (M)| 9 , 

where 0 (g) = 2 q+l — 1. 

Theorem 3. Let f : AC (0, oo) x (0, oo) — > ffi. 6e a twice partially differentiable 
mapping on A° and [a, b] x [c, d] C A° with a < b and c < d. Further let h : [a, b\ x 
[c,d] — > [0, oo) a twice partially differentiable mapping. If fts G L([a,b] x [c, d]) 
and | fts I ^ GA-convex on the co-ordinates on [a, b] x [c, d] /or q > 1, then the 
following inequality holds: 


\${a,b,c,d;f,h)\ < 


(ln6-lna)(lnd-lnc)||/i|| 0O / 1 \ 2/q 


q q „ lM 1 9 


X { C U 5 - 1 , bi - 1 ; 0, - C c q—1 , d«-i ; 0, - Ai (a, b, c, d; g) 


+ C a q -\b q ~'\ 0,— - C co-fod?- 1 ; 0, - A 2 (a,b,c,d;q) 


+ C o g — 1 , 1 ; 0, — C c»-i,d»-i;0,- 


1\1 9 


A 3 (a, b, c, d; g) 


JL ,_S_ „ lM 1 9 


+ k « 9 S0" !;(). .• C cS=T,d 9 -! ; 0, - A 4 (a,b,c,d;q) > , (2.13) 
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11 


where H/i)^ = sup h(x,y), £ ( u,v;k,rj ) is defined in Lemma 2. 

(x,y)€[a,b\ x [c,d\ 

Proof. From Lemma 1, we have 

(In b — In a) (lnd — Inc) ||/i|| 


|$ (a,b,c,d;f,h)\ < 


[ f L 1 (t) L 2 (s)\f ts (L 1 (t) ,L 2 (s))\dsdt 

Jo Jo 

f f U 1 (t)L 2 (s)\fts(Ui(t) ,L 2 (s))\dsdt 

Jo Jo 

[ [ L 1 (t)U 2 (s)\f ts (L 1 (t) ,U 2 (s))\dsdt 

Jo Jo 

+ [ f U\ (t) U 2 (s) \f ts (Ui (t ) , U 2 (s))| dsdt 

Jo Jo 


■ (2.14) 


Now by using the GA-convexity of \ft. s \ q on the co-ordinates on [a,b] x [c, d] for 
q > 1, Lemma 2 together with the Holder’s inequality for double integrals, we have 


J J L\ (t) L 2 (s) \f ts (L\ (t ) , L 2 (s))| dsdt 

< jf f (U M O (.)) [(If) (if) I/,. («, 01 + (If) 


< 


if) I/.. Ml + (if) (if 

1 cl -i !- 

(L 1 ( t ) L 2 (s))^ 1 dsdt 


I fts (b,c) | + 


1 — t\ (\ — s 


10 Jo 

rl A 


l + t\ q ( 1 - S 


dsdt 


X I fts (b,c) I 


cl cl 

/ 0 Jo 



I fts (b,d) | 

I fts (a,c) | 

1 

' 1 ■ 
dsdt 


1 


C - K - 


x | f ts (a, c)\ q + (2 q+1 - l) 1/q | f u (a, d)\ q + (2« +1 - l) 1/q \f u (6, c) \ q + | f ts ( b,d )\ < 
Likewise, we have 


1 1 - 


1 


1 2 /« r 


2«(«+l) 

1/9 


( 2 9+1 - 1 ) 


2/9 


f f U 1 (t)L 2 (s)\f ts (U 1 (t),L 2 (s))\dsdt 

Jo Jo 


< 


C a"- 1 , 6"- 1 ; 0, — — C Ci-I,d<-1;0, - 


1 

2/9 

.29( g +l). 

■ 


(2 fl+1 -l) : 1/9 |/ ts (a,c)\ q + \f ts {a,d)\ q 

+ (2 9+1 - l) Vq | fts (b, c)\ q + (2 q+1 - l) 1/q | f t8 (b,d)\ q 
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/■l ,1 


/0 JO 


L\ (t) U 2 (s) | fts (L± (t) . 


l q q 

< 

f 1 ai- 1 ffi- 1 

1 

U q {q + l). 

1 2/9 

(2« +1 - 


>4 

I 


1/9 | 
1/9 


+ |/t. (^> c )l 9 + (2 9+1 — l) /9 |/ts (M) | 


and 


[ f Ui (t) U 2 (s) \f ts {Ui (i) ,U 2 (s))| dsdt 
Jo Jo 


< 


u i g , g 1 \ ( g _ g _ 1 

C ( o®-i,6«-i;0,--J C ( 0, -- 


1 1-/ 


1 

2 /q 

[29(g + 1)J 

- 


( 2 9+! _ !)V9 | /ts (o>c) |9 + (29+1 _ !)l/9 | /ts (0)d) |9 
+ |/ta (6,c)| 9 + (2« +1 -l) 1/9 |/ ts (6,rf)| 5 


Further employing the above four inequalities in (2.14) and after simplification, we 
built up the required inequality (2.13). □ 


Corollary 4. If we take h(x,y) = (lnb „ lna ) (lnd _ lnc) , (x,y) G [a, b] x [c,d\ in 
Theorem 3, then 


<F a,b,c,d\ /, 


1 


(In b — In a) (In d — In c) 


<i' 1 


1 


C o, - C T ;0, 


16 + 1 

, 1-1 


2/9 


1 


Ai (a, b, c, d; q ) 


C ( a A, 6<,-i ; 0, — ^ ) C ( c« ; ‘,ddi;0, 


1 


C ai-q^-qO, - C c 9- 1 , ; 0, — 


A 2 (a, b, c, d; q) 


A 3 (a, b, c, d; g) 


C C c*-i,d*-i ;0,- 


n i—i 


A 3 (a, b, c, d; q) > , (2.15) 


where f (u, v; k, rj) is defined in Lemma 2 and 9 (q) = 2 q+1 — 1. 

Theorem 4. Let f : AC (0,oo) x (0, oo) — * ffi. be a twice partially differentiable 
mapping on A° and [a, 6] x [c, d] C A° with a < b and c < d. Further let h : [a, b] x 
[c, d] — > [0, oo) is a twice partially differentiable mapping. If fts G T([a, 6] x [c, d]) 
and \ft s \ 9 is GA-convex on the co-ordinates on [a, b] x [c, d] for q > 1 and q> r > 0, 
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then we attain the following inequality: 

/ 1 V + 1 

|<J> (a, b, c, d; /, h)\ < (-J (lnb — In a) (lnd — Inc) ||/i|| c 



C ( a«-i,6«-i;0 ^ ) C ( c*-i,ds-i;0, 


1 


i-J 


q — r q — r 


1 


c a*- 1 , bi- 1 ; 0, — — C C«-\<U - 1 ; 0, - 


q — r . q — r 


1 


(a r , b r ,c r ,d r ; q) 


o 2 (a r , b r , c r , d r ; q) 


q — r q — 


q — r q — r 


C a q - 1 V” 1 ;0, - C d« ';0. 


i-J 


+ 


9 — ^ q — 


g — ^ _ q — t 


C a*- 1 , 1 ; 0, — — C 


i-J 


where 


a 3 (a r , b r , c r , d r ; q) 

a 4 (a r ,b r ,c r ,d r -,q)y 

(2.16) 

sup h (x, y) and f (u, v; k, rf) is defined in Lemma 2. 

(x,y)€[a,b\ x [c,d] 


Proof. From Lemma 1, it follows that 

|$ (a, b , c, d; /, h) \ 

(In b — In a) ( In cZ — Inc) ||/i|| 


< 


f [ Li(t) L 2 {s)\f ts (L 1 (t) ,L 2 {s))\dsdt 
Jo Jo 

f f C/i (t) L 2 (s) | f ts (U\ ( t ) , L 2 («))| dsdt 
Jo Jo 

f [ L 1 (t)U 2 (s)\f ts (L 1 (t) ,u 2 {s))\dsdt 
Jo Jo 

+ [ f Ui {t) U 2 {s)\ fts {Ui (t) ,u 2 {s))\ dsdt 
Jo Jo 


■ (2-17) 


Now by virtue of GA-convexity of \fts \ 9 on the co-ordinates on [a, b] x [c,d] for 
q > 1, Lemma 2 and by the Holder’s inequality for double integrals, we have in 
hand 


[ f Lx (t)L 2 (s) \f ts (Lx (f) ,L 2 (s))| dsdt < f f f (L ± (t) L 2 (s))*- 1 dsdt) 
Jo Jo \J o Jo J 


i-J 


1 ,i 


(Li (t) L 2 (s)) r \f ts (Li {f),L 2 ( s))\ q dsdt 


0 Jo 


<li 


Similarly 

f 1 /*! 


q — r q — r 


q — r _ q — r 


c a*~T-,b*~ 1 ; 0 , - c - 


*i (a r , b r , c r , d r - q) 


[ [ Ux(t) L 2 (s)\ fts (Ui(t) ,L 2 (s))\ dsdt <( [ [ (Ui (t) L 2 (s)) q ~ 1 dsdt) 
Jo Jo \J 0 Jo J 


1 pi 


(U, ( t ) L 2 (s)) r I f u (Ui (t) ,L 2 (s)) l q dsdt 


0 Jo 


< 


iv 

4 


9— ^ , 9— 


1 




q — r . q — r 


1 


1-J 


a 2 (a r , b r , c r , d r \ q) 
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L\ (t) U 2 (s) I fts ( Li (t) , U 2 (s))| dsdt < 


o 


1 ^ N 1 

(Li ( t ) U 2 (s)) q ~ q dsdt 

o Jo 


o Jo 


<| 1 


(Lx ( t ) U 2 (s)) r | f te (Lx ( t ) , U 2 (s))| 9 dsdt 

i i-i 


q — r q — r 


1 


c at- 1 , b q - q ; 0, - C c q -',d q - q ;0,-- 


q — r _ q — r 


1 


a 3 (a r ,b r ,c r ,d r -,q) 


and 


1 r i 


Ux ( t ) U 2 (s) | fts (Ux (t ) , U 2 (s))| dsdt < 


0 Jo 


1 rl 


(Ux (t) U 2 (s)) g ~ 1 dsdt 


o Jo 


J j (Ux (t) U 2 (s)) r | f tB (Ux ( t ) , U 2 (s))| 9 dsdt) 


<'.r ; 


q—r q—r 


1 


c a q - 1 ,b q - 1 ', 0 , -- C c'a-v p-^o, -- 


g— ^ _ g-y 


l 


1 1- 


a 4 (a r ,b r ,c r ,d r -,q) 


Using the above four inequalities in (2.17) and simplifying, we obtained the 
required inequality (2.16). □ 
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Abstract 

In this paper, we propose and analyze an HIV dynamics model. The model can be seen as a generalization 
of many HIV dynamics models presented in the literature since it incorporates (i) two classes of target cells, 
CD4 + T cells and macrophages, (ii) two types of infected cells, short-lived infected cells and the long-lived 
chronically infected cells, (iii) intracellular discrete delays, (iv) reverse transcriptase inhibitors (RTIs) drugs 
with different drug efficacies on CD4 + T cells and macrophages. The incidence rate of infection is represented 
by a general function. A bifurcation parameter, known as the basic reproduction number, Ro is derived. We 
established a set of conditions on the general function which are sufficient to determine the global dynamics 
of the model. Using Lyapunov functionals and LaSalle’s invariance principle, the global asymptotic stability 
of the two equilibria of the model is obtained. An example is presented and some numerical simulations are 
conducted in order to illustrate the dynamical behavior. 

Keywords: Delayed-HIV models; Chronically infected cells; Cocirculating target cells; Immune re- 
sponses; Lyapunov method. 


1 Introduction 

Human immunodeficiency virus (HIV) is one of the most dangerous human viruses that destroys the immune 
system and causes acquired immunodeficiency syndrome (AIDS). During the past decades, several HIV math- 
ematical models have been presented and analyzed (see e.g. [1]- [25] ) . Global stability of equilibria has become 
one of the most important features which help us to better understanding of the HIV dynamics. Thus, several 
researchers have devoted extensive efforts to study the global stability of HIV infection models (see e.g. [7], [8], 
[9], [11], [25], [14], [15], [16], [17], [22], [23], [19] and [24]). Some of these works assume that HIV infects only the 
CD4+ T cells ([7], [8], [9], [11], [25], [22], [23], [19] and [24]), while, others assume that HIV infects two types of 
immune cells, CD4 + T cells and macrophages ([14], [15], [18], [16] and [17]). Callaway and Perelson [3] pointed 
out that there are two types of infected cells, short-lived infected cells (which produce the most amounts of 
viruses) and the long-lived chronically infected cells. Moreover, the model presented in [3] incroporates reverse 
transcriptase inhibitors (RTIs) drugs with different drug efficacies on CD4 + T cells and macrophages. 

Actually, there exists a time lag between the time the HIV contacts CD4 + T cells or macrophages and the 
time the production of new infectious HIV particles. Intracellular time delay was first introduced into viral 
infection model by Herz et al. [5]. Since then, several delayed HIV models have been investigated (see e.g. 
[6], [7], [8], [9], [11], [25], [14], [17], [18], [22] and [19]). In a very recent work, Elaiw and Almualem [17] have 
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presented the following delayed HIV model: 

xi(t) = Ai - dixi - (1 - e)j3ixiv, (1) 

± 2 (t) = A 2 - d 2 x 2 - (1 - X£)P 2 X 2 V, 

Vi(t) = (1 - gi)(l - e)j3ixi (t - T\)v{t - n) - 
V 2 (t) = (1 - q 2 )(l - X£)p 2 X 2 {t - r 2 )v(t - t 2 ) - S 2 y 2 , 

Zi(t) = qi( 1 - e)PiXi(t - Ti)v(t - Ti) - ai2i, 

Z 2 {t) = q 2 (l - xe)p 2 Xi(t - Ti)v(t - n) - a 2 z 2 , 

2 

v(t) = ^2 ( N Ae~ niKi yi(t - Ki) + M i a i e~ hiUli Zi(t - w*)) - uv(t) (2) 

i — 1 

where x-i, y,, Zi, and v represent the concentrations of uninfected cells, short-lived infected cells, long-lived 
chronically infected cells and free HIV particles, respectively, where i = 1, for the CD4 + T cells and i = 2, 
for the macrophages. The birth and death rates of uninfected cells are given by A,; and di.Xi , respectively. 
Parameter pi denotes the infection rate constant. Parameters Si and at are the death rate constants of the 
two types of infected cells, and u is the clearance rate of HIV. The uninfected target cells become short-lived 
infected and long-lived chronically infected cells with fractions (1 — qi) and respectively, where qi.G (0, 1). 
The average number of free viruses produced in the lifetime of the two types of infected cells are given by Ni 
and Mi, respectively. Parameter t % represents for the time between viral contact with an uninfected cell of class 
i, until it becomes infected but not yet producer cells. The loss of the cells during the delay period [f — Ti, t] is 
given by e~ miTi , where ?n,; > 0. The parameters k, and u. q represent the time necessary for producing new 
infectious viruses from the short-lived and long-lived chronically infected cells, respectively. The factors e~ niKi 
and e~ hiUi represent the loss of the two types of infected cells during the delay periods [t — Ki, t] and [t — Ui,t], 
where n, > 0 and hi > 0. 

The immune system has two main responses to viral infections. The first is based on the Cytotoxic T 
Lymphocyte (CTL) cells which are responsible to attack and kill the infected cells. The second immune response 
is based on the antibodies that are produced by the B cells. The function of the antibodies is to attack the 
viruses [1]. In some infections such as in malaria, the CTL immune response is less effective than the antibody 
immune response [26]. Several mathematical models have been proposed to consider the antibody immune 
response into the viral infection models (see [27]-[33])). 

All the models presented in [27]- [33] are based on the assumption that, the virus attacks one class of target 
cells. Moreover, model (l)-(2) did not consider the immune response. Therefore, our aim in this paper is to 
propose an HIV dynamics model with humoral immunity. Our model generalize model (l)-(2) by taking into 
account the humoral immune response. We use Lyapunov functionals and LaSalle’s invariance principle to prove 
the global stability of all the equilibria of the models. 

2 The model 

In this section, we propose and analyze the following HIV model: 


-to 

i 

1 

'< 

II 

-to 

* = 1,2, 

(3) 

ih{t) = (1 - qi)e - n),v(t - Ti)) - Si.yiit), 

i = 1,2, 

(4) 

Zi{t) = qie~ miTi 4>i({t - Ti),v(t - Ti)) - aiZ,(t), 

* = 1,2, 

(5) 

2 

v(t) = ^2 ( Ny.Sie~ niKi yi(t - n z ) + M z .aie~ riUJi Zi(t - Wi)] 

7 — 1 

) - uv(t) - bv(t)f(w(t)), 

(6) 

II 

Ci 

1 


(7) 
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The incidence rate of infection is given by a general function 4>i(xi, v), where <pi(xi,v) = (1 — s)(j>i(xi,v), and 
(j) 2 ( 2:21 v) = (1 — x £ ) 4 > 2 (x 2 , v ). In addition, the neutralize rate of viruses is given by a general nonlinear function 
f(w). Parameter b is the B cells neutralize rate, the antibody response is induced at a rate proportional to the 
concentration of free viruses. Parameters c and p are the recruited rate and death rate constants of B cells, 
respectively. All the parameters and variables of the model have the same meanings as given in (l)-(2). 


2.1 Initial conditions 

The initial conditions for system (3)- (7) take the form 

xi(0) = 2/1 (0) = tp 3 (0), zi(0) = 

X2 (0) = ^2(0), 2/2(0) = <M0), 22 (0) = <£6(0), 
u(0) = ¥>7(0), w(9) = ¥? 8 (0) 

¥b(0) > 0, 0 e [— £», 0 ), ^(0)>0, j = 1, ..., 8, (8) 

where g = max{n, t 2 , Ki, « 2 , w 2 } and (v?i(0), ¥’ 2 ( 0 ), •••, ¥ , s(0)) € C{[-g, 0] ,® 8 >o), where C is the Banach 

space of continuous functions mapping the interval [— g, 0] into R 8 >0 . By the fundamental theory of functional 
differential equations [35], system (3)-(7) has a unique solution satisfying the initial conditions (8). 
Assumption A1 Function <f>i, is continuously differentiable and satisfies the following: 

(i) <j>i(xi,v) > 0, <j>i(xi, 0) = </>i(0, v) = 0, for all x t > 0, v > 0, i = 1, 2, 

(ii) > 0 , > q ; f or an y x . > q ) v > 0. Furthermore, > 0 for any Xi > 0, i = 1, 2. 

Assumption A2 The function /(0) is locally Lipsclritz on [0, 00 ), and satisfies /(0) > 0 for all 0 > 0 and 

/( 0) = 0, and /(0) is strictly increasing in [0, 00 ). 


2.2 Non-negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of system (3)-(7) with initial 
conditions (8). 

Proposition 1. Let (xi(t), £ 2 ( 1 ), Ui(t), 2 / 2 (t)j Zi(t), 22 (t), v(t), w(t)) be any solution of (3)-(7) satisfying the 
initial conditions (8), then Xj (t) , y* (t) , = l,2,v(t) and w(t) are all non-negative for t > 0 and ultimately 

bounded. 

Proof. First, we prove that Xi(t) > 0, i = 1,2, for all t > 0. Assume that x,(t) lose its positivity on some local 
existence interval [0, Z] for some constant l and let t* € [0, Z] be such that X;(t*) = 0. From Eq. (3) we have 
Xi(t*) = A i > 0. Hence Xi(t) > 0 for some t £ (t*,t*+e), where e > 0 is sufficiently small. This leads to a 
contradiction and hence Xi(t) > 0, for all t > 0. Furthermore, from Eqs. (4)-(7) we have 


Vi (t) 
Zi (t) 
v(t) 
w(t) 


Z 

Vi ( 0 ) e~ Sit + (1 - qi)e~ rniTi J e~ 6i ^~ e>) (j)(xi ( 0 - n) , v (0 - Ti))d0 , i = 1,2, 

o 

t 

Zi (0) e~ ait + qie~ miTi J e~ ai ^~ e>i <j>{xi ( 6 - n) , v {0 - n))d0 , i = 1,2, 


o 


t t 


— f (u+bf(w(C)))dC f — f (u-\-bf(w(£)))d£ _ — . 

+ J e e ^2(Ny t 6ie~ niKi yi(9 - Ki) + M Zi a.ie~ riUli Zi(d - Ui))d9, 

n »=1 


v (0) e 

j 

o 

t 

w{0)e~ pt +c J e- p(t ”%(0)d0, 


then yi(t) > 0, Zi(t) > 0, i = 1,2, v(t) > 0 and w(t) > 0, for all t £ [0, g\. By a recursive argument, we obtain 
2 it (t) > 0, Zi(t) > 0, v(t) > 0 and w(t) > 0, i = 1, 2, for all t > 0. 
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Next we show the boundedness of the solutions. From Eq. (3) we have ii(t) < A, — djXj(i), i = 1,2. This 
implies that limsup^^ x*(t) < * = 1, 2. Let T)(f) = e~ miTi Xi(t — r*) + j/j(i) + 2i(t), * = 1, 2 then 


Ti(t) = e m<Ti Aj - e miTi diXi{t - n) - Siy^t) - a^t) 


< g — ( j i (g 


i(t - Ti) + Di{t) + Zi(t)) < A i - 


where ct,; = minjdj, aA. Hence, lim sup, . „ Ti (f) < Li, where Li = — -. Since Xi(t), yAt) and zAt) are all 

CTi 

non- negative, then limsup^^ yi(t) < Li, and limsup^^ Zi(t) < Li for all t > 0. Moreover, 

2 

v = 53 ( N y .5ie~ niKi yi(t - «*) + M z .a i e _r<a ’^ i (t - w, ; )) - uv - bv(t)f(w(t)) 

i= 1 
2 

< 2 (JVw/ie _n "‘ i + M Zi a ie - r *"‘) L* - uv. 

2=1 


Then limsup^^ v(t) < L3, for all £ > 0, where L3 


E 


u 


Furthermore, ic = 


i=l 

cv — pw < cLj, —pw, then limsup^^ w(t) < L 4 , for all t> 0, where L 4 = ^-.Therefore, Xi(t) , yt(t) , Zi(t) , v(t) 
and w(t) are ultimately bounded. 


2.3 Equilibria 

Let Assumptions A1 (i) and A2 be satisfied, then system (3)-(7) has a disease-free equilibrium Eq = 
(xi, x°, 0, 0, 0, 0, 0, 0), where x ° = y 1 , * = 1,2. The system can also has another positive equilibrium 
Ei = (xi,X 2 ,yi,y 2 ,Zi,Z 2 ,v,w) which is called endemic equilibrium. The coordinates of the endemic equi- 
librium, if it exists satisfy the equalities: 

A i = diXi + (j>i(xi, v), Siyi = (1 - qi)e~ miTi (j>i{xi, v), aiZi = qie~ miTi <j>i(xi, v), 

2 

uv = 53 { N yifii e ~ niK,i yi + M Zi aie~ riUli Zi ) - bvf(w), w = -v. 
i = 1 P 

Then the basic infection reproduction number for system (3)-(7) is 

y, ((1 - qi)N Vi e- niKi + qi M Zi e- r '“')e- miT ■ d&jx*, 0) 
u dv 

2=1 

The term d(f>i(x®, Q)/dv represents the maximal average number of target cells of class i that infects by viruses, 
and Rqi denotes the basic infection reproduction number of the HIV dynamics with CD4 + T cells (in the 
absence of macrophages) and i?02 denotes the basic infection reproduction number of the HIV dynamics with 
macrophages (in the absence of CD4 + T cells), respectively. The parameter Rq determines whether the infection 
can be established. 


Rq — YRqh 


2.4 Global stability analysis 

In this subsection, we establish a set of conditions which are sufficient for the global stability of the two equilibria 
of system (3)-(7) employing Lyapunov method and LaSalle’s invariance principle. The following function will 
be used throughout the paper H(s) = s — 1 — Ins. 

Assumption A3 The function <pi, i = 1,2 satisfies: 

(i) o) _ {x q _ Xi) < 0) for ^ > 0i 

(ii) <j>i(xi,v) < v d<l>i ^ i ’ 0) , for all Xi,v > 0. 

Theorem 1 . Let Assumptions A1-A3 be satisfied and R 0 < 1, then the disease-free equilibrium E 0 of 
system (3)-(7) is GAS. 
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Proof. Define a Lyapunov functional Wq as follows: 




7 i 


2=1 


Xi — x® — / lim 




ds - 


M,.e 


»->o+ (j>i(s,v) 7, 

e - niKi N„.6i 


~Zi 


+ I <j>AxAt — 0),v(t — 9))d6 +- Vt 1 

J li 


Ui(t ~ 9)d9 


li 


Zi(t — 9)d6 


W 

+ v + - J f(9)d9, 


where 7 * = e m<Ti ((l — <fo)e niKi N yi +qie riUi M Zi ), i = 1,2. We calculate along the trajectories of system 
(3)-(7) as: 


dW 0 

dt 


i=l 

N Vi e~ niKi 

li 

M Zi e ~ r * w * 
li 


M x i> v ) 
A-A0+ <f>i(Xi,v) 


1 — lim 


(Aj - djXj - <f>i(xi,v)) 


((1 - qi)e miTi (t>i(xi{t - Ti),v(t - n )) - Siy) 


{qi.e miTi <j>i{Xi{t - Ti),v(t - Ti)) - CLiZi) 


+ 4>i(Xi,v) - <t>i{Xi(t - Ti),v(t - Ti)) 


+ - 


e~ niK 'N v .S, 




7 i 


{yi - Vi{t - Ki)) + 


Ui M s . 

li 


'-{Zi - Zi(t- (Xi)) 


+ (N yi Sje niKi Ui(t - Ki) + M Zi a,ie riUi Zi(t - co*)) - uv - bvf(w) + -f(w)(cv - pw). (9) 




Collecting terms of Eq. (9) we get 


dW 0 

dt 


= 5 > 
2=1 
2 

2=1 

2 


1 - 


d(pj(x°, 0)/dv 
d<f>i(xi, 0)/dv 


(Aj - diXi) + 4>i{xi,v) 


A* 1 - -b 1 - 


d4> i (x° 1 0)/dv 


= E 7iA * 1 _ 


*=i 


Xi 

Ad 


1 - 


d(pi(xi,0)/dv 
d(f>i(x°, 0)/dv 


+ <j>i{Xi,v) 


d<t>j(x°, 0)/dv 
d(f>i(xi,0)/dv \ 

d<t>i(x°, 0)/dv 


bp ft \ 

— uv wj[w) 

c 


d(/)i(xi,0)/dv \ 


b P ft \ 
— uv wj[w) 




bp 


Using A3 we get 


dWn 


dt 


< ( 1 - 


i= 1 
2 


1 - 


= ^7,:A,: 1 - 4 1 “ 


dfajXi, 0)/dv 
d(j>i{xi, 0)/dv 

d4>j(x o i ,0)/dv 
d(j>i(xi, 0)/dv 


V- d4>i{x% 0) bp 

2_^li v yy UV - —10/ (to) 


2=1 




bp 


+ (i?o — l)wv —wf(w). 


( 11 ) 


By using Assumption A2, the last term is less than or equal zero. Therefore, If f?o < 1 then < 0 for all 
Xi,X 2 ,v,w > 0. We note that, the solutions of the system (3)-(7) converge to T, the largest invariant subset of 
1^37°' = 0}- From Eq. (11) we have = 0 iff 27 = x°, i = 1, 2, v = 0 and w = 0. The set T is invariant and 
for any element belongs to T satisfies w = 0, v = 0 then v = 0. We can see from Eq. (19) that 

2 

y (. N yi Sie~ niKi yi(t - Ki) + M Zi ciie~ riUJi Zi(t, - to*)) = 0 . 

2=1 

Since y, and are non-negative for i = 1,2, then y 1 = y 2 = 0 and z\ = z 2 = 0. It follows that, = 0 iff 

Xi = x^, pi = Zi = v = w = 0, * = 1,2. From LaSalle’s invariance principle, Eq is GAS. 
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To establish the global stability of the endemic equilibrium, we need the following condition. 
Assumption A4 Function <f>i(xi,v) satisfies the following: 


(t>i{Xj,v) _ v \ / _ < 0 

<t>i{Xi,v) Vj V (t>i{Xi,v)) ~ 


Xi, v > 0 


Theorem 2. Let Assumptions Al, A2 and A4 hold true and the endemic equilibrium E\ of system (3)-(7) 
exists, then E A is GAS. 

Proof. We consider the Lyapunov functional W\ as: 


W, = 


i = 1 

M 7 .e~ r 


J (pi{S,v) 7i \Vi 


+ ( J. J + Mxuv) / H ( — — ) dd 

1 1 \ / J \ ( t'l\' L l’) u ) 

0 


+ 


e niKi N yi Siyi f ZJ (yi{t-0)\ e 


H 


dO 


1 H f Zi{t 7 e) ) de 


7 i 


Zi 


+Mi) 


w 

+ ~ c J (f(9) - f(w))dd. 


Calculating along the solutions of system (3)-(7) we obtain 


dW x 

dt 


= 5> 


. <t>i(Xi, v) , , . . , 

1 - XT A - d i X i ~ <Pi\ x i>V)) 


i—1 

AT p-UiKi , 

' 1 - — ) ((1 - qi)e~ miTi (t>i(xi(t - n),v(t - Ti)) - Siyi) 


7* 

M z .e~ riUi 


1 - x ) miTi <t>i{ x i{t - n),v{t - n)) - a,iZi) 

(t>i{Xi{t - Ti),v(t - Ti)) 


7 i V 2, 

+ 4>i(Xi,v) - 4>i(Xi(t - Ti),v(t - Ti)) + <j>i(Xi,v) 111 

e - niKi N Vi 5iyi ( yi yi(t-Ki) , ( Vi{t - «») 


<t>i{Xi,v) 


+ 


In 

7* Wi Vi \ y> 

e~ riU,l M Zi a i z i (z^_ Zj(t - u>j) ^ ( Zi(t - w*) 

li V z i Z i 


+ ( 1 - - ) ( ^ ( N Vi Sie niKi yi{t - Ki) + M Zi <ne riUi Zi(t - Ui)) - uv - bvf(w) 




+ -( f{w ) - f(w))(cv - pw). 
c 


(12) 
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Collecting terms of Eq. (12) we get 
2 


dWi 

dt 


= £ 


7i 


T ~i\Xi,v)\ (j)i{x u v) N Vt 

1 . / I (^2 diXij + ( PiyXi^V J , / H - 


4>i(Xi,v) 


e- niKi 6i_ M z .e~ riUi ai 


(f>i(Xi,v) 


1 % 


H 


(1 — Qi)e miTi N Vi e niKi yi<j>i{xi(t - Ti),v(t - n)) qie miTi M Zi e riU>i Zi<j>i(xi(t - n),v(t - n)) 


+ <t>i(xi,v) In 


7* v. 

'i(Xj(t - Tj),v(t - Tj)) 

<j>i(Xi,v) 


e niKi N Vi Sjyi ^ ( yi(t - K t )\ i e riU,i M Zi a i z i ( Zi{t- Wj) 


- 't"vAe- n - — 1 Kl) - 


In 

7i V 7 

-r iWi VZi{t-UJi) 


— uv + uv 


+ bvf(w) — — wf(w ) — bvf(w ) + —wf(w). 
c c 

Using the equilibrium conditions for Ed: 

Aj = diXi + 4>i(xi,v), (1 - qi)e~ miTi 4>i{xi,v) = q.ie~ miTi (l)i(xi,v) = aiZi 


uv 


= ^ (N Vi Sie niKi yi + M Zi aj,e TiUli Zi) - bvf{w), 


2=1 


C _ 

w = -v 
V 


and the following equality 




= 3 ( y^(N yi 6je niKi yi + M Zi a t e riUli z.i) - 6u/(u;) J = 1^7 i<t>i{xj,v) - bvf(w), 

V V ' z J z ^ 


V2— 1 


2=1 


we obtain 


dWd 

dt 


= £7, 
2=1 


, - M X i\ (i MXi,v)\ -J. MXi,v) 

diX.il- ^ ) +Mxi,v) 

dj ' 1 / \ ( ri\ Jj i 5 / \ '+' i\' L n u ) 


+ <j>i(Xi,v) 


(Xi,v) v\ | 2 N Vi e- niKi 6 i_ 2 M Zi e~ r ^ ai 


X i ,V V 


7 * 


7* 


IVy.e niKi S z yi f yi<f>i(xi(t-Ti),v(t-Ti)) vyi(t-Ki ) 


li \ Vi<t>i(Xi,v) vjji 

M Zi e~ riUJi a.iZi f Zi<f>i(xi(t - n),v(t - r,)) vzi{t-uji) 


7 i 


Zi<Pi{Xi,V 


N Vi e nilii S l y i ( {<j>i{xi(t-Ti),v{t-Ti))\ ( yt{t - m) 

•*»** / ln - Tj)) ^ + ln / Zi(t. - Wi) 


7 * 


<t>i(Xi,v) 


Zi 


— bvf(u>) + bvf(w ) — — wf(w ) + —wf(w). 

c c 


(13) 


Using the following equalities 
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In 


4>i(Xj{t - Tj),v(t- Tj)) 

<j>i(Xi,v) 

'yi(t - Ki) 


_ ln v) ^ ln ( Vi(j>i{Xi{t - Ti),v(t - Tj)) 


In 


Vi 


In 


4>i{Xj{t - Tj),v(t- Tj)) 
<j>i{x u v) 

Zi(t - OJi) 


k(Xi,v) 

\v<Pi{xi,v)J \vyij 

= In - K ' ) )+ln(*), 

V vyi J \vyij 

_ ^ + f Zi<t>i{Xi{t - Ti), v(t - Tj)) 


In 


Zi 


\<t>i(xi,v)J V Zi<t>i(xi,v) 

( V<j>i(Xi,v)\ (vZi\ 

^\V(j>i{Xi,v)) \VZi) ’ 


VZi 


VZi 


Eq. (13) can be rewritten as 
2 


dW 1 

dt 


= £ 

i= 1 


( 1 - f 1 - + 7 *&(£*, v) I , , 

XiJ \ <pi(Xi,V) ) \(j)i(Xi,V) v 


•i\?uv)_ _ v _ x 


V(j>i{Xi,v) 


<t>i{Xi,v) ( <j>i{Xi,v) 

- 7 n) ( — ; — - 1 - 111 


<t>i{Xi,v) 


\(j>i(Xi,v) 


V(j>i{Xi,v) 

\\ , -X fv<f>i(Xi,v) f V<j>i(Xi,v) 

)) - -1-1“ 


^iVi 


yAi{Xj(t - Tj),v(t - Tj)) 

yi<j)i(xi,v) 


— 1 — In 


Vi<l>i(Xi(t - Tj),v(t ~ Tj)) 

yi<t>i(Xi, v) 


Ny e-^Sa, ( iy<{t ~ Kt) - 1 - In ( ^ -*•> )) 

V vyi v v Vi J J 


- M Zi e- riUi ai Zi 

—M,.e~ riU1 ' 


Zj<t>i(Xi(t - Tj),v(t ~ Tj)) _ _ / Zi4>i(Xj(t - Tj),v(t - Tj)) \ \ 

Zi<t>i{Xi,V ) V Zi<t>i{Xi,v) )) 


VZi(t — UJi) fvZi(t-UJi) 

diZi [ - 1 - In ^ - 

V vz i 


- — (w - w){f{w) -/(«))). 
c 


Then Eq. (14) becomes, 


dlT'i 

dt 


= £ 

i=l 


Tidjij ( 1 - ^ 
Xi 


<t>i{x U v)\ f<t>i(Xi,v) V 

1 : TT I + 'Ji(pi{Xi, V) 


<j>i{Xi,v) 


(j)i(Xi,v) V 


1 - 


4>i{Xj,v) 

<t>i(Xi,v) 


) TJ I ’MXi,V)\ . f V<t>i{Xi,V) 
- li<Pi{Xi , u) H I — — ) + # 


4>i(Xi,v) 


V<j)i(Xi,V] 


- N yi e~ niK 


s ~ i H j ^^(^(t-Tj),^^-^)) ^ + H ( v yi(t - «i) 


yi<t>i{Xi, v) 


n,r -r iUli z ) II I Zi(t>i{Xi{t-Ti),v{t-Ti)) 

—M Zl e ‘a,Zi < H | —— — — ) + H 

Z%<Pi\Xi,v) 


vyi 

VZi{t - OJi) 


(14) 


- ^(w - w)(f(w) - f(w)). 


By using Assumption A2, the last term is less than or equal zero. It is easy to see that, if x\, X 2 , yi,y 2 , Si, Z 2 , v 
and w > 0, then < 0 for all X\, X2, yi, y 2 , zi, Z 2 , v and w > 0. The solutions of the system limit to T, the 
largest invariant subset of =0}. It can be seen that pp 1 - = 0 if and only if 27 = Xi, v = v, w = w and 


H = 0 i.e. 


vyj{t - m) _ vzj(t - ojj) _ 
vyi vzi 


(15) 


From Eq. (15), we have y t = yi and Zi = Zi . It follows that pfp equal to zero at E\. LaSalle’s invariance 
principle implies the global stability of E\. 
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3 Example and numerical simulations 

We introduce the following example: 


Xi(j*) — A ? ; diXi(t) 


Vi{t) = (1 - ®)e 


PjX^ ( t - Tj)v(t - Tj) 

( X ki ( t - Ti) + pj(u(f - Ti) + ft) 
P z x i'{t - Ti)v(t - Ti) 




zAt) = qi e- miTi . 1 v a iZi (t), 

( Xi'(t - Ti) + pP){v(t ~Ti)+ ft) 


* = 1 , 2 , 

< = 1,2, 
* = 1,2, 


h(f) = (N Vi Sie niKi yi{t - «:*) + M Zi a z e riUJi Zi(t - tft)) - iti>(f) - bv(t)w{t), 

i=l 

tc(f) = cv(f) —pw(t). 

For this example we have 


4>i(Xi,v) = 


x ki v 


(Xi +P,)(v + Q) 


, f(u> ) = 


where fc^p^ft > 0, i = 1,2. Function (j>i satisfies the following: 

dcj)i(xi, v) hPiPiX^^v 


dx.i (a^+pj^ + ft) 

d4>i(xi,v) 


SifiiXi* 


dv (x^+pj(u + ft) 2 

d<j>i(xi, 0) fax** 


> 0, for all x, > 0, u > 0, 

> 0, for all x,: > 0, 


dv 


k x > 0, for all Xi > 0, v > 0, 


ftOV +PJ 


, fc, , W . , X ^ „ , fc 


< PjXjV _ ^d4>i(xi, 0) 


(16) 

(17) 

(18) 

(19) 

(20) 

(21) 


<t>i(Xi,v) V 


1 - 


Ov + pjo + ft) ftov + ft) 

h(xi,v)\ -ft(u-u) 2 


<9u 


, for all a:, > 0, v > 0, 


< 0, for all Xi, v > 0. 


K <j>i(Xi,v) vj\ 4>i(Xi,v)J v(v + ft)(u + ft) 

Thus Assumption A1-A4 hold true and Theorems 1 and 2 are applicable. The basic reproduction number in 
this case is given by 


Ro — i — 


((1 - qi )e- n ^N Vt + qi e~ riUi M z Je~ 


Pi(x°) 


.0 \ki 


i= 1 


i = 1 


ft((x°) fe - + Pi y 


Without loss of generality we let, r e = T\ = 12 = K\ = n 2 = wi = u> 2 - In Table 1 , we present the values of some 
parameters of model (16)-(20). The effect of the drug efficacy e and time delay r e on the qualitative behavior 
of the system will be studied below in details. All computations are carried out by MATLAB. 


3.1 Evolution of the system state with different initial conditions 

We have chosen three different initial conditions as follows: 

IC1: {9) = 600, ¥> 2 (0) = 200, p 3 {9) = 1, <p 4 (0) = 0.5, cp b (0) = 1, <p 6 {9) = 2, <p 7 (9) = 1, <p a (0) = 0.02, 

IC2: ¥>i(0) = 700, v> 2 (0) = 350, ip 3 {9) = 2, v> 4 (0) = 2, ip 5 (9) = 3, <p 6 (0) = 5, <p 7 {9) = 6, <p 8 (0) = 1 

IC3: ¥>!(#) = 800, <p 2 (0) = 500, p 3 (9) = 3.5, <p 4 (9) = 3.5, p 5 (9) = 6, p 6 (9) = 8, <p 7 (0) = 10, <p 8 (0) = 1.4, 
where 9 G [— g, 0). We will fix the delay parameter T e = 0.01 day -1 , and using two sets of the parameter e to 
get the following two cases. 

Case (I): In this case, we choose e = 0.8 then we get Rq = 0.79 < 1. Figure 1 shows that, the state of the 

system eventually approach to the infection-free equilibrium E 0 = (1000, 600, 0, 0, 0, 0, 0, 0) for the three initial 

conditions IC1-IC3. This supports the results of Theorem 1 that the infection-free equilibrium Eq is GAS. In 
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Table 1: The values of the parameters of model (16)-(20). 


Parameter 

Value 

Parameter 

Value 

Ai 

10 cells nun - 3 day -1 

A2 

6 cells mm -3 day -1 

h 

8 cells mm - 3 day -1 

fa 

5 cells mm -3 day -1 

d\ 

0.01 day -1 

d 2 

0.01 day -1 

Si 

0.5 day -1 

52 

0.3 day -1 

cii 

0.3 day -1 

a 2 

0.1 day -1 

Qi 

0.5 

Q2 

0.5 

Cl 

10 virus nun -3 

^2 

10 virus mm -3 

ki 

2 

k 2 

2 

N yi 

9 virus cells -1 

Ny 2 

4 virus cells -1 

M Z1 

4 virus cells -1 

M Z2 

1 virus cells -1 

Pi 

0.1 cells fel mm -3fcl 

P2 

0.1 cells fcl mm -3fcl 

mi 

1 day -1 

m 2 

1 day -1 

«i 

1 day -1 

n 2 

1 day -1 

ri 

1 day -1 

r 2 

1 day -1 

X 

0.5 

u 

1 day -1 

b 

1 cells mm - 3 day -1 

p 

6 day -1 

c 

1 day -1 

£ 

Varied 

T e 

Varied 




this case, the virus particles will be cleared from the body. 

Case (II): In this case, we choose e = 0 then we calculate Rq = 2.13 > 1. Consequently, the system has two 
equilibria E 0 and Ei, and based on Theorem 2, E\ is GAS. From Figure 1 we can see that, our simulation results 
are consistent with the theoretical results of Theorem 2. We observe that, the state of the system converge 
the endemic equilibrium E\ = (571.06,332.13,4.25,4.43,7.08, 13.28, 11.58, 1.93). for the three initial conditions 
IC1-IC3. In this case, the infection becomes chronic. 


3.2 Effect of the drug efficacy on the dynamical behavior of the system 

In this case, we will fix the delay parameter r e = 0.01 day -1 . Figures 2 shows the effect of the parameter £ on 
the evolution of the uninfected CD4 + T cells and macrophages, short-lived infected cells, long-lived chronically 
infected cells, free virus particles and B cells. When there is no treatment i.e. e = 0, the trajectory of the system 
tends to the endemic equilibrium E\ = (571.06,332.13,4.25,4.43,7.08,13.28,11.58,1.93). Since E\ exists, then 
according to Theorem 2, Ei is GAS. We can see from the figures that, our simulation results are consistent with 
the theoretical results of Theorem 2. We observe that, as the drug efficacy is increased from e = 0 to £ = 0.8, 
E\ is still exists and is GAS, moreover, the concentrations of the uninfected CD4 + T cells and macrophages 
are increasing, while the concentrations of the short-lived infected cells, long-lived chronically infected cells, 
free virus particles and B cells are decreasing. When £ = 0.98, the basic reproduction number is given by 
Rq = 0.73 < 1, then according to Theorem 1, the disease-free equilibrium E 0 is GAS. We can see that, the 
concentrations of uninfected CD4 + T cells and macrophages are increasing and converge to their normal values 
A- = 1000 cells mm -3 , A- = 600 cells mm -3 , respectively, while the concentrations of short-lived infected cells, 
long-lived chronically infected cells, free viruses and B cells are decaying and tend to zero. It means that, the 
numerical results are also compatible with the results of Theorem 1. In this case, the treatment with such drug 
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(a) Uninfected CD4+T cells 



(b) Uninfected macrophages 



(c) Short-lived infected CD4+T cells 


(d) Short-lived infected macrophages 




(e) Chronically infected CD4+T cells 


(f) Chronically infected macrophages 




(g) Free virus 


(h) B cells 


Figure 1: The evolution of the system state in different initial conditions for model (16) 


-( 20 ). 
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efficacy succeeded to eliminate the viruses from the blood. 

3.3 Effect of the time delay on the dynamical behavior of the system 

In this case, we will fix the drug efficacy e = 0.2. Figure 3 shows the effect of the parameter r e on the evolution of 
the state variables of the system. When r e = 0.01, the trajectory of the system tends to the endemic equilibrium 
Ei = (684.2,378.23,3.13,3.66,5.2,10.9,9.75,1.62). Then E\ exists and according to Theorem 2 E\ is GAS. It 
means that, both the numerical and theoretical results of Theorem 2 are consistent. One can see that, as the 
time delay is increased from r e = 0.01 to r e = 0.7, E\ is still exists and is GAS, in addition, the concentrations of 
the uninfected CD4 + T cells and macrophages are increased, while the concentrations of the short-lived infected 
cells, long-lived chronically infected cells, free virus particles and B cells are decreased. When r e = 1, the basic 
reproduction number is given by Rq = 0.71 < 1, then according to Theorem 1, E 0 is GAS. We can see that, the 
concentrations of uninfected CD4 + T cells and macrophages are increasing and converge to their normal values 
^ = 1000 cells mm -3 , A) = 600 cells mm -3 , respectively, while the concentrations of short-lived infected cells, 
long-lived chronically infected cells, free viruses and B cells are decaying and tend to zero. Figure 3 shows that 
the numerical results are also compatible with the results of Theorem 1. This shows the effect of time delay on 
preventing the disease from development. 

3.4 Effects of the drug efficacy and the delay on the basic reproduction number: 

Figure 4 shows the effect of the parameters e and r e on the basic reproduction number Rq. We note that, Ro > 1 
for small values of £ or r e , and the endemic equilibrium exists and is GAS, while the disease-free equilibrium is 
unstable. When Rq = 1 (which is a bifurcation point), both disease-free equilibrium and endemic equilibrium 
coincide and it is GAS. Moreover, as e or r e is increasing, Rq is decreasing until it becomes less than one, which 
makes the endemic equilibrium does not exists and the disease-free equilibrium is GAS. From a biological point 
of view, the intracellular delay plays a similar role as antiviral treatment in eliminating the virus. We observe 
that, even if there is no treatment i.e. e = 0, sufficiently large delay suppress viral replication and clear the 
virus. This give us some suggestions on new drugs to prolong the increase the intracellular delay period. 


3.5 Effects of two types of target cells on the dynamics and controls of HIV 
infection 


In this subsection, we show the effects of two types of target cells on the dynamics and controls of HIV 
infection. We note that if Ro < 1, then it is sure that Rqi < 1 and i ?02 < 1- But if one neglect the presence of 
the macrophages in the HIV dynamics model, then the HIV model system (16) -(20) will become 


x\ (t) 


yi(t) 


Zi{t) 

v(t) 

w(t) 


= Ai — diXi(t) — 
= (1 - 9i)e- miTl 


(1 - e)^* 1 (t)v(t) 

(x ^(t)+ Pl )(v(t)+, 1 y 

(1 - g)/3lXi 1 ( t - Ti)v{t - Ti) 
{xX 1 (t ~ n) + pj(v(t - Ti) + Cl) 




= g 1 e~ miT1 q-^ftdY-nMi-T.) _ aiZl(th 
(xX 1 (t - n) + pJMt - Ti) + Cl) 

= N Vl 5ie~ niK,1 yi(t — «q) + M Zl a\e~ riUl z\{t — uq) — uv(t) — bv(t)w(t), 
= cv(t ) — pvu(t). 


(22) 

(23) 

(24) 

(25) 

(26) 


The basic reproduction number of model (22)-(26) is given by 
#oi = 


((1 - qi )e~ n ' K 'N Vl + qie~ r ^M Zl ) e~ 


L (i - OAOg) 


0\fci 


Ci((ai?) fcl +pi) 
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(a) Uninfected CD4+T cells (b) Uninfected macrophages 




(c) Short-lived infected CD4+T cells 


(d) Short-lived infected macrophages 



Time (days) Time (days) 


(e) Chronically infected CD4+T cells 


(f) Chronically infected macrophages 




(g) Free virus 


(h) B cells 


Figure 2: The evolution of the system state with different values of drug efficacy for model (16) -(20). 
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Time (days) 



(a) Uninfected CD4~*"T cells 


(b) Uninfected macrophages 




(c) Short-lived infected CD4+T cells (d) Short-lived infected macrophages 




(e) Chronically infected CD4 + T cells (f) Chronically infected macrophages 




(g) Free virus (h) B cells 


Figure 3: The evolution of the system state with different values of delayed for model (16) -(20). 
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Figure 4: Effects of the drug efficacy and delays on the basis reproduction number of model (3)-(7) 


Now we show that there is a number of parameter values for which Rqi < 1, but Rq > 1, and in such cases the 
solutions of system (22)- (26) tend to E 0 (in ®>o) as t — » oo, while those of (16) -(20) tend to Ei (in R >o) as 
t oo. We calculate the critical drug efficacy for system (16) -(20), Eq is GAS when Rq < 1 i.e. 


_ crit ^ _ - -| „ crit 

£ 1 < £ < 1 , e 1 

where R 0 = Ro | e =o and R oi = R oi \ e=0 , i = 1,2. 

For system (22)- (26), E 0 is GAS when R n < 1 i.e. 


= max 


0, = 
R< 


IE 1 

01 “I- X-^02 


etr* < £ < 1, e c J u = max ( 0, R °1 1 

X Rqi 

Clearly, > ef 1 *- Then, if one design treatment with drug efficacy efT* 4 < e < £l rlt , then Eq is GAS 
for system (22)-(26) but unstable for system (16) -(20). Using the data in Table 1 and r e = 0.01, we have 
£ cnt _ q_q 3 an( ^ £ cnt, _ o,80. Let us choose e = 0.88, then Rqi | e= o.88 = 0.62 < 1, but Rq | e= o.88= 1-31 > 1. 
Therefore, more accurate treatment can be designed using the model (16) -(20) than those designed using 
model (22)-(26). Figure 5 shows the effect of two target cells on dynamics and control of HIV infection. 
We observe that, if we choose e = 0.88, then the trajectory of model (16) -(20 tends to the infection-free 
equilibrium E 0 = (1000,0,0,0,0,0), while the trajectory of model (16) -(20) tends to the endemic equilibrium 
E l = (990.54, 573.24, 0.1, 0.4, 0.15, 1.31, 1.04, 0.17). 


3.6 Effect of long-lived chronically infected cells on the dynamics and controls of 
HIV infection 

To show the effect of the presence of long-lived chronically infected cells on the dynamics and controls of 
HIV infection, we write the HIV model without long-lived chronically infected cells as: 

fox** (t)v(t) 


*u(t) — A i diXi (f ) 


(Xi(t) + Pi)(v(t) + q )' 


W) = ATTN v 7— T - 8 iVi(t), 

{Xi'{t -Ti) T pi)(y(t - Tj) + ?i) 

2 

v(t) = ^^N yi 6 ie~ niKi yi[t — Ki) — uv(t ) — bv(t)w(t ), 

i — 1 

w(t) = cv(t) —pw(t). 


(27) 

(28) 

(29) 

(30) 
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(a) Uninfected CD4+T cells for model (16)-(20) and model (22)- (b) Short-lived CD4+T cells for model (16) -(20) and ((22)-(26). 
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(c) Chronically infected CD4+T cells for model (16) -(20) and (d) Free virus for model (16) -(20)) and (22)-(26). 
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(e) B cells for model (16) -(20) and (22)-(26). 


Figure 5: Effect of two types of target cells on the dynamics and controls of HIV infection 
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The basic reproduction number for system (27)-(30) is given by 


~ ^ ~ ^ e-^e-^NyMx 0 ^ 

° ° l u ^i(( x i) ki + Pi) 

where R 0 = Rq | 9l=92 =o- Since e~ niKi N y . > e~ riUi M z ., i = 1,2, then we have 
_ v-((l - qi)e- n ^N Vi +q t e- r ^M Zi ) e ~ m ^ &(*?)** 

0 h u *{{$)*'+ p t ) 

_ ^ e- niKi e- miT 'N y .p.{x^) ki ^{e~ niK ’N y . - e~ riU1 ' M Zt ) qi e- miTi /3 z (x°) ki 

iu-_.(('r9\ki 4 - n 1 2-^1 U<;i((Xi)ki + p .) 


jri + Pi ) 


-R 0 ~Y^ 


(e~ n * K * Nyi _ e- r * Wi M Zi ) 9l e- miT */3 i (a;°) 
+pj 


Therefore even without the incorporation of treatment, the long-lived infected cell population decreases the 
basic reproduction number of the system. Now, we calculate the critical drug efficacy needed in order stabilize 
the system around the infection-free equilibrium. The critical drug efficacy for systems (16) -(20) and (27)-(30) 
is given by ef r,t and e Ip*, respectively, where, 


CTlt J r\ -^0 

= max <0. — ; 


Rn ~ 1 


where Rq = Rq | s= o= Rq | e =gi=g 2 =o- Using the data given in Table 1 with r e = 0.01, we have £f lt = 0.93 
and ejp* = 0.99. Therefore the drug efficacy necessary to drive the system to the infection-free equilibrium 
is actually less for system (16) -(20) than that for system (27)-(30). Figure 6 shows the effect of chronically 
infected cells on dynamic and control of HIV infection. We observed that, if we choose e = 0.93, then the 
trajectory of model (16)-(20) tends to infection-free equilibrium E 0 = (1000,600,0,0,0,0,0,0), while in the 
model (27)-(30), Rq = 1.54 > 1 and the trajectory tends to the endemic equilibrium with humoral immunity 
E x = (990.99, 558.53, 0.17, 1.36, 1.83, 0.3). 
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(f) B cells for model (16) -(20) and (27)-(30). 


Figure 6: Effect of long-lived chronically infected cells on the dynamics and controls of HIV infection 
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COMPOSITION OPERATORS ON DIRICHLET-TYPE SPACES 

LIU YANG, YECHENG SHI* 


Abstract. In this note, motivated by [8], under the conditions of weighted 
function in [10], we characterize bounded and compact composition op- 
erator on Dirichlet-type spaces Dj < • We also give an equavalent chara- 
terization of composition operator on D K , if the composition operator 
on Dk spaces is Hilbert-Schmidt. 

Keywords : D K spaces; composition operators; Hilbert-Schmidt 


1. Introduction 

Let D be the unit disk in the complex plane C and 7/(0) be the class of 
functions analytic in D. Let K : [0, oo) — > [0, oo) be a right-continuous and 
nondecreasing function. The Dirichlet-type spaces Dk, consists of those 
functions / G 77 ( D), such that 

11/112* = l/(0)| 2 + f \f'(z)\ 2 K(l - \z\ 2 )dA(z) < oo. 

Jo 

When K(t) — t°, 0 < a < 1, it give the classical Dirichlet-type space 
D a . For more informations on D a and D K spaces, we refer to [1], [3], [12], 
[19], [25], 

Let (p be a holomorphic self-map of D. The composition operator C v on 
D K is defined by 

C v {f)=f f^ D K- 

There are many papers study composition operator, we refer to [4], [13], 
[14], [15], [17], [20], [21], [22], [24], [26], Recently, Kellay andLefevre us- 
ing Nevanlinna counting function, characterize bounded and compact com- 
position operator on Dirichlet-type space Dk under certain conditions in 
[13], Later, Pau and Perez studied the essential norm and closed ranged of 
composition operator on D a in [17], 
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In this paper, motivated by [ 8 ], we generalize Theorem 2.2 of [ 8 ] to D K 
spaces. We also give a characterizations of boundedness and compactness 
of composition operator C v on D K spaces by ip n . Furthermore, equavalent 
characterizations of composition operator on D K spaces belong to Hilbert- 
Schmidt was gave. 

Throughout this paper, suppose that K : [0, oo) — * [0, oo) is a right- 
continuous and nondecreasing function. Satisfying 


and 


where 


<Pk(s) 


ds < 


oo 



<Pk(s) 


ds < oo, 


<Pk(s) = sup K(st)/K(t), 0 < s < oo. 

0 <t<l 


(i.i) 


( 1 . 2 ) 


To learn more about weight function K, we refer to [2], [3], [9], [10] and 
[16]. 

Throughout this paper, for two functions / and g, f x g means that 
(7 < / < ( 7 , that is, there are positive constants C\ and C 2 depend on K and 
index s, a, such that C\g < f < C 2 g. 


2. Auxiliary results 


Before to proof, we need to know some results. The following lemma 
can be found in Lemma 2.1 of [2]. 


Lemma 1. Let (1.1) and (1.2) hold for K. If 2 — |<s<l + c, then 


K (1 - 

- 

K(w)\ 2 ) 

(1- 

w 

F) 

S 

1 — wz\ 

\a 


< 

r^j 


K (1 - \g a (z)f) 
(1 — |^| 2 ) s+a_2 


for all a, z G D, where a a (z) = 

Lemma 2. Suppose that K satisfies (1.1) and (1.2). Then 


1 + 


OO 

E 

n 


71+1 


1 

(1 - t) 2 K(l - t ) 


for all 0 < t < 1. 
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Proof. Without loss of generality, we can assume 1/3 < t < 1, otherwise, 
it obvious. Make change of variables y = -, an easy computation gives 


00 1 1 00 r ± _L 

V- n + 1 ,n _ [ n tx 
2^ K(-fr) 2^ J 1 x 3 K(x ) 

da ; X 


dx 


7+1 

1,1 


yt y 


x 3 K ( x ) 




IT*- 


Let 7/ = 3^. We can deduce that 


00 n 

n + 1 f n 

2^ JYf— !— ) 

n=l U+U 


(Inf 


112 


' , °° 7e" 7 , 

A'(Mn ^ 7 


1 f 00 7e _7 iL(lnf) 

(in |)2A-(in f) L lnt A-(Muf) rf7 
1 


< 


(1 -t)2JY(l -t) J_ lnt 


7 e 7 ^a(7)^7- 


By [10], under conditions (1.1) and (1.2), there exists an enough small c > 0 
only depending on K such that 


and 


Therefore, 


<Pk(s) <s c , 0 < s < 1 
<Pk(s) < s 1 - 0 , s> 1 . 


00 1 

\ ^ n + l < 

n= 1 ^n+P 


< 

r^j 


J_ lnt 

1 

(1 — f) 2 A'(l — t) 

1 


(1 - t) 2 K(l - t) 
where T(.) is the Gamma function. It follows that 

00 1 1 1 

1 + y n + 1 t n < 1 

+ 2^ k(+-Y ~ n _ 


7 e 7 <^a'(7)^7 

) /»o< 

e _7 7 2_c d7 + 

Jo 

(r(3-c) + r(2 + c)), 


3 ~7 


7 1+c *) 


^A(Tl) ~ (l-i) 2 A(l-«) 
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Conversely, since K is nondecreasing, we deduce that 

~ 1 r°° ye -7 /! (in |) 


\ ^ n + 1 
K ( — ) 1 

n = 1 Wl' 


The proof is completed. 


(in /) 2 iC (in |) J_i Dt Kai nj) 


dy 


> 


> 

rs.7 


(l-f) 2 /T(l-f) 

i r°° 

Jin 2 

1 

(1 — f) 2 iC(l — f) ' 


ye 7 //(In 
Un2 i^(Mn|) 7 


7 

ye -7 dy 


□ 


The next lemma can be found in Theorem 5 of [23], 

Lemma 3. Let (1.2) hold for K. Then for any a > 0 and 0 < f3 < 1, we 
have 

1-/3 


r a 1 (log — ) ^ A' (log-) dr 


1-/3 


a 


K 


1-/3 


a 


3. Boundedness and compactness 


In this section, motivated by [ 8 ], we discuss the boundedness and com- 
pactness of compostion operators by a general computation. 


Theorem 1. Suppose that (1.1) and (1.2) hold for K, s > 0. Suppose 
92 (D) C D and 92 G D K . Then C v is bounded on D K if and only if 


sup 

aeB 


(i - H 2 ) 2 * 2 * f I jg Kl , 

if(l-|a| 2 ) L |l-M*)l l+2> 1 


z\ 2 )dA(z) < 00 . 


Proof. Let 


K(Z) 


7 - l°l 2 ) 1+> 1 s>0 


Using Lemma 1, it is easy to check that F a e D K . If C v is bounded on D K , 
then \\C (p (F a )\\ DK < 00 , that is, 


sup 

aeB 


(i - H 2 ) 2 * 2 * f W ,. n 
if(i-|»l 2 ) i„|i-sA-)l l+2 * 1 


z\ 1 )dA(z) < 00 . 
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On the other hand, we know that for any pseudohyperbolic discs D(z, r ), 
we have 1 — \w\ x 1 — \z\ x |1 — wz\, for any w G D(z, r ) (see [27, page 
69]). Let / G D k . Applying sub-mean-property to |/'| 2 , we have 


i m\ 2 < 


< 


' D(z,r) 


' D(z,r) 




WZ\ 


1 /'(«; 

0I 2 (1- 

M 

2^2+2s 


1 — wz 

4+2 s 


dA(w ) 


1 f(w 

’)| 2 (1- 

|iy 

2)2+2s 


1 — WZ 

4+2s 


dA(w). 


Therefore, we get 


< 


< ( sup 

v u?ED 


/ \f'(p(z))\ 2 \p'(z)\ 2 K(l-\z\ 2 )dA(z) 

Jo 

l/'HI 2 


|1 — wcp(z) | 4+2s 


(1 - \w\ 2 ) 2+2s dA(w) \ip\z)\ 2 K{l - \z\ 2 )dA(z) 


(1- 

w 

2\2+2s 

' t 

f . 

D 


K{ 1 

— 

ip 

I 2 ) J 

|1 


W{z)\ 2 


;K{ 1 - |^| 2 )dA(^) 


x / |/ (w)| 2 iT (1 — |-ip| 2 )gL4(w) < oo. 


The proof is completed. 


□ 


Theorem 2. Suppose that (1.1) and (1.2) hold for K, s > 0. Suppose 
p(Ii) C D and p G Dk- Then CL is compact on Dk if and only if 


lim 

| a |— >1 


(1- 

a ' 

2\2+2s 

' i 

f. 

D 

l^)| 2 

K( 1 

— 

a 

I 2 ) J 

1 — ap(z) 4+2s 


K{ 1 - \z\ 2 )dA(z) = 0. 


Proof. Let 

G(w) = 


(1- 

w| 

2\2+2s 

' j 

L 

D 


K{ 1 

— 

|iy | 

I 2 ) 7 

|1 


W(z)\- 


wp(z)\ A+2s 


K(1 — \z\ 2 )dA(z). 


Let {fk} < k=\ be a bounded sequence of D K such that f k 0 weakly. There- 
fore, f' k — > 0 uniformly on compact sets. From the proof of Theorem 1 and 
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dominated convergence theorem, when k — > oo, and r — > 1 , it follows that 

\\c v (m 2 DK - \Mm)\ 2 

< [ \f k (w)\ 2 G(w)K(l-\w\ 2 )dA(w) 

Jo 

<[ \fl(w)\ 2 G(w)K(l~\w\ 2 )dA(w) 

J rD 

+ [ - \w\ 2 )dA(w) -A 0. 

J B\rO 


Thus, C (f is compact. 

Conversely, if C v is compact, let {afc}^ C D, \a k \ — > 1, 


a k ' 


(l-|a fc | 2 ) 1+s 1 

\/ K(1 — \a k \ 2 ) (l-^) 1+s ‘ 


Then, it is easy to verify that F ak — > 0 uniformly on compact sets. Thus, 
\\C v (F ah )\\ d k — > 0 as k — > oo. The proof is completed. □ 


4. ^-type Characterizations 


In [24], Wulan, Zheng and Zhu gave an interesting characterizations of 
compostion operators C v by tp n . In this section, we are going to give an 
analogy results on D K spaces. 


Theorem 3. Let (1.1) and (1.2) hold for K. Suppose <p G D k satisfies 
C D and C v : Dk — >• Dk- Then 


( 1 ) If 


sup 

n 



\mi K 


< oo, 


then C v is bounded; 
(2) If Cy is bounded, then 


sup 

n 



\W n \\l K 


< oo. 


Proof. (1). Let a, z G D and s > 0. Since 

|1 - a<p(z)\ > 1 - \a]\(p{z)\ 

and 


(|1 — |a||<^(^)|) 4+2s (|1 — \a\ 2 \p(z)\ 2 ) 4+2s ' 
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Note that 


E 


(|1 - \a\ 2 \(p(z)\ 2 ) 4+2s ^ n!T(4 + 2s) 


r(n + 4 + 2 s ) lo|2 „^ w|2 „ 


it follows that 

(1 - |a| 2 ) 2+2s 


I^WI 2 


< 


— |a| 2 ) 7 b |1 — dLp(z)\ A+2s 

(1 — |a| 2 ) 2+2s f 




K( 1 - |«| 2 ) Jo (1 - |a||<^(Y)|) 4 + 2s 

,(1 - l«| 2 ) 


K{ 1 - \z\ 2 )dA(z ) 


Ji (1 — |z| 2 )gL4(z) 


2\2+2s /• 00 


T(n + 4 + 2s) 
K( 1 - |a| 2 ) n!r(4 + 2s) 


E 




By Stirling formula, we get 


T(n + 4 + 2s) 3 + 2 s 

E— r~ ~ n + , n ->■ oo. 

n!T(4 + 2s) 


Therefore, 

(1 - |a| 2 ) 2+2s 


l^)| 2 


^(!-M 2 ) Jo |1 — a^(-) | 4+2s 


iT(l - |z| 2 )(L4(,z) 


/ -j | |2\2+2s 00 r 

~ f,7i i 1^1 E" 3+2 *l°l 2 " / M*-)l 2n Y'(*)|A(i - M 2 )<M( Z ) 

l a N n= o -/B 


< 


< 


< 

rs.7 


/i I |2\2+2s 00 r 

_ |„| 2) X> + 1) 3+2 1«I 2 " / IA*-)I 2 VMI 2 a'(i - \z?)AA(z) 


n = 0 


<^f(n + Wl ^ 


m - i«i 2 ) 

su p 


71 _ I « |2\2+2s 00 i 

1 I N J](n+l) 1+2s iT( "~ |2n 


^ - l°l 2 ) to 


Following the proof of Lemma 2, we have 


n 


f>-M) 1+2 ^(i)|a| 2 ”~ A ' (1 - kl 2 ) 

n.= 0 


(1 — |a| 2 ) 2+2s 


Thus, 


W\z)\ 2 


< 


(1 - |a| 2 ) 2+2 * 

K(l-\a\ 2 ) J 0 \l-aip(z)\ 4+2s 
1 

sup 


K(1 — \z\ 2 )dA(z) 


K{\) 


n 1 1 2 
Dk- 
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Hence, by Theorem 1, we prove (1). 

(2). Suppose that C v is bounded on D K . Let fn(z) = Z n /\\z n \\ 2 DK . Then, 
we have ||/ n |||, = 1. An easy computation gives, 


°o > \\CM\l K = 


b 


n ||2 

D k 


1 2 

I D k 


> 


nKb) 


W' 


2 

D k - 


The last inequality is deduced by Lemma 3. The proof is completed. □ 


Theorem 4. Let (1.1) and (1.2) hold for K. Suppose p G Dk satisfies 
92 (D) C D and C v : Dk — >• Dk- Then 


( 1 ) If 


lim 

n— » 00 



b n \\ 2 D 


0 , 


then CL is compact; 
(2) If C :p is compact, then 


lim 

n— >00 



b n \\ 2 D K 


0 . 


Proof. (1). The proof is similar to (1) of Theorem 3. 

(2). Let { /„} be a bounded sequence in D K that convergence to 0 weakly. 
If C v is compact on D K , then \\C v f n \\o K —> 0, as n — > 00 . Thus, for any 
z 6 D, we have 

fn{p{z)) — >• 0 , n — >■ 00 . 

Since {z n /\\z n \\ DK ,n > 1 } is bounded in D K and it converges to 0 point- 
wise, the compactness of C v on D K implies that 


lim 

n— >00 





b n f DK 


0 . 


The proof is completed. 


□ 


5. Hilbert-Schmidt class 

Let Hilbert-Schmidt class be the space of all compact operators on Hilbert 
space with its singular value sequence {A n } G l 2 , the 2-summable se- 
quence space (see [27, page 18]). The following theorem give an equavalent 
charaterizations of composition operator on D K spaces, when it belong to 
Hilbert-Schmidt class. 
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Theorem 5. Let (1.1) and (1.2) hold for K. Suppose 92 (D) C D, ip e Dk 
and C, P is compact. Then C, f is Hilbert- Schmidt on Dk if and only if 

f \p\z)\ 2 K(l-\z^ 


(1 - |^)| 2 ) 2 A'(1 - \p{z)\< 


- dA(z ) < 00. 


Proof. Without loss of generality, we can assume {1} U {- 


;}”.i is 


an orthonormal basis in Dk and 92 ( 0 ) = 0. From Theorem 1.22 of [27], CL 
is Hilbert-Schmidt on Dk if and only if 


> --r— < OO. 

^ nK (i) 

n = 1 v «' 


Applying Lemma 2, we have 

D k ( T r 


= / W 2 (.z)r l W{z)\ 2 K(i-\z\ 2 )dA(z) 

n= 1 'n' n= 1 '■ra' 


oo 

E n + 1 

K(—~) 
n = 0 L+l > 


\p\z)\ n \p\z)\ 2 K(l-\zf)dA(z) 


\p\z)\ 2 K(1 — \z\ 2 ) 

(l-|^)| 2 ) 2 iT(l-|^)| 2 ) 


dA{z ) 


The proof is completed. 


□ 
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Abstract 

Here we study some important properties of left multidimensional 
Riemann-Liouville fractional integral operator, such as of continuity and 
boundedness. 
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1 Motivation 

From [1], p. 388 we have 

Theorem 1 Let r > 0, F £ (a, b), and 

G (s) = f (s — t) r_1 F (■ t ) dt, 

J a 

all s £ [a, b ]. Then G £ AC ([a, b\) (absolutely continuous functions) for r > 1, 
and G £ C ([a, b]), only for r £ (0, 1) . 

2 Main Results 

We give 

Theorem 2 Let f £ L ^ ([a, b] x [c, d]), 01,02 > 0. Consider the function 

rx 1 rx 2 

F(x i,x 2 )= / {x 1 -t 1 ) ai ~ 1 {x 2 -t 2 ) 0 ‘ 2 ~ 1 f{t 1 ,t 2 )dt 1 dt 2 , (1) 

J CL\ J CL 2 


1 
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where a\,X\ £ [a, b], <22,22 € [ c,d ] : <21 < X\, (12 < x 2 . 

Then F is continuous on [ai, b] x [02, cZ] . 

Proof. (I) Let ai, b\, b\ £ [a, b] with bi > b\ > 01, and 02, b 2 , b^ € [c, d] with 

62 > &2 > ° 2 - 

We observe that 

F(6 1 ,6 2 )-P(&*i,^) = 

[ f (bi - ti)“ 1_1 (62 - t 2 ) a2 ~ 1 f (ti,t 2 ) dtidt 2 - 

J CL 1 «/ flo 


' CLi J &2 

r b l r b 2 


f j (&*-ti) ai 1 (65 - t 2 )“ 2 1 f {ti,t 2 )dt 1 dt 2 = 
(61 ^ ii) ai_1 (62 - t2)“ 2_1 f (ti,t 2 ) dt 1 dt 2 — 
f f (b{ -ti) ai_1 (&2 - f dtidt 2 + 

J CLi J CL 9 

(61 - Zi)“ 1_1 (62 - i2)“ 2-1 f (ti,t 2 ) dtidt 2 + 
(61 - ti) Ql_1 (b 2 - t 2 ) a2_ 1 / (ti,t 2 ) dtidt 2 + 

n 02 

(61 - (62 - t 2 ) a2_1 / (<1,^2) diidt 2 - 

* 


( 2 ) 


' CLi J CL 2 

r b I /* fe 2 




1 r u 2 


/6* da 2 
pl>2 


> a\ J b: 

rb 1 /»62 


Call 


I " 1 f 2 (&i - ii)^ 1 (62 - i 2 )“ 2 - 1 - ft - Zi) ai -* - t 2 ) c 

J CL\ J CL2 

\F (b.M) ~ F {b\,b* 2 )\ < 


dtidt 2 . 


( 3 ) 


Thus 


W n , ^» ai 

r (&2 -a 2 r- (62 -^ri 

L 

02 


- ai r - (&! - \ (62 - , (&i - (& 2 - 


Ol 


02 


cci 


02 


( 4 ) 


Hence, by ( 4 ), it holds 

<5 := lim ^(61, 62) -^(6*,^)! < (lim /(&!,&$ 

(6J ,6|)^(6i,6 2 ) 


(6*,6*)^(6i,6 2 ) 

or 

( 61 , 6 2 )— >( 6 j , 63 ) 


=: P- 


( 61 , 62 )^( 65 ; , 65 ) 


( 5 ) 
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If a i = «2 = 1, then p = 0, proving S = 0. 
If ai = 1, a 2 > 0 we get 




i(bi,bz) = (bi- ai ) ( / i(6 2 -t2)“ 2 - 1 -(^-t 2 ) 


\&2 — 1 


rft 2 


( 6 ) 


Assume cr 2 > 1, then a 2 — 1 > 0. Hence by b 2 > & 2 , then 6 2 — i 2 > 6 2 — t 2 > 0, 
and (b 2 - t 2 )“ 2-1 > (& 2 - t 2 )“ 2-1 and (b 2 - 1 2 )“ 2-1 - (& 2 - t 2 ) Q2_1 > 0. 

That is 


J(6t,6^) = (6t-ai) 


( b 2 — t 2 ) c 


a 2 


bX 


(b 2 - a 2 ) c 
a 2 


= (&i - ai) 


Clearly, then 


(b 2 - aiT* - - b* 2 r - (b* 2 - a 2 ) a2 

a 2 


lim I{b\,b* 2 ) =0. 

b 2 ^b 2 

or 


Similarly and symmetrically, we obtain that 

lim I{b\,bl) = 0, 

b\ — >bi 
or 
bi — 

for the case of a 2 = 1, a.\ > 1. 

If ai = 1, and 0 < a 2 < 1, then a 2 — 1 < 0. Hence 

/ (6J, b* 2 ) = (bl - ar) (£ 2 (( b* 2 - h)^- 1 - (6a - t^ 2 ’ 1 ) 


( 7 ) 

( 8 ) 


(9) 


dt 2 = 


(&* - a i) 


(&$ - a 2 )“ 2 - (6a - a 2 )“ 2 + (62 - &;) c 


Clearly, then 


oi 2 


lim I (b\,b 2 ) = 0. 
b 2 ^b 2 
or 

bo^b% 


( 10 ) 

(ii) 


Similarly and symmetrically, we derive that 

lim I {b\,bl) = 0, 

oj— >o i 
or 
bi — 

for the case of a 2 = 1, 0 < ol\ < 1. 


( 12 ) 


3 
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Case now of a \ , a 2 > 1 , then 

I(bl,b* 2 )= f 1 f 2 [(6 1- tip- 1 (6 2 - 

J 0\ J 0,2 


hY 2 ” 1 - (K - tip " 1 (b* 2 - t 2 r 2-1 

** u-i ti /2 

( 13 ) 

/ (fri-ai) ai / (62 - « 2 ) a2 - (62 - 6^) a2 \ (bj - ai ) ai (% - g 2 ) a2 

v a i / V a 2 y «i c «2 

That is 


dtidto = 


lim l(b\,bl)= 0 . 
(b 1,62)^(61,62) 


( 14 ) 


(fe*,fe*)^(fei,6 2 ) 

Case now of 0 < «i, 02 < 1 , then 
rb* rK 

I /i,* j. \ a 'i~ 1 1 ,, 
u 2 


I (K,b* 2 ) = f 1 f 2 Ub{ - hY 1 - 1 (b * 2 - t 2 ) a2 " 1 - (61 - h r 1 ” 1 ( 6 2 - taf 2 ” 1 

J a\ J 02 J 

(&? - «i) ai (b * 2 - CL 2 Y 2 ( (h ~ ai ) ai - (*>i - ^!) ai \ /(^ 02 r^- 6 |T\ 

«i a 2 \ ol\ J \ a 2 / 

( 15 ) 


dtidto = 


That is again, when 0 < ai, a 2 < 1 , 

lim I (bl,bl) = 0 . 

(bi,b 2 )-+(bl,b%) 
or 

(K,bZ)-*(bi,b 2 ) 

Next we treat the case of ot\ > 1 , 0 < a 2 < 1 . 

We observe that 

I (bl,b* 2 ) < I* (bl,b* 2 ) := f 1 r {bi-tiY 1 - 1 (b2-t 2 Y 2 - 1 -(b*2-t2Y 2 ~ i 

J 0\ J 0,2 


( 15 ) 

( 16 ) 


dt\dt 2 


b l r b 2 


{b*2 - t2) 


1 CL 2 — 1 


dtidt 2 . ( 17 ) 


(61 - ti ) ai - 1 ^(6*-t 1 )“ 1 " 1 

f 0\ J 0,2 
Therefore it holds 

I* (bl, b* 2 )= I " 1 [ 2 (b 1 - ii) ai_1 (( b * 2 - hY 2 ” 1 ~ (62 - i 2 )“ 2_1 ) dhdt 2 

( 18 ) 

| dtidt 2 = 


( 19 ) 


- / &1 f 2 (b *2 ~ is) 02 " 1 ((61 - tir^ 1 - (&J - ti) 01 " 1 ) 

J a\ J 02 ' 7 


Hh-arY 1 -(bi-blY 1 ^ 

m-a 2 Y 2 -(b 2 ~a 2 Y 2 +(b2-b* 2 Y 2 1 

\ Oil J 

a 2 


(b * 2 - a 2 )“ 2 


a 2 


(61 - aiY 1 ~ (bi - btY 1 ~ (K - aiY 1 

Oil 
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So, in case of a\ > 1, 0 < a 2 < 1, we proved that 

lim 7(6* bX) =0. (20) 

(6 1 ,6 2 )-(6I,6S) 

or 


Finally, we prove the case of a 2 > 1 and 0 < a\ < 1. We have that 


I* (bl,b* 2 ) { = ] 


rK r b 2 




Oi 2 — 1 


\ Q 2 1 


dtidt.2 


+ [ bl f 2 ( b* 2 - t 2 )“ 2-1 ((61 - ti) 011 - 1 - (6i - ti) ai_1 ) M 2 = (21) 

J a\ J a-z ' 7 


/(6 1 - 0l r-(6 1 -6jr\ 

1“ (b 2 - a 2 )“ 2 - (6 2 - 6 2 )“ 2 - (63 - a 2 )“ 2 1 

\ ai ) 

a 2 


(&2 - °2) C 


'(6i-a 1 r-(6 1 -a 1 ) ai +(6 1 -6I) £ 


OL 2 


OLl 


( 22 ) 


Hence again it holds 


lim I (6*, b 2 ) = 0. 
(b!,b 2 )^(bl,b*) 
or 


(23) 


We proved p = 0, and 6 = 0 in all cases of this section. 

The case of bl > b\ and b 2 > b 2 , as symmetric to b\ > b\ and b 2 > b 2 we 
treated, it is omitted, a totally similar treatment. 

(II) The remaining cases are: let ai,6i,6* € [a, b]; a 2 ,b 2 ,b 2 € [c, d], we can 
have 

(Hi) 6i > b{ and b 2 < b 2 , 
or 

(II 2 ) bi < bl and b 2 > b 2 . 

Notice that (Hi) and (II 2 ) cases are symmetric, and treated the same way. 
As such we treat only the case (Hi). 

We observe again that 


F(b 1 ,b 2 )-F(b* 1 ,b* 2 ) = 



h) ai 1 (6 2 — f 2 )“ 2 1 f {ti,t 2 ) dtidt 2 - 



ti ) ai_1 (&2 


t 2 ) a2 1 / (ti,t 2 )dtidt 2 = 



ti) a ^ l (b 2 


t 2 ) a ~ 1 / (ti, t 2 ) dt\dt 2 + 


(24) 


5 
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f f [bi-ti) ai 1 (b 2 — h ) a2 1 f (h,t 2 ) dtidt 2 - 

J b? J ao. 


>b\ J CL2 
rbl pb2 


(bl-h ) 011 1 {b* 2 -t 2 ) a2 1 f (h,h) dtidt 2 - 


a i J d2 
b, rbn 


(bl-ti ) 011 1 ib 2 — t 2 ) a2 1 / (h,h) dtidt 2 = 


CL\ J 62 


f bl f 2 Uh - 1^- 1 (b 2 - hr- 1 - ( b\ - hr 1-1 r 2 - hr- 1 ) / r ,h) & 

J a\ J d 2 ' / 


idt 2 


61 fb 2 


{bi-hY 1 \b 2 -hr 1 f(h,h)dhdt 2 ~ 


Q!2 — 1 


bl Ja 2 


(bl-hr 1 {b * 2 - t 2 ) a2 1 f (h,h) dhdh- 


(25) 


We call 


a 1 J 62 


I(K,b 2 )~ f 1 [ b 2 (6i-ti) ai - 1 (6 2 -t 2 ) ai " 1 -(6i-ti) ai ^-t2) a2 " 1 

J CL\ J 0,2 

(26) 

Hence, we have 

|F(& 1; & 2 )-F(^)| < 


dt\dt 2 


T/ u* U, , (5i-6tr(6 2 -a 2 r , (6*- ai r(&2-M c 

i (f>i, o 2 ) H 1- 


Ot 1 


a 2 


Qfi 


a 2 


Therefore it holds 


< 5 := lim |F ( 61 , 62 ) -F(b\r 2 )\ < (lim / (61,6a 

I b 2— 1-^0 | b2 _ ft .|^o 

We will prove that 0 = 0, hence 5 = 0, in all possible cases. 
If ol\ — cx 2 = 1, then / (6*, & 2 ) = 0, hence 0 = 0. 

If ai = 1, a 2 > 0 we get 


• (27) 


=: 0. (28) 


\ CX.2 1 


dt 2 


I (bt,b 2 ) = (K ~ ai) yj |(& 2 -ia ) Q2 -( 6 £-ia) 

Assume a 2 > 1, then a 2 — 1 > 0. Hence 

/ ( 6 ;, 6 a) = (61 - 01 ) ^ 2 (( 6 £ - ^r 2 " 1 - (62 - t 2 )“ 2-1 ) *2 

= (&! - 


(29) 


(& 2 -i 2 nL 2 -( 62 -a 2 ) c 


Ift2 

0 : 2 
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= (K - oi) 


(62 - a 2 )“ 2 - (b* 2 - 6 2 )“ 2 - (b 2 - a 2 ) c 


ol 2 


Clearly, then 


lim I (bl,b 2 ) = 0, 

|6j.— bl |— >0, 

1 62-65 1^0 

hence 9 = 0. 

Let the case now of a 2 = 1, a\ > 1. Then 


f6* 


I(b* 1 ,b 2 ) = (b 2 -a 2 ) I / (fti-iir-M&i-*!) 


\Ol-l 


dt 1 


= (6 2 — 02 ) 


(6 1 -o 1 )“ 1 -(6 1 -6i) ai - 




Then 0 = 0. 

If a-| = 1, and 0 < a 2 < 1, then a 2 — 1 < 0. Hence 

I ( b\,b 2 ) = (6J - ai ) [ ' 2 (b 2 - t 2 r~ l - (6^ - t 2 ) 

J 0,2 

(61 - ai ) ((6 2 - - (62 - hr- 1 ) 


Qt-2 — 1 


dt 2 = 


di 2 = 


(62 - or) 

Hence 9 = 0. 

Let now a 2 = 1, 0 < ai < 1. Then 

r 6* 


(6 2 - a 2 ) a2 - (62 - a 2 ) a2 + (62 - 6 2 ) c 


a 2 


I ( 6 J, 62 ) = (6 2 - a 2 ) f 1 ( 6 r - - ( 6 J - ir) a 

J a\ 

= (6 2 - a 2 ) f ((bl - h )“ 1_1 - (61 - H) ai_1 ') 

J 0,1 ' ' 


dti 


G?tl 


= (6 2 - a 2 ) 

Hence 0 = 0. 

We observe that: 

/•bi r^2 


(62 - ai ) ai - (6! - ai ) ai + (6r - 62) c 


CKi 


n o 2 

(bi — ti) ai 1 (6 2 — t 2 )“ 2 — (61 — ti ) Ql (62 — 

o 


65 1*62 


+ 


(61 - H)" 1-1 (62 - t,) 02 ” 1 - (62 - hr~ L (62 - < 2 ) 


ai — 1 /t* « \02~ 1 


dt\dt2 


7 


(30) 

(31) 

(32) 


(33) 


(34) 
dtidt 2 

=: J (62, 6 2 ) , 

(35) 
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I(b\,b 2 )< J(bl,b 2 ). 


Hence it holds 


j(bi,b 2 )= f 1 TV-^r- 1 (& 2 - i 2 r _1 - w ~ hr- 1 dhdh (36) 

J 0\ J 0,2 

+ f 1 [ b 2 ip 2 - ^) Q2_1 (6i ^ ii) ai_1 - (bt - ii) 01 " 1 dhdh- 

J Cli J Oo 


dtidt'2- 


Case of ai, a 2 > 1. Then 

nbl nb2 


n ° 2 / \ 

(h - 1^- 1 Ub * 2 - t 2 r - (b 2 ~ hr- 1 ) dt v 
2 ' ' 

+ [ 6l [ b 2 (b *2 ~ ^) a2_1 ((61 - h) ai _1 - (61 - dhdh = 

J ai J 02 ' 7 


(6! - ai ) ai - (6! - b\r \ \ ( ( b * 2 - a 2 r - ( b * 2 - & 2 )“ 2 \ (62 - « 2 ) 


+ / (^-a 2 r^(5S-6 2 r \ r/ (6 1 -q 1 ) ai -(6i-6i) ai \ _ (b? - ai) 
V a 2 ) [\ ai J OL 1 

So that 0 = 0 . 

Case of 0 < ai, c*2 < 1 , then 

J{b\,b 2 )=( f (61 - ti)“ 1_1 ((62 - t 2 )“ 2-1 - (b * 2 - t 2 )“ 2-1 ) dhd 
J 0\ J 02 ' 7 

+ [ [ {bl-hr~ 1 ((b* 1 -hr~ 1 -(bi-hr~ 1 )dhdt 2 = 

J ai j Oo. ' ' 


(bi - a,r - (bi ~ b*r ) f(b 2 - a 2 r f ( b* 2 - a 2 f 2 - (6* - b 2 ) a 2 


(b* 2 -a 2 r-(b* 2 -b 2 r\ \(bt- ai r fr- ai r -r-bt) 


One more time 0 = 0. 

Next case of cui > 1, 0 < a 2 < 1. We observe that 
r b 1 r b 2 , / 


n ° 2 / \ 

(bi - h) ai1 ((b2 - hr' 1 - (b 2 - t 2 ) a2 ” 1 ) dhdh (39) 
2 ' ' 

+ [ bl f 2 (b 2 - hr- 1 ((bi - ti) 01 " 1 - (bl - tr) 01 " 1 ) dhdh = 

J 0\ J 02 ' 7 
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ai) ai - (0i - bt) ai \ 

[(0 2 -a 2 )“ 2 

f(b* 2 -a 2 r-(b* 2 -b 2 r\ i 

ai J 

a 2 

V “2 ) . 


(b* 2 - air ~ (b*2 - b 2 ) c 

a 2 


(&i _ ai ) Ql - (6, - 6J) C 


«i 


(&! ^ a i) c 


<*i 


(40) 


Hence 0 = 0. 

Finally, we prove the case of a 2 > 1 and 0 < a\ < 1. In that case it holds 

J(bl,b 2 )= f 1 f 2 (6i - ((b* 2 - ta) 02 " 1 - (b 2 - t 2 )“ 2 - 1 ) dM*2 (41) 

J a\ J a,2 ' 7 


+ 




(&2 



-ti) ai ^(fei-ti)" 1 dt 1 dt 2 


(&i - ai ) ai - (6r - ^) c 




(b 2 - a 2 ) c 


a 2 


(&S - a 2 r - (&$ - bi) c 


a 2 


+ 



g 2 ) a2 - (b* 2 
a 2 




ai) ai - (6i 
<*i 




ai 

(42) 


Hence again 0 = 0. 

We have proved that 6 = 0, in all possible subcases of (III). 

We have proved that F is a continuous function over [oi, b\ x [a 2 , d ] . ■ 
Now we can state: 


Theorem 3 Let f € Loo (jlLi [«i , ) , ai > 0, i = 1, ..., fc € N. Consider the 

function 


/ XI rXk K 

■■■ W^i-ti) 01 ^ 1 f (ti,...,t k )dti...dt k , (43) 

-* •b a k i= 1 

where a*,Xi € [a*, bi], a* — 1, k. 

Then F is continuous on nh \<M- 


Remark 4 In the setting of Theorem 3: Consider the left multidimensional 
Riemann-Liouville fractional integral of order a = (an, ...,afc) : 

/ \ 1 C Xl I Xk k 

Mai/) ( X ) = / ... / 

V 7 n,:=l r (a*) J a*i i= 1 


(44) 

where a* = (a^, ..., ajji), a: = (an, ..., a;*,), a* < Xi, i = 1, ..., k. Here F denotes the gamma function. 
By Theorem 3 we get that (x) is a continuous function for every 

x e Till K* . h i \ ■ 


9 
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We notice that 

(4“;/) (*) 


1 


C x i rxk 


■ ntlTK) \Jai 

k / /»r r.A 


]T[ {x% - U) ai 1 dti.,.dt k 


i= 1 


IU Hoc TT 

ntx r (a,) 


( Xi - ti) ai 1 dti = 


n 


(Xi — a*) c 


rnu r («») f=i 


(45) 


(xj-atr 

l\ r (^ + l) 


n 


That is 




In particular we get that 


(4V) (“*) 


= o, 


and 




< 


r («i + !) 


n 


(46) 

(47) 

(48) 


That is f is a bounded linear operator, which here is also a positive operator. 
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Abstract. Weak closure operation, which is more general form than closure operation, on ideals of BCK - 
algebras is introduced, and related properties are investigated. Regarding weak closure operation, finite type 
and (strong) quasi-primeness are considered. Also positive implicative (resp., commutative and implicative) weak 
closure operations are discussed. 


1. Introduction 

Semi-prime closure operations on ideals of BCK -algebras are introduced in the paper [1], and 
a finite type of closure operations on ideals of BC K - algebras are discussed in [2], 

In this paper, we consider more general form than closure operations on ideals of BCK -algebras. 
We introduce the notion of weak closure operations on ideals of B CK -algebras. Regarding weak 
closure operation, we define finite type and (strong) quasi-primeness, and investigate related 
properties. We also discuss positive implicative (resp., commutative and implicative) weak closure 
operations, and provide several examples to illustrate notions and properties. 

2. Preliminaries 


A B CK/ BCI - algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (A; *, 0) of type (2, 0) is called a BCI -algebra if it satisfies the following conditions: 

(I) (Vx, y, z E X) (((x *y) * (x * z)) * (z * y) = 0), 

(II) (Vx, y e X) ((x * (x * y)) * y = 0), 
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(III) (Vx G X) (x*x = 0), 

(IV) (Vx, y E X ) (x * y = 0, ?/ * x = 0 =>■ x = y). 

If a fid-algebra X satisfies the following identity: 

(V) (Vx G X) (0 * x = 0), 

then X is called a BCK -algebra. Any BC K / BC I- algebra X satisfies the following axioms: 

(al) (Vx G X) (x * 0 = x), 

(a2) (Vx, y,z E X) (x < y x*z<y*z, z*y<z*x), 

(a3) (Vx, y,z E X) ((x * y) * z = (x * z) * y), 

(a4) (Vx, y,z E X) ((x * z) * (y * z) < x * y) 

where x < y if and only if x * y = 0. 

A subset A of a BC K/ BCI- algebra X is called an ideal of X (see [4]) if it satisfies: 

0 G A, (2.1) 

(Vx G A") (Vy G A) (x * y G A x G A) . (2.2) 

For any subset A of X, the ideal generated by A is defined to be the intersection of all ideals of 

X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated 
ideal of X (see [4]). 

A subset A of a fidb-algebra X is called a commutative ideal of X (see [4]) if it satisfies (2.1) 
and 


(Vx,?/ G X)(fJz GA)((x*i/)*zGA x * [y * [y * x)) G A) . (2.3) 

A subset A of a fidl -algebra X is called a positive implicative ideal of X (see [4]) if it satisfies 
(2.1) and 

(Vx, y,z G X) ((x * y) * z E A, y * z E A x * z E A) . (2.4) 

A subset A of a fidl-algebra X is called an implicative ideal of X (see [4]) if it satisfies (2.1) 
and 

(Vx, y E X)(\/z E A) ((x * (y *y)) * z E A x E A) . (2.5) 

Denote by X pi (X ) (resp., T C (X) and I m (X)) the set of all positive implicative (resp., commu- 
tative and implicative) ideals of X. 

We refer the reader to the books [3, 4] for further information regarding fidl'/ fid-algebras. 

3. Weak Closure operations 

In what follows, let X and I(X) be a fidl-algebra and a set of all ideals of X, respectively, 
unless otherwise specified . 
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Definition 3.1. A mapping c : Z(X) — » I(X) is called a weak closure operation on I(X) if the 
following conditions are valid. 

(VA G 1(X)) (A C C (A)) , (3.1) 

(VA, B G I{X)) (ACB => c(A) C C (B)) . (3.2) 

If a weak closure operation c : Z(X) I(X) satisfies the condition 

(V-4 € I(X)) (c(c(a)) = c(A)) , (3.3) 

then we say that c is a closure operation on I(X) (see [2]). In what follows, we use A cl instead 
of c(A). 

Example 3.2. Consider a BCK-algebra. X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

0 

2 

3 

3 

2 

1 

0 

3 

4 

4 

4 

4 

4 

0 


We have 8 ideals of X, and they are A 0 = {0}, A 4 = {0,1}, A 2 = {0,2}, A 3 = {0,4}, A4 = 
{0,1,4}, A 5 = {0, 1,2,3}, Ag = {0,2,4}, and A7 = X. Define a mapping c : I(X) — > I(X) 
by Aq = A 0 , Af = A 4 , Ag = A 5 , c(A 3 ) = A 6 , and c(A 4 ) = c(A 5 ) = c(A 6 ) = c(A 7 ) = A 7 . 
Then c is a weak closure operation on I(X). But it is not a closure operation on I(X) since 
c(Ag / ) = c(A 5 ) = A 7 . 

In a BCK -algebra X, let xAy denote the greatest lower bound of x and y. Note that 0 A a: = 0 
for all x G X. For any element x of X, consider the following condition 

(Ej/GX\{0})(xAy = 0). (3.4) 

In the following example, we know that there are two kinds of element. One is an element x 
satisfying the condition (3.4). The other is an element x which does not satisfy the condition 
(3.4). 

Example 3.3. Let X = {0, 1,2, 3, 4} be a set with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

2 

1 

0 

0 

4 

4 

4 

4 

4 

0 
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Then X is a BCK -algebra. We know that 1 and 2 satisfy the condition (3.4), but 3 and 4 do 
not satisfy the condition (3.4). 

On the basis of this consideration, we define the zeromeet element in a BCK -algebra. 

Definition 3.4. An element x of X is called a zeromeet element of X if the condition (3.4) is 
valid. Otherwise, x is called a non-zeromeet element of X. 

Denote by Z( X) the set of all zeromeet elements of X , that is, 

Z( X) — {a? G X | x A y — 0 for some nonzero element y G X}. 

Obviously, 0 € Z( X). We know that 0, 1,2 G Z(X) and 3,4 ^ Z( X) in Example 3.3. 

Lemma 3.5. For any x,y G X, if x,y f Z(X), then x A y Z(X), that is, the set X \ Z(X) is 
closed under the operation A. 

Proof. Let x, y G X \ Z(X) and assume that x Ay G Z{ X). Then x A (y A a) = (x A y) A a = 0 
for some nonzero element a G X. Since x fz Z(X), it follows that y A a = 0 and so that a = 0 
since y Z(X). This is a contradiction, and thus x Ay ^ Z(X). □ 

For any subsets A and B of X, we define 

A A B != ({fli A 6 | cz G A , h G B ) . 

We use x A A instead of {a;} A A, that is, a; A A := ({a: A a | a G A}). 

Definition 3.6. A weak closure operation cl : X(X) — > I(X) is said to be quasi-prime if it 
satisfies: 

(Va G X \ Z(X)) (VA G X{X)) (a A A cl C (a A A) cl ) . (3.5) 

Example 3.7. Consider a BC K- algebra X = {0, 1, 2, 3} with the following Cayley table. 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

2 

2 

2 

0 

0 

3 

3 

3 

3 

0 


We know that Z( X) = {0} and there are four ideals in X, that is, A 0 = {0}, Ai = {0,1}, 
A 2 = {0,1,2} and A 3 = X. Define a mapping cl : I{X) -A I{X) by Aq = A 0 , Af = A 2 , Af = 
A 3 and Af = A 3 . Then u cl” is a weak closure operation on I(X). For 1,2,3 G X \ Z(X), we 
have 

1 A Af = 1 A A 0 = ({0}) = A 0 = Af = (1 A A 0 ) d , 

1 A Af = 1 A A 2 = ({0, 1}) = A x C A 2 = Af = (1 A A!) d , 

1 A A d = 1 A A 3 = ({0, 1}) = A 1 c A 2 = Af = (1 A A 2 ) d , 

1 A Af = 1 A A 3 = <{0, 1}) = A 1 c A 2 = Af = (1 A A 3 ) d , 
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2 A Af = 2 A A, = ({0}) = A 0 = Af = (2 A A 0 ) d , 

2 A Af = 2 A A 2 = <{0, 1, 2}) =A 2 = A f = (2 A A 1 ) d , 

2 A A* = 2 A A 3 = ({0, 1, 2}) =^a 3 = Af = (2 A A 2 ) d , 

2 A Af = 2 A A 3 = ({0, 1, 2}) = i 2 ci 3 = Af = (2 A A 3 ) d , 

3 A Af = 3 A A 0 = ({0}) = A) = Af = (3 A A 0 ) d , 

3 A Af = 3 A A 2 = <{0, 1, 2}) =A 2 = Af = (3 A A 1 ) d , 

3 A Af = 3 A = ({0, 1, 2, 3}) = A 3 = Af = (3 A A 2 ) d , 

3 A Af = 3 A A 3 = ({0, 1, 2, 3}) = A 3 = Af = (3 A A 3 ) d , 

Therefore " d" is a quasi-prime weak closure operation on T(X). 

Definition 3.8. A weak closure operation cl : I(X) — > I( X) is said to be strong quasi-prime if 
it satisfies: 

(Va ex\ Z(X)) (VA e X(X)) (a A A d = (a A A) d ) . (3.6) 

Example 3.9. Consider a BCK- algebra X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

3 

0 

0 

4 

4 

4 

4 

4 

0 


We know that Z{ X) = {0,1,2} and there are six ideals in X , that is, A 0 = {0}, Ai = {0,1}, 
A 2 = {0, 2}, A 3 = {0, 1, 2}, At = {0, 1, 2, 3} and A = X. Define a mapping cl : 1{X) — > X{X) 
as follows: Af = A, A* = Af = A 3 , Af = Af = A and Af = A 5 . Then “c/” is a weak closure 
operation on I(X). For 3,4 6 X \ Z(X), we have 
3 A Af = 3 A At = ({0, 1}) = A x = Af = (3 A A 0 ) c \ 

3 A Af = 3 A A 3 = ({0, 1, 2}) = A 3 = Af = (3 A A,) d , 

3 A Af = 3 A A 3 = ({0, 1, 2}) = A 3 = Af = (3 A A 2 ) c/ , 

3 A Af = 3 A A 4 = ({0, 1, 2, 3}) = A 4 = Af = (3 A A 3 ) d , 

3 A Af = 3 A A 4 = ({0, 1, 2, 3}) = A 4 = A 4 = (3 A A 4 ) d , 

3 A Af = 3 A A 5 = ({0, 1, 2, 3}) = A 4 = A 4 = (3 A A 5 ) d , 

4 A Af = 4 A At = ({0, 1}) = Ai = Af = (4 A A 0 ) d , 

4 A Af = 4 A A 3 = ({0, 1, 2}) = A 3 = Af = (4 A A 4 ) d , 

4 A Af = 4 A A 3 = ({0, 1, 2}) = A 3 = Af = (4 A A 2 ) d , 

4 A Af = 4 A A 4 = ({0, 1, 2, 3}) = A 4 = Af = (4 A A 3 ) d , 

4 A Af = 4 A A 4 = ({0, 1, 2, 3}) = A 4 = Af = (4 A A 4 ) d , 

4 A Af = 4 A As = ({0, 1, 2, 3}) = A 4 = Af = (4 A A 5 ) d . 

Therefore “c/” is a strong quasi-prime weak closure operation on I(X). 
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Given an ideal A of X and an operation cl : Z(A) — > Z(X) on Z(X), we consider the following 
set: 

K := U {B cl | B C A, Be X f (X)j (3.7) 

where Tf(X) is the set of all finitely generated ideals of X. The following example shows that 
the set K in (3.7) may not be an ideal of X in general. 


Example 3.10. Consider a BCK-algebn 

i X = 

{0, 

1, 

2,3,4} 

with the following Cayley table. 

* 

0 1 

2 

3 

4 


T 

0 0 

0 

0 

T 


l 

1 0 

0 

0 

0 


2 

2 2 

0 

2 

0 


3 

3 3 

3 

0 

0 


4 

4 4 

3 

2 

0 


There are five ideals in X, that is, Aq = 

{0}, 

Ai 

= 


ZL 2 = {0,1,2}, A 3 = {0,1,3} and 


A 4 = X. Define a mapping cl : Z(X) -eZ(X) as follows: Af = A 3 , Af = A 2 , Af = A 0 , Af = A 4 
and Af = A 3 . For the ideal A 2 of A", we have 

U {B cl \ BCA, Be Z f (X)} = Af U Af U Af = {0, 1, 2, 3} 
which is not an ideal of X. 

We provide a condition for the set K in (3.7) to be an ideal of X. 

Theorem 3.11. If cl : Z(X) -A Z(A) is a weak closure operation on Z(X), then the set K in 
(3.7) is an ideal of X for any ideal A of X . 

Proof. Obviously, 0 e K. Let x,y e X such that x * y e K and y e K. Then there exist B x , 
By e Zf( X) such that B x C A, B y C A, x * y e Bf and y e Bf . Since B x , B y C B x + B y = 
(B x U B y ), we have x * y e Bf C (B x + B y ) cl and y e Bf C ( B x + B y ) d , which imply that 
x e ( B x + B y ) d . Since B x , B y e Z/( X), we get B x + B y e Tf( X) and B x + B y C A. Therefore 
x e K, and K is an ideal of X. □ 

Corollary 3.12. If cl : Z(A) — > Z(A) is a closure operation on Z(X), then the set K in (3.7) is 
an ideal of X for any ideal A of X . 

Lemma 3.13 ([4]). (Extension property) Let A and B be ideals of X such that A C B . If A is 
a positive implicative (resp., commutative and implicative) ideal, then so is B. 

Using Lemma 3.13 and (3.1), we have the following theorem. 

Theorem 3.14. Let “cl ” be a weak closure operation on Z(X). If A is a positive implicative 
(resp., commutative and implicative) ideal of X, then so is A d . 

The following example shows that the converse of Theorem 3.14 is not true in general. 
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Example 3.15. Consider a BCK - algebra A = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

3 

0 

0 

4 

4 

3 

4 

1 

0 


There are five ideals in A", that is, A 0 = {0}, A 4 = {0,1}, A 2 = {0,2}, A 3 = {0,1,2} and 
A 4 = X. Define a mapping cl : 1(A) — » T(X) as follows: (A 0 ) d = A 0 , (A 4 ) d = (A 2 ) d = A 3 , and 
(A 3 ) d = (A 4 ) d = A 4 . Then “c/”” is a weak closure operation on 1(A). The ideal A 2 = {0,2} is 
not positive implicative (resp., commutative and implicative) ideal, but (A 2 ) cl = A 3 = {0,1,2} 
is a positive implicative (resp., commutative and implicative) ideal of A". 

Theorem 3.16. An operation cl : 1(A) — > X(X) on X(X) defined by 

(VA G 1(A)) (A d = n{h I l x e MX), A C J A , A G A}) (3.8) 

is a weak closure operation on X(X) where X r (A") e {X pi {X),X c ( y X),X m ( y X)} an d A is any index 
set. 

Proof. Obviously, A C A cl for every A e X(A). Let A, B e X(A) be such that A C B. Then 

B d = n{/ A I I\ e X r (A), B C J A , A G A} 

Dn{/ A |/ A GX r (A), AC/ a ,AgA} 

= A d , 

and so “cl ” is a weak closure operation on X(A). □ 

The following example illustrates Theorem 3.16. 


Example 3.17. Consider a fiC/l-algebra A = 

{0, 

10 

2,3,4} with the 

following Cayley table. 

* 

0 1 

2 

3 

4 


M 

0 0 

0 

0 

M 


l 

1 0 

1 

0 

l 


2 

2 2 

0 

2 

0 


3 

3 1 

3 

0 

3 


4 

4 4 

4 

4 

0 


There are six ideals in A, that is, Aq = 

^ {0}, 

Ai 

= 

{0,1,3}, A 2 = 

: {0,2}, A 3 = {0,1, 2, 3}, 


A 4 = {0, 2, 4} and A 5 = X. 

(1) Define a mapping c/ 4 : X(A) — >• X(A) by 


A dl = O {B | AC B and B G X pi {X)}. 
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Then we have 

A dl = Ai n A 3 n A 5 = A u A ? 1 = Ax n As n As = a 4 , 

Af = As n As = As, Af = As n As = A 3 , Af = A 5 = A? . 

We can check that “cZi” is a weak closure operation on X(X). 

( 2 ) We define an operation “c/ 2 ” on I(X) by 

A d2 = n {B | AC B and B G X C (X)}. 

Then we have 

Aq 2 = a 2 n a 3 n A4 n As = a 2 , Af 2 = a 3 n A5 = a 3 , 

a 2 2 = a 2 n a 3 n a 4 n a 5 = a 2 , A3 2 = a 3 n a 5 = a 3 , 

Af =A 4 nAs = A 4 , A5 2 = A 5 . 

It is routine to verify that “c/ 2 ” is a weak closure operation on X(X). 

( 3 ) We define an operation “c/ 3 ” on I(X) by 

A cl 3 = n {B | A (ZB and B G X m (X)}. 

Then we have 

Aq 3 = a 3 n a 5 = a 3 , A c t = a 3 n a 5 = a 3 , 

A 2 3 = As n As = As, A3 3 = As n As = A 3 , 

At = bis, A5 3 = A 5 . 

It is easy to show that “c/ 3 ” is weak closure operation on I{X). 

Let {cl\ | A G A} be a collection of operations on X(X). We define the intersection of cl\ s, 
denoted by D cl\, as follows: 

AeA 

n d\ ■. i(x) — > x(x), A4 n A d \ 

AeA AeA 

Note that if cl\ is a weak closure operation on X(X) for all A G A, then D cl\ is a weak closure 

AeA 

operation on X(X) (see [ 2 ]). But the following example shows that the union of weak closure 
operations may not be a weak closure operation. 

Example 3 . 18 . Consider a BC K - algebra X = { 0 , 1 , 2 , 3 , 4 } with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

2 

3 

3 

2 

1 

0 

2 

4 

4 

1 

4 

1 

0 


There are four ideals in X , that is, A 0 = { 0 }, A 4 = { 0 , 1 , 4 }, A 2 = {0,2} and A 3 = X. Define 
a mapping cl\ : X{X) — > X(X) as follows: Aq 1 = A 4 , Af 1 = A 3 , A dl = A 3 , A3 1 = A 3 . Then 
“cZi” is a weak closure operation on X(X). Also, define a mapping cl 2 : X(A") — > X(X) as follows: 
Aq 2 = A 2 , Af 2 = A 3 , A^ 2 = A 3 , A3 2 = A 3 . Then “c/ 2 ” is a weak closure operation on X{X). 
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Now if we define “c/ 3 ” by A d3 = A dl U A cl 2 , then “c/ 3 ” is not a weak closure operation on Z(AT) 
because for an ideal Ao of X, we have 

A ds = A dl U A d2 = Ai U A 2 = {0, 1, 2, 4} 

which is not an ideal of X. Thus “c/ 3 ” is not a weak closure operation on T(X). 


Definition 3.19. Given a (weak) closure operation cl : Z(AT) — > T(X) on Z(A"), we define a new 
operation elf : Z( X) — > Z(AT) by 

(VA e X(X)) (A d / = U{B d BCd, fie If(X)}) , (3.9) 

where Xf(X) is the set of all finitely generated ideals of X. 


Definition 3.20. A (weak) closure operation cl on I(X) is said to be of finite type if the following 
assertion is valid. 

(VA e I(X)) (A cl = A cl f) . (3.10) 

Note that every weak closure operation on a finite BCAT-algebra is of finite type. 


Example 3.21. Let X be a fiCA'-algebra of infinite order. Define an operation “cl" on I(X) 
as follows: 


( X if A is a maximal ideal or A = X, 

\ M otherwise, 

where M is a maximal ideal of X containing A. We can easily check that “ cl ” 
operation. Now let A be a maximal ideal of X which is not finitely generated. 


(3.11) 

is a weak closure 
Then 


A clf = U {B d | BCA and fi e I f {X)} C M C X = A cl , 


and thus “cl v is a weak closure operation which is not of finite type. 


For two operations “clfi and “c/ 2 ” on X(A"), we say that “cl{' is weaker than “c/ 2 ”, denoted 
by cl] < c/ 2 , if A dl C A d2 for every A 6 1(1). 

Theorem 3.22. Given an operation “ cl ” on X(X), we have 

(i) If “c/” is a weak closure operation of finite type, then so is “cl f ”, and it is largest in the 
set of weak closure operations which are weaker than “ cl ” . 

(ii) If “cl” is a ( strong ) quasi-prime weak closure operation, then so is “elf”. 

Proof, (i) Let “cl” be a weak closure operation of finite type. Then “elf” is a weak closure 
operation on Z(AT) (see [2]). To prove that ” elf” is of finite type, we should prove that A d f = 
A( d Af for every ideal A of X . Clearly, we have A d f C A^ d Af . Suppose that x € A^ d Af . Then 
there exists a finitely generated ideal fi such that BCA and x € B d f . Since “cl” is a weak 
closure operation of finite type, we have B d = B df . Thus x € B d , BCA and fi is finitely 
generated ideal. Therefore x 6 A d f and A d f = A^ d Af which means that “ elf ” is a weak closure 
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operation on I(X) of finite type. Now let c be a weak closure operation on I(X) of finite type 
which is weaker than “cl” . Let A be an ideal of X and a G A c . Then there exists a finitely 

generated ideal B of X such that B C A and a G B c . It follows from c < cl that a G B cl . 

Therefore a G A cl f , and so c < cl f. 

(ii) Suppose that “cl” be a quasi prime weak closure operation on I(X). To prove that “ elf ” 
is a quasi prime weak closure operation, it is enough to show that a A A df C (a A A) df . Now let 
iGaA A d f = ({a A a \ a G A d f }). Then there exist aq, a 2 , ■ ■ ■ ,cn n G A d f such that 

(• ■ ■ ((x A (a A oq ) ) * (a A a 2 )) *■■■)* (a A a n ) = 0. 

Since aq G A d f = U {B d \ B C A and B G lf(X)} for each 1 < i < n, we have aq G A d f = 
U {B d | B C A and B G If(X)}, and so there exists a finitely generated ideal B such that 
a.i G B d and B C A. Since ai G B d , we have 

a A cti <E {a A /3 \ /3 E B} C ({a A /3 \ (3 E B }) = a A B d , 

which implies that a A a* G a A B and 

(• • • ((a; A (a A au)) * (a A a 2 )) *•••)* (a A a n ) = 0. 

This means that x G a A B d . Since “cl” is a quasi prime weak closure operation on I(X), it 
follows that 

x G a A B d C (a A B) d C (a A A) d C (a A A) df . 

Therefore x G (a A A) d f and “elf” is a quasi-prime weak closure operation on I(X). Similarly, 
we can check that if “cl” is a strong quasi-prime weak closure operation on Z(X), then “elf” is 
a strong quasi-prime weak closure operation on I(X). □ 

Definition 3.23. An operation a : T(X) -A T{X) is called a positive implicative (resp. commu- 
tative and implicative ) weak closure operation if the following conditions are valid. 

(i) For any A, B G X pi (X) (resp. I C (X) and I m (X)), 

A C A a , 

AC B => A a C B a 

(ii) (VA i Z p? :(X)(resp., I C {X) and Z m (X))) (A a = A) . 

Obviously, every positive implicative (resp., commutative and implicative) weak closure oper- 
ation is a weak closure operation, but the converse is not true in general as seen in the following 
example. 

Example 3.24. Consider a BCK -algebra X = {0, 1,2, 3, 4} with the following Cayley table. 


(3.12) 

(3.13) 
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* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

2 

0 

3 

3 

1 

3 

0 

3 

4 

4 

4 

4 

4 

0 


There are six ideals in X, that is, A 0 = {0}, A\ = {0,1,3}, A 2 = {0,2}, A 3 = {0,1, 2, 3}, 
A 4 = {0,2,4} and A 5 = X. Note that A 4 , A 3 and A 5 are positive implicative ideals and Aq, 
A 2 and A 4 are not positive implicative ideals. Define a mapping cl : X(X) — > I(X) as follows: 
Af = A 0 Af = A 3 , Af = A 2 , Af = A 5 , Af = A 4 and Af = X . Then “cl” is a positive implicative 
weak closure operation on I(X). Now we define an operation “cl 4 ” on Z( X) as follows: 

Aq 1 = A u At = A 3 , At = A 4 , At = A 5 , At = A 5 and A* = X. 

Then “cl i” is a weak closure operation on T(X), but it is not positive implicative because the 
ideal A 2 is not a positive implicative ideal and A°t = A 4 t A 2 . 

Example 3.25. Consider a BCK- algebra X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

3 

0 

0 

4 

4 

4 

4 

4 

0 


There are five ideals in X, that is, A 0 = {0}, A\ = {0, 1}, A 2 = {0, 1,2}, A 3 = {0, 1,2,3} and 
A 4 = X where A 3 and A 4 are commutative ideals and A 0 , A 4 and A 2 are not commutative ideals. 
Now define “d" as follows: 

Aq = Ai, Af = A 2 , Af = A 3 , Af = A 4 and Af = X 

Then “ cl ” is a weak closure operation on I(X), but it is not commutative since the ideal A 2 is 
not a commutative ideal and Af = A 3 t A 2 . 

Example 3.26. Let X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

3 

0 

0 

4 

4 

4 

4 

4 

0 


Then X is a BCK - algebra with seven ideals A 0 = {0}, A\ = {0, 1}, A 2 = {0, 1, 2}, A 3 = {0, 1,4} 
A 4 = {0,1, 2, 3}, A 5 = {0, 1,2,4} and A 6 = X. Note that A 2 , A 4 , A 5 and A 6 are implicative 
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ideals and Aq, A\ and A 3 are not implicative ideals. Now we define an operation define “cl” on 
X(X) by 

Aq = A u Af = A 2 , Af = A 5 , Af = A 5 , Af = A 6 , Af = A 6 and Af = X. 

Then “cl” is a weak closure operation on X(X), bnt it is not implicative since the ideal A 3 is not 
an implicative ideal and Af = A 5 ^ A 3 . 

Given a weak closure operation, we kame a positive implicative weak closure operation. 

Theorem 3.27. Given A G X(X), let “ cl ” be a weak closure operation onl(X) and “dpi' be an 
operation on 1(X) such that cl < cl P i and 

(i) (VC G 1(X)) (ACC => C cl * = C cl ) . 

(ii) (VC G X(X)) (CC4 4 C d * = C ) . 

(iii) For any C G X(X), if A and C have no inclusion relation, then C clpi = C. 

If A is positive implicative (resp., commutative and implicative) ideals of X , then u cl p ” is a 
positive implicative (resp., commutative and implicative) weak closure operation onX(X). 

Proof. Let A and C be ideals of X such that ACC. Suppose that A is a positive implicative 
(resp., commutative and implicative) ideal of A". Then C is a positive implicative (resp., commu- 
tative and implicative) ideal of X by Lemma 3.13. Let A and C be ideals of X such that CCA. 
If A is not a positive implicative (resp., commutative and implicative) ideal of A", then C is not a 
positive implicative (resp., commutative and implicative) ideal of A. Therefore u cF is a positive 
implicative (resp., commutative and implicative) weak closure operation on Z(A). □ 

The following examples illustrate Theorem 3.27. 

Example 3.28. Consider a BCK- algebra X = {0, 1, 2, 3, 4} with the following Cayley table, 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

1 

2 

2 

2 

0 

0 

2 

3 

3 

2 

1 

0 

3 

4 

4 

4 

4 

4 

0 


There are six ideals in X, that is, A 0 = {0}, Ai = {0,1}, A 2 = {0,4}, A 3 = {0,1, 2, 3}, 
A 4 = {0, 1,4} and A$ = X in which A\, A 3 , A 4 and A 3 are positive implicative ideals and Aq 
and A 2 are not positive implicative ideals. Now define u cF as follows: 

Af = A 0 , Af = A 3 , Af = A 4 , Af = A 3 , Af = A 5 and Af = X. 

Then “cl” is a weak closure operation. Now let A = {0, 4} = A 2 which is not a positive implicative 
ideal. By using Theorem 3.27 we have ” cl P i as follows: 

Af pi = A 0 , Af pi = Ai, A c f pi = A 4 , A c f pi = A 3 , A c f pi = A 5 and A c f pi = X. 
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cl • 

Clearly, cl < cl pi . But, u cl pi v is not a positive implicative weak closure operation because A 2 pi = 
A 4 A 2 . Now let A = {0, 1} = Ai which is a positive implicative ideal. By using Theorem 3.27 
we have u clpi” as follows: 


A c f pi = Aq, A c f pi = A 3 , A c f pi = A 2 , Af ,n = A 3 , A c f r ‘ = A 5 and A** = X. 
Clearly, cl < cl pi and “cl™” is a positive implicative weak closure operation. 


Example 3.29. Consider a BCK- algebra X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

2 

1 

0 

0 

4 

4 

4 

4 

4 

0 


There are five ideals in X , that is, A 0 = {0}, A\ = {0,1}, A 2 = {0,2}, A 3 = {0,1, 2, 3}, and 
A 4 = X in which A 3 and A 4 are commutative ideals and Aq, A\ and A 2 are not commutative 
ideals. Now define “ cl ” as follows: 


Aq = Ai, Af = A 3 , Af = A 3 , Af = A 4 and Af = X. 

Then “cl” is a weak closure operation. Now let A = {0, 1} = A\ which is not a commutative 
ideal. By using Theorem 3.27 we have ” cl c as follows: 

Aq c = A 0 , Al lc = A 3 , Af = A 2 , Af = A 4 and Af = X. 

Clearly, cl < cl c . But, “cl" is not a commutative weak closure operation because Af = A 3 ^ A\. 
Now let A = {0,1, 2, 3} = A 3 which is a commutative ideal. By using Theorem 3.27 we have 
“cl” as follows: 

Af = An, Af = A u Af = A 2 , Af = A 4 and Af = X. 

Clearly, cl < cl c and “cl” is a commutative weak closure operation. 


Example 3.30. Consider a BCK -algebra X = {0, 1,2, 3, 4} with the following Cayley table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

2 

3 

3 

2 

1 

0 

2 

4 

4 

4 

4 

4 

0 


There are six ideals in X, that is, A 0 = {0}, A x = {0,2}, A 2 = {0,1}, A 3 = {0,1, 2, 3}, 
A 4 = {0, 1, 4} and A 5 = X in which A 2 , A 3 , A 4 and A 5 are implicative ideals and A 0 and Ai are 
not implicative ideals. Now define “cl” as follows: 

Aq = Ai, Af = A 3 , Af = A 4 , Af = A 5 , Af = A 4 and Af = X. 
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Then “cl” is a weak closure operation. Now let A = {0, 2} = A\ which is not an implicative 
ideal. By using Theorem 3.27 we have “c/ m ” as follows: 

Af m = A 0 , Af' n = A 3 , Af™ = A 2 , A 3 m = A 5 , A 4 m = A 4 and A 3 m = X. 

Clearly, cl < cl m . But, u cl m ” is not an implicative weak closure operation because Af m = A 3 ^ 
A\. Now let A = {0,1} = A 2 which is an implicative ideal. By using Theorem 3.27 we have 
“c/ m ” as follows: 

Aq™ = A 0 , Af m = A u A 2" 1 = A 4 , A 3 m = A 5 , A 4 m = A 4 and A 3 m = X. 

Clearly, cl < cl m and “c/ m ” is an implicative weak closure operation. 
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Abstract: Communication between information systems is considered as 
an important issue in granular computing. A relation information system is the 
generalization of an information system. This paper investigates communication 
between relation information systems and obtain some invariant characteriza- 
tions of relation information systems under homomorphism. 

Keywords: Relation information system; Reduction; Consistent function; 
Relation mapping; Homomorphism. 


1 Introduction 

Rough set theory, proposed by Pawlak [17], is an important tool for dealing 
with fuzzyness and uncertainty of knowledge and has become an active branch 
of information science. With more than thirty years development, rough set 
theory has been successfully applied to machine learning, intelligent systems, 
inductive reasoning, pattern recognition, mereology, image processing, signal 
analysis, knowledge discovery, decision analysis, expert systems and many other 
fields [13, 14, 15, 16]. 

Communication between information systems is a very important topic in 
the field of artificial intelligence. In mathematics, it can be explained as a map- 
ping between information systems. The approximations and reductions in the 
original system can be regarded as encoding while the image system is seen as an 
interpretive system. The concept of homomorphisms as a kind of tool to study 
relationships between information systems with rough sets was introduced by 
Grzymala-Busse [1, 2]. A homomorphism can be viewed as a special communi- 
cation between two information systems. As explained in [23], homomorphisms 
allow one to translate the information contained in one granular world into the 
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granularity of another granular world and thus provide a communication mecha- 
nism for exchanging information with other granular worlds. Li et al. [5] studied 
invariant characters of information systems under some homomorphism. Wang 
et al. [20, 21] introduced the notions of consistent functions, relation mappings 
and relation information systems which are the generalization of information 
systems. By using these notions, they proposed the homomorphisms as a mech- 
anism for communicating between relation information systems. Zhu et al. [26] 
obtained some improved results on communication between relation information 
systems. Li et al. [12] investigated communication between knowledge bases. 
It should be pointed out that some other related works investigating informa- 
tion systems through homomorphisms [1, 2, 3, 5, 25] are based on equivalence 
relations or other particular relations and are quite different from [20, 21, 26]. 

The purpose of this paper is to investigate some invariant characterizations 
of relation information systems under homomorphisms. 


2 Preliminaries 

In this section, we recall some basic concepts on consistent functions, rela- 
tion mappings and relation information systems. 

Throughout this paper, U denotes a non-empty finite set called the universe, 
2 U denotes the family of all subsets of U, 2 UxU denotes the family of all binary 
relations on U, All mappings are assumed to be surjective. 

For R £ 2 UxU , the successor neighborhood of x £ U with respect to R will 
be denoted by R s {x), that is, R s {x ) = {y £ U : xRy} ([22]). Denote 

U/R={R S { x) : x £ U}. 

If R is an equivalence relation on U, then V x € U, R s (x) = [x],r. 

For 1Z C 2 UxU , denote ind(R,) = f) R. 

rgtz 

2.1 Consistent functions 

Definition 2.1 ([20, 21]). Let U and V be two finite nonempty universes, 
f:U—+V a mapping and R £ 2 UxU . Define 

M / = {u£U : f(u ) = f(x)}, 

{x)r = {u£U : R s {u) = i? s (a:)}. 

Then {[x\f : x £ U} and {( x)r '■ x £ U} are two partitions on U. If[x]fC R s (u) 
or [x]/ni? s (u) 0 for any x,u £ U, then f is called a type-1 consistent function 

with respect to R on U. If [x]f C {x)r for any x £ U, then f is called a type-2 
consistent function with respect to R on U. 

Remark 2.2. (1) V x £ U, [x]f = f~ 1 (f(x)). 

(2) If R is an equivalence relation on U, then V x £ U, ( x)r = [a;]^. 

(3) If f is type-2 consistent with respect to R on U and f(u ) = f{x), then 
R s (u) = R s (x). 
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Obviously, 

/ is type-1 <*=>• If [x]f D R s (y) yG 0, then [x\ f C R s (y) 

-£=> If [x]f <7 R s (y), then [x]f D R s (y) = 0, 

/ is type-2 If f(x{) = /(aj 2 ), then # s (a:i) = R s (x 2 ). 

2.2 Relation mappings 

Definition 2.3 ([20, 21]). Let f : U — > V be a mapping. Define 

f ■■ 2 UxU - 2 Vxy , R\ - f(R) = |J ({/(*)} x f(R s (x))y, 

xGU 

f~ 1 ■■ 2 yxy - 2 UxU , T\ -> f~\T ) = |J {{f~\y)} x f~\T s {y))). 

v&v 

Then f and / _1 are called the relation mapping and inverse relation mapping 
induced by f, respectively. 

Obviously, 

yif(R)y 2 3 xi,x 2 G U, yi = f(xi), y 2 = f(x i) and x\ Rx 2 , 

Xif~ 1 (T)x 2 3 2 / 1 , 2/2 Gb, yi = f{x 1 ),y 2 = /(xi) and yiTy 2 - 
For TZ C 2 UxU , denote 

M) = {/(#) I R e ft}. 

Proposition 2.4 ([20]). If f : U —* V is both type-1 and type-2 consistent with 
respect to R G 2 UxU , then 

f~ 1 (f(R)) = R. 

2.3 Relation information systems 

Definition 2.5 ([13]). An information system is a pair ( U,A ) of non-empty 
finite sets U and A, where U is a set of objects and A is a set of attributes; each 
attribute a G A is a function a : U — > V a , where V a is the set of values (called 
domain) of attribute a. 

If (17, A) is an information system and B C A, then an equivalence relation 
(or indiscernibility relation) Rb can be defined by 

(x,y) G Rb a(x) = a(y), V a G B. 

Definition 2.6 ([20]). A pair (17, ft) is called a relation information system, if 
TZC2 UxU . 

Definition 2.7. Let (U, A) be an information system. Put 

ft = {ft{ a } : a G 71} . 

Then the pair (17, TZ) is called the relation information system induced by (17, A). 
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Definition 2.8 ([20]). Let f: U — > V be a mapping and IZ C 2 UxU . If f is 
type-1 (resp. type-2) consistent with respect to R on U for every R £ 1Z, then f 
is called type-1 (resp. type-2) consistent with respect to 7 Z on U. 

Proposition 2.9 ([20]). Let f : U — > V be a mapping and 7 Z C 2 UxU . If 
f is both type-1 and type-2 consistent with respect to 7 Z, then f(ind(JZ)) = 
ind(f(IZ)). 

Proposition 2.10 ([20]). Let f : U — > V be a mapping and IZ C 2 UxU . If f 
is both type-1 and type-2 consistent with respect to IZ, then f~ 1 (f(ind(IZ)) = 
ind(7Z). 

Definition 2.11 ([20]). Let f : U — > V be a mapping and IZ C 2 UxU . Then 
the pair (V,f(IZ)) is called an f -induced relation information system of (U, IZ). 

Definition 2.12 ([20]). Let (U,IZ) be a relation information system and (V, f(TZ)) 
an f-induced relation information system of (U,IZ). If f is both type-1 and type- 

2 consistent with respect to IZ on U , then f is called a homomorphism from 
(U, IZ) to (V,f(IZ)). We write 

(u, K) ~f ( V,f(K )). 

We often consider reductions in a relation information system by deleting 
unrelated or unimportant elements with the requirement of keeping the ability 
of classification. 

Definition 2.13 ([20]). Let (■ U,TZ ) be a relation information system andV C 7 Z. 

(1) V is called a coordination subfamily of IZ, if indfV) = ind{IZ). 

(2) R £ V is called independent in V, if ind(V — {i?}) ind(V); V is called 
a independent subfamily of IZ, if W R £ V , R is independent in V. 

(3) V is called a reductions oflZ, ifV is both coordination and independent. 

In this paper, the set of all coordination subfamilies (resp., all reductions) 
of IZ is denoted by co{IZ) (resp., redlfJZ)). 

Obviously, 

V £ red(IZ) <=> V £ co(JZ) and V Q C V, Q $. co{lZ). 

3 Some results on reductions in relation infor- 
mation systems 

Proposition 3.1. Let ( U,1Z ) be a relation information system. Then red{lZ) 

0 . 


Proof. Suppose V R £ IZ, IZ — {77} ^ co(IZ). Then IZ £ red{IZ). 

Suppose 3 R\ £lZ 1 IZ — {i?i} € co(JZ). Then, we consider 7 Z — {7?i}. Again 
suppose V R £lZ — {R\\, (IZ — {R±}) — {R} ^ co(IZ). Then IZ — {R\} £ red(IZ). 
Again suppose 3 R 2 £ lZ—{Ri}, (IZ— {i?i}) — {7? 2 } S co(lZ). Then, we consider 
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1Z — {i?i , R 2 } ■ Repeat this process. Since 1Z is finite, we can find a reductions 
of 1Z. 

Thus red(JZ) 7 ^ 0. □ 

Definition 3.2. Let (U,7Z) be a relation information system. Put 
V(x,y) = {R£ 1Z\ (x,y) fL R} ( x, y £ U). 


Then 

(1) V(x,y) is called is called the discernibility subfamily ofLZ on x and y. 

(2) 23(7?.) = ( dij) nxn is called the discernibility matrix of 7 Z where U = 
{xi,X 2 ,- ■ -,x n } and dij =V(xi,Xj ) (1 <i,j < n). 

Example 3 . 3 . Let U = {x\,X 2 , £3,24, £5, x§} . We consider the relation infor- 
mation system (U,7Z) where 1Z = {7?i, i? 2 , R 3 , R 4 ] and 
U/Ri = {{X!,X 2 ,X 5 }, {x 3 ,X4,Xq}}, 

U/R 2 = {{xi,^}, {x 2 , x 3 , x 4 , ar 5 }}, 

U/R 3 = {{xi,x 2 ,x 5 ,x e }, {x 3 ,X 4 }}, 
U/R4={{x 1 ,X 2 ,X 5 },{x 3 ,X4,X 6 }}. 

We can obtain the discernibility matrix 23(7 Z) as follows: 


/ 0 

{^ 2 } 

1Z 

1Z 

{R 2 } 

N ' 

W 

0 

{Ri,R 3 , R 4 } 

{7?1, i?3, R4} 

0 

{i?l, i? 2 > R 4 } 

7 Z 

{Ri, R3, R4} 

0 

0 

{Ri, R3, R4} 

{R2, R3} 

1Z 

{Ri, R3, R4} 

0 

0 

{Ri,R 3 , R4} 

{i? 2 , R3] 

{^ 2 } 

0 

{7?l , 7?3, i?4} 

{7?i, R 3 , R4} 

0 

{7?i , Ri, R 4 } 

\ { -Ri , -R 4 } 

{Ri , t?2, R4} 

{i? 2 , R3} 

{i? 2 , R3} 

{7?i, i? 2 , R4} 

0 ) 


Discernibility family can expediently judge coordination families and reduc- 
tions. 


Proposition 3.4. Let (U. LZ) be a relation information system. Then 

V £ co(7?) <=> If (x, y) (/L ind(JZ ), then V n T>(x, y) 7 ^ 0. 

Proof. (1) Let (x,y) g ind(7Z). Since V £ co(lZ), we have ind{ V) = 

ind(TZ). Then (x,y) £ ind(V). It follows (x,y) $. P for some P £ V. 

(a:, y) fLP implies P £ V(x, y). Then P £ V D D{x, y). 

Thus V D V(x, y) 7 ^ 0. 

“<t=”. Suppose V fL co(JZ). Then ind(V) 7 ^ ind(JZ). It follows ind(V) — 
ind(JZ) 7 ^ 0. Pick 

(x, y) £ indtfP) — ind(JZ). 

Since (x,y) fL ind(1Z), we have V r\T>(x ,y) 7 ^ 0. 

Note that (x ,y) £ ind(V). Then VPeP, (x,y) £ P. So P fL T>(x,y). Thus 
V D 23(x, y) = 0. This is a contradiction. 

Thus V £ co(JZ). □ 
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Theorem 3.5. Let (U,TZ) be a relation information system. Then V £ redfJZ) 
<==> (1) If (x, y) fL ind(JZ), then V fl T>(x, y) ^ 0; 

(2) V R £ V, 3 ( x R ,y R ) £ ind(TZ), ( V - {R}) nD(x R ,y R ) = 0. 

Proof. This holds by Proposition 3.4. □ 

Definition 3.6. Let (U,TZ) be a relation information system. Put 

core(IZ) = P| V. 

V£red(1Z) 

Then core(TZ) is called the core of TZ. Moreover, 

(1) R £ 1Z is called necessary, if R £ core(JZ). 

(2) R £ TZ is called relatively necessary, if R £ (J V — core(fR). 

V£red(1Z) 

(3) R £ TZ is called unnecessary, if R £ TZ — (J V. 

V^red(lV) 

Discernibility family can easily determine the core. 

Proposition 3.7. Let ( U,TZ ) be a relation information system. The following 
are equivalent: 

(1) R is necessary; 

(2) R is independent in TZ; 

(3) 3 x,y £ U, V(x,y) = {R}. 

Proof. (1) ==> (2). Suppose that R is not independent in TZ. Then 

ind{TZ — {i?}) = ind(JZ). 

It follows TZ — {i?} £ colTZ). Consider TZ — if?}. By Proposition 3.1, 3 V C 
TZ — {i?}, V £ redfJZ). 

V C TZ — {i?} implies R (jL V. Then R is not necessary. This is a contradic- 
tion. 

(2) => (1). Suppose that R is not necessary. Then 3 V £ red( TZ), R fL V. 
So V C TZ — {!?} C TZ. It follows 

indifP) D ind(JZ — {!?}) 3 ind(JZ). 

By V £ red(TZ), ind{V) = ind{ TZ). Then ind(TZ — {i?}) = ind(JZ). So R is 
not independent in TZ. This is a contradiction. 

(2) ==> (3). Since R is independent in TZ, we have ind{ TZ — {R}) ^ ind( TZ). 
Then ind( TZ — {I?}) — ind( TZ) ^ 0. Pick 

(x, y) £ ind(TZ — {I?}) — ind(TZ). 

Denote TZ = {f?i, R 2 , ... , R n }- Then R = Rj for some j < n. So 

(x,y) £ P) R, - P Ri- 

l<i<n 
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It follows (x,y) ^ Rj and ( x,y ) G Ri ( i ^ j). 

Thus V(x,y) = {I?}. 

(3) =4> (2). Since 3 x,y G U, V(x,y) = {I?}, we have 

(x,y) <£. R, (x,y) G R (R ± R). 

Then (x,y) G ind(lZ — {7?}). But (x,y) fL ind(lZ). 

Thus ind(lZ — {I?}) 7^ ind( TV). 

Hence R is independent in 1Z. □ 

Proposition 3.8. Let (11,71) be a relation information system. Denote 

R* = [J ind(V-{R}). 
reco(n) 

Then the following are equivalent. 

(1) R is unnecessary; 

(2) v v g co (n), v-{R}& co (ny, 

(3) R* = ind(1Z) ; 

(4) R* C R. 

Proof. (1) =>■ (2). By Proposition 3.1, 3 Q C P, Q G red(7V). Since R is 
unnecessary, we have RfLQ. It follows Q C 71 — {7?}. Then 

Qcvn(n~ {R}) = v~{R}cv. 


We have 

ind(Q) D ind(7l — {7?}) ind(V). 

Note that V G co(7V) and Q G red(7V). Then ind(V) = ind(7L) = ind(Q). 
Thus ind(V — {7?}) = ind(lZ). This shows V — {7?} G co(fR .). 

(2) => (3) =>■ (4) are obvious. 

(4) => (1). Suppose 3 P G red(7V ) , R G V. Then V — {7?} C V. Since 

V G red(7V), we have V — {7?} co(TV). Then ind(V — {R}) — ind(7V) 7^ 0. 

V G red( 71) implies ind(V) = ind( TV). Then 

ind(V — {R}) — ind(V) 7^ 0. 

Pick (x, y) G ind( V — {R}) — ind(V). Note that ind(V) = ind(V — {7?}) fl R. 
Then (a;, y) fL R. 

Since V G co(7V) and R* C R , we have ind(V — {I?}) C R. Then (x, y) G R. 
This is a contradiction. 

Thus R is unnecessary. □ 

Theorem 3.9. Let (U,7V) be a relation information system. Then 

(1) R is necessary <t=> 7 V — {77} ^ co(7V). 

(2) R is relatively necessary <t=> 7 V — {7?} G co(7V) and R* $2 R- 

(3) R is unnecessary <=> R* C R. 
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Proof. This holds by Proposition 3.7 and Proposition 3.8. □ 

Example 3.10. In Example 3.3, we have 

(1) i ?2 is necessary. 

(2) Ri and R 4 are relatively necessary. 

(3) i ?3 is unnecessary. 

(4) red{U) = {{R 1 ,R 2 },{R 2 ,R a }}, core(K) = {R 2 }. 

4 Communication between relation information 
systems 

Proposition 4.1. Let (U, TV) Then 

(1) V G co(K) «=► f(V) G co(/( n)). 

(2) co{f{n)) = f(co(lZ)). 

Proof. (1) . Since V G co(7T), we have ind(V) = indlfR). Then 

f(ind(V)) = f(ind( U)). 

By Proposition 2.6, 

ind(f(V)) = ind(f(lZ)). 

Thus f(V) G co(/( R)). 

“<G=”. Since /(P) G co(f(lZ)), we have 

ind(f(V)) = ind(f(TZ)). 

By Proposition 2.6, 

f(ind(V)) = f(ind( U)). 

Then 

/ _1 (/(md(P))) = f- 1 (f(ind('R.))). 

By Proposition 2.7, indtfP ) = ind(1Z). 

Thus P G co(ft). 

(2) By (1), 

/(co(ft)) = {f{V)\P G co(ft)} 

= {/>)!/>) G co(/(ft))} 

= co(/(7J)). 

□ 


Theorem 4.2. Let (U,1Z) ~/ (V,f(lZ)). Then 
(1 )V&red(Ti) «=► f{V) Gred(f(IZ)). 

(2) red(f(H))=f(red(1l)). 
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Proof. (1) Since V £ red(TZ), we have V G co(lZ). By Proposition 4.1, 

f(V)£co(f(1Z)). 

V T C f(V). Pick Q C. 1Z, T = f(Q). Then f(Q) C f(V). By Proposition 
2.4, 

Q = r 1 (f(Q))^r 1 (f(v)) = v. 

Suppose Q = V. Then T = f(Q) = f(V). This is a contradiction. 

Thus Q C V. 

Since V £ red(lZ), we have Q ^ co(7Z). By Proposition 4.1, T = f(Q) & 
co(f(K)). ^ 

Hence fifP) G red(f(R)). 

Since f(V) G red(f(TZ)), we have f(V) G co(f(TZ)). By Proposition 
4.1, V G co(7Z). 

V Q C V, f{Q) C f(V). Suppose /(Q) = f(V). By Proposition 2.4, 

Q=r 1 (fm = r 1 (f(v)) = v. 

This is a contradiction. Thus f(Q) C f(V). 

Since /( V) G red(f(TZ)), we have /(Q) ^ co(f(TZ)). By Proposition 4.1, 
Q(fco(JZ). 

Hence P G red(lZ). 

(2) By (1), 

/(red(ft)) = {/(P)|PGred(ft)} 

= {/>)!/>) G red(f(K))} 

= red(f(lZ)). 

□ 

Remark 4.3. Theorem 3.20(1) is Theorem 4-4 [%0]. We just prove this 

result from another angle. 

Lemma 4.4. Let (U,1Z) (V,f(1Z)). Then 

f(n-{R}) = f{n)-{f(R)}. 

Proof. V S G 1Z — {i?}, S ^ R. By Proposition 2.4, /(S') y^ /(i?). It follows 
/(S) G f(lZ) - {f(R)}. Thus 

f(lZ - {R}) C f(TZ) - {/(#)}. 

On the other hand, V T G f{R) — {/(i?)}, T = /(S) for some S £ 1Z. 
T ^ {/(i?)} implies /(S) y^ /(i?). Then S ^ R. So S £ R — {I?}. It follows 
T £ f (1Z - {R}). Thus 

f(R-{R})Df(JZ)-{f(R)}. 

Hence /( 1Z - {R}) = f(1Z) - {f(R)}. □ 
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Theorem 4.5. Let (U, 1Z) ~/ (V,f(R)). Then 

R G core(lZ) /(i?) G core(f(R)). 

Proof. This holds by Theorem 3.9(1), Proposition 4.1(1) and Lemma 4.4. □ 

Theorem 4.6. Let (U, R) (V,f(TZ)). Then 

f(core(H)) = core(f(lZ)). 

Proof. By Theorem 3.23, 

f{core{R )) = {f(R)\R € core(JZ)} 

= if(R)\f(R) G coreCfiR))} 

= core(f( R)). 

□ 


Theorem 4.7. Let (U, R) ( V,f(K )). Then 

R is unnecessary f{R) is unnecessary. 

Proof. VTe co(/( R.)), pick V C R T = f(V). Then f(V) G co{f{R)). 

By Proposition 3.19(1), V G co( R). 

Since R is unnecessary, by Proposition 3.8, we have V — {i?} G co(R). Then 
ind(V — {i?}) = ind(R). By Proposition 2.6 and Lemma 4.4, 

indCfiV) - {f(R)}) = ind(f(V - {R}) = f(ind(V - {!?})), 

ind(f(R)) = f(ind{R)). 

Then ind(T — {/(i?)}) = ind(f(R)). This implies T — {f(R)} G co(f(R)). 
By Proposition 3.8, f(R) is unnecessary. 

“^=”. V?G co(R), by Proposition 4.1(1), f(V) G co{f(R)). 

Since f{R) is unnecessary, by Proposition 3.8, we have 

f(fP)-{f{R)}eco{f{R)). 

Then 

ind(f(V) - {/(#)}) = ind(f(R)). 

By Proposition 2.6 and Lemma 4.4, 

f(ind(V - {i?})) = ind(f(V - {i?}) = ind(f(V) - {f(R)}), 
f(ind(R)) = ind(f{R)). 

Then f{ind{V — {i?})) = f{ind{R)). 

By Proposition 2.7, 

ind(V - {R}) = f~\f(ind{V - {R}))) = f-\f(ind(R))) = ind{R). 
Then V — {i?} G co(R). 

By Proposition 3.8, R is unnecessary. □ 
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Corollary 4.8. Let (U, TV) (' V,f(TZ )). Then 

R is relatively necessary 4=> f(R) is relatively necessary. 

Proof. This hods by Theorem 4.5 and Theorem 4.7. □ 

Example 4.9. Let U = {xfl < i < 15}. We consider the relation information 
system (U,1Z) where 1Z = {Ri, R 2 , R 3 , R-i}, 

U/Rl = {{xi,x 2 , X 4 , X 7 , X 8 , Xg, X 10 , Xu}, {x 3 , X 5 , X 6l X 12 , X 13 , X14, X15}}, 
U/R 2 = {{xi, x 4 , xu, X12, a; 13, x 14 , X15}, {x 2 , x 3 , x 5 , x 6 , x 7 , x 8 , x 9 , xi 0 }}, 
U/R 3 = {{xi,X2,X4,X7,X 8 ,X9,Xio,Xii,Xi2,Xi3,Xi4,Xi 5 }, {x 3 ,X 5 ,X 6 }}, 
U/R 4 = {{xi,x 2 , X 4 , X 7 , Xs, Xg, Xio, Xu}, {x 3 , X 5 , X 6 , X12, Xi 3 , X 14 , X15}}. 
Let V = {yi, y 2 , y 3 , y 4 , y 5 , y 6 }. Define a mapping as follows: 


Xi,X4}3?11 X 2 •> Xg Xq^Xq X 5 Xj^Xq^Xio X\ c 2i X\f$^ X\^^ X\§ 

V\ V 2 V3 Va Vs Ve 

Let (V,f(R)) be the f -induced relation information system of (U,R). It is very 
easy to verify that f is a homomorphism from ( U,R ) to (V,f(lZ)). 

We have f(lZ) = {f{R 1 ),f{R 3 ),f{R 3 ),f(R 4 )} where 
V/f(R\) = {{ 2 / 1 , V 2 , Vs}, {2/3, 2/4, 2/e}}, 

V/f{R 2 ) = {{ 2 / 1 , 3/e}, { 2 / 2 , 2 / 3 , 2/4, 2 / 5 }}, 

V/f(R 3 ) = {{ 2 / 1 , 2 / 2 , 2/5, 2/e}, {2/3, 2 / 4 }}, 

V/f{Ri) = {{2/1, 2/2, 2 / 5 }, {2/3, 2/4, 2/s}}- 
By Example 3.10, 

redCfiR)) = {{/(i?i), f( R 2 )}, {f( R 2 ), f(R 4 )}}, core(f(R)) = {/(ifc)}. 

By Proposition 2.f, Theorem 4-2(2) and Theorem ).6, 

red{lZ) = R 2 }, {R 2 , -R4}}, core(lZ) = {R 2 }- 


5 Conclusions 

In this paper, we have investigated the original relation information system 
and image relation information system, and obtained some invariant character- 
izations of relation information systems under homomorphism. These results 
will be significant for establishing a framework of granular computing in knowl- 
edge bases and may have potential applications to knowledge discovery, decision 
making and reasoning about data. In the future, we will consider concrete ap- 
plications of our results. 
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Abstract 

We consider the Euler difference scheme for two-dimensional Lotka-Volterra competition 
equations and show that the difference scheme has positive and bounded solutions. In 
addition, we present sufficient conditions that the solutions of the scheme converge to the 
equilibrium points of the scheme. The convergence is shown based on the two approaches: 
first, partition of the domain used for the boundedness of the solutions and second, cal- 
culation of the movement of the species started in each partitioned region. Numerical 
examples are presented to verify the results. 
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1. Introduction 

The competition model in the two-dimensional case represents two species which are 
competing for a common resource; an additional term is included within the logistic 
prey growth Lotka-Volterra model to incorporate this interspecific competition for some 
limiting resource. This limiting resource can be anything for which supply is smaller than 
demand. The classic two-dimensional competition model is given by 

= x(t)(r 1 - a u x(t) - a 12 y(t )), J = y(t)(r 2 - a 21 x(t ) - a 22 y(t )), (1) 

at at 

where r t > 0 and a ij > 0. Here x(t) and y(t) denote the population sizes or population 
density in the species x and y at time f; the parameters rfs are the intrinsic growth rates 
for the two species x and y; a^s measure the inhibiting effect on the two species; a\ 2 and 
a 2 \ are the interspecific acting coefficients. 

The species x in the model (1) acts on y with functional response of type a\ 2 x{t)y{t). 
However other types of functional responses including Holling types [1-5], Beddington- 
DeAngelis type [6-8], Crowley-Martin type [9-11], and Ivlev-type of functional responses 
[12-14] have been applied to many population models 

The dynamics of the model (1) is well-known [15-17] ; the solutions of (1) are positive 
and bounded, and the stability of the system (1) has been studied. There are a number 
of works on investigating continuous time Lokta-Volterra models, but relatively few the- 
oretical papers are published on their discretized models [18-21], The author in [22] has 
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introduced a method to present global stability in discrete Lokta-Volterra predator-prey 
models for the case that all species coexist at a unique equilibrium. In [23], the authors 
have shown the global stability of the Euler difference scheme for a three-dimensional 
predator-prey model using a new approach. 

As far as we know, there is no theoretical research on the global stability of the 
discrete-time competition model of (1), so that we consider the Euler difference scheme 

x n + 1 = ^'y n ip c ri)i Vn+1 = G Xn {]J n ), 71 > 0 ( 2 ) 

with 

Fy(x) = x {1 + (ri - anx - ai 2 y)At} , (3) 

G x (y) = y{ 1 + (r 2 - a 2 ix - a 22 y)At} , (4) 

where At is a time step size, x n = x 0 + nAt and y n = y 0 + nAt with (aio, Vo) = (o:(0) , y/(0)) . 

The paper is organized as follows. Section 2 gives the positivity and boundedness 

of solutions of (2). In Section 3, we partition the domain used for the boundedness of 
the discrete solutions and find the geometric properties of the movement of the solutions 
starting in the partitioned regions. Using the properties, we present sufficient conditions 
that the solutions converge to equilibrium points of (2). In Section 4, some numerical 
examples are presented to verify our results. 


2. Positivity of the discrete solutions 

In this section, we consider the positivity and boundedness of the solutions of (2). 
Note that if T\ and t 2 are positive constants satisfying 


TT , x 1 + r x At - a 12 r 2 At 1 + r 2 At - a 2X T X At 

Uifo) = v— ry >0, U 2 (n) = ^ >0, 


2onAt 


2a 22 At 


then 


F T2 (x) , G Tl (y) are increasing on 0 < x < Ui(r 2 ), 0 < y < U 2 {t\). 
For the positivity and boundedness of the solutions (x n ,y n ) we assume 

max{ri,r 2 } < l/At 

and consider constants x* and y* such that 

Tiof] 1 <x*< Ui(y*), r 2 a^ 2 < y* < U 2 {x*). 


(5) 

( 6 ) 

(7) 

( 8 ) 


Remark 1. For every point ( x*,y *) satisfying 


ri * . f 1 + n At 1 + r 2 At 1 

an i 4anAt 2a 2 \At J 


r 2 * ^ ■ f 1 + r i^ t 1 + r 2 At 

— < y < nun < — . t — 

a 22 \ 2ai 2 At 4a 22 At 


, ( 9 ) 
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the two 


conditions in (8) hold since 

l + r 1 At-a 12 mi.i{%g£, jgfjAt 
2a n At 


U^y 


1 + iq At - a l2 y*At 

2a n At , 

1 + rq At ai 2 . f 1 + riAt 1 + r 2 At 

— min \ , 

2anAt 2on ( 2a 12 At 4a 22 At 

' 1 + riAt 1 + r-i At a 12 1 + r 2 At 1 1 + r 1 At 

An -, i Ai ’ 9n,,A+ On,, 4a 22 At J _ 4«nAt 


f 1 + r-i At 1 + ri At a 12 

max < — , 

( 4anAt 2anAt 2on 

. f 1 + r ! At 1 + r 2 At 1 „ 

> mm < — , t — > > x 

\ 4anAt 2a 2 iAt J 


and 


U 2 {x* 


1 + r 2 At — a 2 ix* At 
2,Cl 22 At 

1 + r 2 At a -2 1 . f * , . x — 

— ; mm < — 

2o 22 ( 4anAt 


1 + r 2 At - a 2l min { , gfff } At 

O,, A + 


2a 22 At 
1 + ri At 1 + r 2 At 1 
2a 2 iAt J 


= max 


2a 22 At 2 o 22 4anAt 2o 2 iAt J 

f 1 + r 2 At a 2 i 1 + ri At 1 + r 2 At 1 > 1 + r 2 At 

t 2a 22 At 2 o 22 4anAt ’ 4a 22 At J _ 4a 22 At 

. f 1 + n At 1 + r 2 At \ „ 

> mm < — — , — ■ — > > y . 

\ 2a,i 2 At 4a 22 At J 

Using x* and y* in (8), we can obtain the positivity and boundedness of (x n ,y n 

Theorem 1. Let (. x n ,y n ) be the solution of (2). Assume that (7) and (8) hold. 

If (xo,yo) e (0, x*) x (0,7/*), then (x n ,y n ) G (0,x*) x (0,7/*) for all n. 
Proof. Using the condition in this theorem and (5), we have 

0 < x 0 < x* < Ui(y*) < U\ (t/o) , 0 < 7/o < y* < U 2 (x*) < U 2 (x 0 ), 

and then the increasing property (6) gives the positivity of X\ and T/p 

Xi = Fyo(x 0 ) > Fy 0 (0) = 0, 7/1 = G xo (y 0 ) > G^ o (0) = 0. 

Now, we claim that x\ < x* and y\ < y*. If r\ — OhXq — ai 2 7/ 0 A 0, then 

x\ = F yo (x 0 ) < x 0 < x*. 

Otherwise, we get 


( 10 ) 


( 11 ) 


o < Xo < (ri - a 12 y 0 )an < (1 + nA t - a 12 7/ 0 At)(2a n At) 1 = Ui(y 0 ), 

where the last inequality is obtained from rqAt < 1 in (7). Hence (6) and (8) imply the 
boundedness of x\\ 


xi = F yo (x 0 ) < F yo ((ri - ai 2 7/o)a n 1 ) = (ri - a^y^a^ < < x*. (12) 
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Similarly if r 2 — a 2 iXq — a 22 y o < 0, then y x = G Xo (yo ) < 7/0 < y*. Otherwise, we have 

0 < y 0 < (r 2 - a 21 x 0 )aff < (1 + r 2 At - a 2 iX 0 At)(2a 22 Af) _1 = U 2 (x 0 ), 

where the last inequality is obtained from r 2 At < 1 in (7). Thus (6) and (8) imply the 
boundedness of y x that 

Vi = G xo (y 0 ) < G xo ((r 2 - a 21 x 0 )a^) = (r 2 - a 21 x 0 )a^ < r 2 a~ 2 < y* ■ (13) 

Hence using (11), (12) and (13), we have that 

if (x 0 ,y 0 ) G (0,x*) x (0,2/*), then (xi,yi) G (0,x*) x (0 ,y*). 

Therefore, using the mathematical induction, we can obtain the desired result. □ 

Remark 2. Due to (9), we can choose sufficiently large values of x* and y* when letting 
At be sufficiently small, so that the area of (0,x*) x (0,7/*) for the initial state (x 0 ,y 0 ) in 
Theorem 1 can be taken large. 

3. Stability of the discrete solutions 

Let V = (0, x*) x (0,7/*) for x* and y* defined in (8). In order to discuss the stability 

of the Euler scheme (2) for each initial position (xo, ?7o) contained in T>, we partition T> 

into the four regions 

I = {x G V | /(x) > 0, g(x) >0}, II = {x G V | /(x) < 0, g(x) > 0}, 

III = {x G V | fix) < 0, g(x) < 0}, IV = {x G V \ f(x) > 0, g(x) < 0}, 

where x = (x, y) and 

fix , y) = n - a u x - cii 2 y, g{x, y) = r 2 - a 21 x - a 22 y. 

Since the location of the regions depends on the x and //-intercepts of the two lines 
f(x, y) = 0 and g(x, y ) = 0, we partition V by using the four categories Cf 1 < i < 4) as in 
Figure 1; we use the symbol C\ for the two conditions r\af ] < r 2 afl and r\af 2 < r 2 af 2 , 
the symbol C 2 for i > r 2 af l l and riaf 2 > r 2 af 2 , the symbol C 3 for riob 1 < r 2 afi 
and riaff > r 2 aff, and finally the symbol C 4 for ria^ 1 > r 2 aff and riciff < r 2 af 2 . The 
magenta circles in Figure 1 denote the stable points of the difference model (2) in the 
categories, which will be proved. 

Remark 3. In the case of C\ 

ri« n l < r 2 afl, r x aff < r 2 aff, (16) 

the region IV is empty. In order to prove this emptiness, suppose, on the contrary, that 
there exists (x,y) G IV, which means, from (14), that 

n - a n x - a u y > 0, r 2 - a 24 x - a 22 y < 0. (17) 

Eliminating x and y from (17), we have the two inequalities, respectively: 

—r ia 2 i + r 2 Q 1 1 < (flnfl 22 — Gq 2 a 2 i)7/, (18) 

~ r i a 22 + r 2 ® 12 < (ai 2 a 2 i — Oiia 22 )x. (19) 


(14) 

(15) 
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Figure 1: Two lines / = 0 and g = 0 and regions with stable points, (a) 7'2 = 3.5, <221 = 3.0,022 = 2 (b) 
r 2 = 1.5, a 2 i = 3, a 2 2 = 5 (c) r 2 = 1.7, a 2 i = 3, a 2 2 = 1 (d) r 2 = 3.5, a 2 i = 2.5, a 2 2 = 5 

We find a contradiction by using the following three cases: 

Case 1. het O 11 O 22 — ®i 2 ® 2 i = 0. 

In this case, (18) becomes — ria 21 + r 2 an < 0, which contradicts (16). 

Case 2. Let cina 22 — ai 2 a 2 i < 0. 

Using the positivity of y, (18) becomes — ?ra 2 i + r 2 an < 0, which contradicts (16). 

Case 3. Let cinti 22 — U 12 O 21 ^ 0. 

Using the positivity of x, (19) becomes — ria 22 + r 2 ai 2 < 0, which contradicts (16). 
Therefore it follows from Cases 1, 2 and 3 that the region IV is empty and then 

V = I U II U III for Cl (20) 

as in Figure l-(a). Similarly we can obtain 

V = I U III U IV for C 2 (21) 

as in Figure l-(b). 

For convenience, we use the difference equations 

x n+ i = x n {l + f(x n ,y n )At}, ( 22 ) 

l)n+\ 2/n{l d (/(in, J/n)^} (23) 

as well as (2), where f(x,y ) and g(x,y ) are defined in (15). 

For the stability we need to assume 

1 > At (anx* + a 22 y* + x*y*\a 12 a 21 - a n a 22 |At) . (24) 

Lemma 1. Let (x n ,y n ) be the solution of (2). Assume that (7), (8) and (24) hold. 

If (xk,yk) £ I for some k, then (xk+i,yk+i) is not contained in III. 
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Proof. The condition (x k ,y k ) £ I gives 

g(xk,Vk ) > 0. 

Suppose, on the contrary, that (x k+ i, y k +i) is contained in III, which means 

f(x k+1 ,y k+1 ) < 0 and g(x k+1 ,y k+1 ) < 0. 

Then (22) and (23) give 

0 > f(x k +i,yk+i) = f (xk + x k f(x k , y k )At, y k + y k g(x k , y k )At ) 

= f{xk,Vk) + (-an )x k f(x k ,y k )At + (- a 12 )y k g(x k ,y k )At 


0 > g(x k+1 ,y k+1 ) = g{x k + X k f(x k , y k )At, y k + ykg(x k , y k )At) 

= g{x k , y k ) + (-a 2 i)x k f(x k ,y k )At + (- a 22 )y k g(x k , y k )At. 

We write (26) and (27) as 

f(x k ,y k )( 1 - a u x k At) < a l2 y k g(x k ,y k )At, g 

g(x k , y k ) (1 - a 22 y k At) < a 2 ix k f(x k , y k )At. 

Combining (24) and Theorem 1 gives 

0 < 1 — a.ux* At < 1 — a\\x k At 

and so (28) implies 

g(x k ,y k )(l - a 22 y k At) < a 2 iX k A Vk ^ . (29) 

(1 - a n x k At) 

Using (24) and (25), we can simplify (29) as follows. 

1 < At{a n x k (l - a 22 y k At ) + a 22 y k + a 12 y k a 21 x k At} 

< At{anX k + a 22 y k + x k y k \ <*i 2 « 2 i — O 11 O 22 I At}, (30) 

where the last inequality contradicts (24). Hence (x k+ i,y k+ i) is not contained in III. □ 
Remark 4. Similarly to Lemma 1 under the same assumption, we can obtain that 

if (x k ,y k ) £ HI for some k, then (x k+ i,y k+ i) is not contained in I (31) 

as follows. The condition (. x k ,y k ) G III gives 

g(x k ,y k ) < 0. (32) 

Suppose, on the contrary, that 

f(x k+1 ,y k+ i) > 0 and g{x k+u y k+l ) > 0. (33) 

Using (33) instead of f(x k+ i,y k+ i) < 0 and g(x k+ i,y k+ i) < 0 in the proof of Lemma 1 
and following the proof of Lemma 1 with (32), we have 


g{xk,Vk){ 1 - a 22 y k At ) > a 21 x k At 


<*12 y k g(x k ] yk)At 


K (l-a u x k At) 

and then obtain the contradiction (30) due to (32). Therefore we obtain (31). 
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Lemma 2. Let (. x n ,y n ) be the solution of (2). Assume that (1), (8) and (24) hold. 

If (. x k , Dk) G II for some k, then (x n , y n ) G II for all n > k. 

Proof. Let (. Xk,yk ) £ II, which implies f(x k ,y k ) < 0 < g(x k ,y k ) and then 

X k +1 X k} ijk+l ^ yk ■ ( 34 ) 

It follows from Theorem 1, (34) and (10) that 


0 < x k +i < x k < Ui(y k ), 0 < y k < y k+ \ < y* < U 2 (x k ). 

Using the decreasing function F y (x) of y and combining (6) with (35), we have 
Xk + 2 = Fy k+ 1 ( Xk+ 1 ) < Fy k (x k+ 1 ) < Fy k (x k ) = X k + l 


and then (22) gives 

f{x k+1 ,y k+1 ) < 0. 

Similarly, the strictly decreasing function G x (y ) of x with (6) and (35) gives 


(35) 

(36) 

(37) 


yk +2 G Xk+1 {jjk+ i) > G Xk {i/k+i) p G Xk (y k ) yk+i- 
Substituting (23) into (38) yields 


(38) 


g(x k+1 ,y k+ 1) > 0, 


with which (37) gives 

f(x k +i, y k +f) < 0 < g(x k +i, y k +i). 

This implies 

Out+i, Uk+i) G II- 

Hence 

if (x k ,y k ) G II, then (x k +i,y k +i) e II. 

Therefore using mathematical induction, we can obtain the desired result. □ 

Remark 5. Similarly to Lemma 2 under the same assumption, we can obtain that 

if (x k ,y k ) G IV for some k, then (. x n ,y n ) G IV for all n>k (39) 

as follows. Let (. x k ,y k ) G IV, which implies 

f(x k , y k ) > 0 > g(x k , y k ). (40) 

Then replacing f(x k ,y k ) < 0 < g(x k ,y k ) in the proof of Lemma 2 with (40) and following 
the proof of Lemma 2, we have 

/(•Efc+i, y k +i) > 0 > g(x k +i, y k +i), 

which implies 

(x k+1 ,y k+1 ) G IV. 

Hence mathematical induction gives (39). 
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In the following theorem, we show the global stability of the solutions of (2) for the 
category C\ as in Figure l-(a); we present the condition that the species y always out- 
competes the species x. 

Theorem 2. Assume that (7), (8) and (24) hold. 

//nar, 1 < r 2 a/ 1 1 and rqa// < r 2 a 22 , then (0,r 2 a/ 2 1 ) is globally stable. 

Proof. The condition in this theorem is corresponding to C\ , so that T> is partitioned into 
the three regions I, II and III due to (20). We claim the global stability for (x 0 ,y 0 ) G 
I U II U III by using mathematical induction as follows. 

Case 2-1. Let (xo,yo) G II. 

Using Lemma 2 and Theorem 1, we have that 

0 < x n+1 <x n , 0 < y n < y n+ i < y*, (41) 

which give the convergence of {x n } and {y n } with limits cn and u> 2 , respectively. 

Note that the increasing property of {y n } gives cu 2 > 0. 

In addition, the limit cn is zero, which can be obtained by indirect proof. Suppose, on 
the contrary, that uq is nonzero. Taking the limit of (2) and using uq > 0 (i = 1,2), we 
have 

(«na 22 - 012021 ) (coi, ca 2 ) = (rqa 22 - r 2 a 12 , -na 21 + r 2 a u ) . (42) 

Since rqa 22 — r 2 ai 2 < 0 and — ria 2 i + r 2 au > 0 from the conditions in this theorem, the 
equality (42) with u>i > 0 gives 


0 > 0iia 22 — oi 2 o 2 i > 0, (43) 

which is a contradiction. Consequently, is zero. 

Taking the limit of the second equation in (2) with oj\ = 0 and co 2 > 0, we have u> 2 = r 2 af) 1 
which completes the proof for Case 2-1. 

Case 2-2. Let (x 0 ,y Q ) G I. 

This case implies that f(x 0 ,y 0 ) > 0 and g(x 0 ,y 0 ) > 0. We use the following three steps 
to prove this theorem in this case. 

Step 1. There exists a positive integer rn 1 such that (x mi ,y mi ) ^ I. 

Suppose, on the contrary, that (x n ,y n ) G I for all n, which means f(x n ,y n ) > 0 and 
g(x n ,y n ) > 0 for all n. Then 

X n+ i = X n {\ + f(x n , y n )At} >x n >0, y n+1 = y n { 1 + g(x n , y n )At} >y n > 0 

and hence the boundedness of ( x n , y n ) in Theorem 1 gives the convergence of the increasing 
sequences {a; n } and { y n }, which have positive limits oj\ and ca 2 , respectively. Therefore 
we have a contradiction by using (42)-(43). 

Step 2. There exists a positive integer m such that (x m ,y m ) G II. 

Using (ic 0 , l/o) £ I and Step 1, there exists a positive integer rn 1 such that (x TO1 _i, y mi - 1 ) G 
I and (x mi ,y mi ) G V—l. Since V—l = II U III, we have 

(•^mi i l/mi) £ II or (ir mi , y m i ) £ III. (44) 

Applying Lemma 1 with (x mi _i, y mi -i) G I, it is not true that (x mi ,y mi ) G III and then 
(. x mi ,y mi ) G II. Taking m = rn \ gives the desired result. 
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Step 3. If (xo,yo) £ I) then (x m ,y m ) G II for some positive integer m clue to Step 2. 
Therefore the proof for Case 2-1 completes the proof for Case 2-2. 

Case 2-3. Let (x 0 ,y o) G III. 

This case implies that f(x 0 ,y 0 ) < 0 and g(x 0 ,y 0 ) < 0. We use the following two steps to 
prove this theorem in this case. 

Step 1. If (. x n ,y n ) G III for all n, then lim n _ i . 0O (x„, y n ) = (O/r^ 1 ). 

Assume that (x n , y n ) G III for all n, which implies 

f(x n ,y n ) < 0, g(x n ,y n ) < 0 (45) 

for all n. The assumption gives the decreasing property 

0 < x n+l = x n {l + f(x n , y n )At} <x n , 0 < y n+1 = y n { 1 + g(x n , y n )At} < y n 

and then Theorem 1 gives the convergence of {x n } and {y n } with the nonnegative limits 
oji and cu 2 , respectively. It is only possible that oj\ = 0 and u> 2 > 0 as follows. 

If > 0 and u >2 > 0, then (42)-(43) give a contradiction. 

If uj\ > 0 and u> 2 = 0, then uj\ = r\a(( • This is impossible due to the unstability of 
( r i a ii 1 ,0) since the linearized system of (2) at (riaR 1 , 0) has the eigenvalue 

1 + A ta^i ( r 2 a n ~ na 2 i) > 1 

under the condition a^aR 1 < r 2 r 1 _1 . Therefore {(x n , y n )} cannot have the limit (nab 1 , 0). 
If (jJi — 0 and oj 2 = 0, then 

lim n -K» / (x n , y n ) = ri > 0, lim^oo g (x n , y n ) = r 2 > 0, 
which are contradictory to (45). 

Therefore it remains that = 0 and co 2 > 0, which gives (coi,co 2 ) = (0, ^a^ 1 )- 
Step 2. If (x m ,y m ) £ III for some m, then lim n _ ) . 00 (x n , y n ) = (0 ,'^a^ 1 ). 

Since (x m , y m ) G X> — III and V — III = I U II, we have 

(■^mj Urn ) ^ I Or (iC m , 7/m) £ H- 

However it is not true that (. x m ,y m ) G I due to Remark 4 and so we have (. x m ,y m ) G II. 
Therefore, following the proof for Case 2-1, we obtain lim n ^. 0O (x„, y n ) = (0, r^a^ 1 ). 

Finally, we obtain the desired result from the proofs for Cases 2-1, 2-2 and 2-3. □ 

In the following theorem, we show the global stability of (2) for C 2 as in Figure l-(b) 
and present the condition that the species x always outcompetes the species y. 

Theorem 3. Assume that (7), (8) and (24) hold. 

If r i aR 1 > r 2 a^( and f\a^) > r 2 a, 2 2 , then (rjoR 1 , 0) is globally stable. 

Proof. The condition in this theorem is corresponding to C\ and so T> is partitioned into 
the three regions I, III and IV due to (21). We claim the global stability for (x 0 ,yo) £ 
I U III U IV by using mathematical induction as follows. 

Case 3-1. Let (xp, ]jo) G IV. 

In this case, (39) gives (x n ,y n ) G IV for all n, with which (22) and (23) give x n < x n+ \ 
and y n +i < y n - Then Theorem 1 gives 

0 < x n < x n+ \ <x*, 0 < y n+ 1 < y n , (46) 
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which imply the convergence of {a; n } and {y n } with limits uj\ and ca 2 , respectively. The 
increasing property of {x n } gives uj\ > 0. 

In addition, the limit cu 2 is zero, which can be obtained by indirect proof as in Case 
2-1. Suppose, on the contrary, that ca 2 is nonzero. Taking the limit of (2) and using 
the positivity of and ca 2 , we have (42). Applying the conditions rqGq/ > r 2 aj/ and 
r\a ^2 > , r 2 a^ 2 1 to (42) yields the contradiction (43) Consequently, cu 2 is zero. 

Taking the limit of the first equation in (2) with uj\ > 0 and ca 2 = 0, we have uj\ = riaf/, 
which completes the proof for Case 3-1. 

Case 3-2. Let ( x 0 ,y 0 ) G I. 

In this case we have f(x 0 ,y 0 ) > 0 and g(x 0 ,y 0 ) > 0, and use the following three steps. 

Step 1. There exists a positive integer rn 1 such that ( x mi ,y mi ) ^ I. 

Suppose, on the contrary, that ( x n ,y n ) G I for all n, which means f(x n ,y n ) > 0 and 
g(x n ,y n ) > 0 for all n. Then 

x n+1 = x n {l + f(x n , y n ) At} >x n >0, y n+ i = y n { 1 + g(x n , y„)At} > y n > 0, 

and hence the boundedness of ( x n , y n ) in Theorem 1 gives the convergence of the increasing 
sequences {x n } and {?/ n }, which have positive limits uj\ and ca 2 , respectively. Therefore 
we have the contradiction (43) as in Case 3-1. 

Step 2. There exists a positive integer m such that ( x m ,y m ) G IV. 

Using (aio, yo ) G I and Step 1, there exists a positive integer rn 1 such that (x mi _i, y mi -i) G 
I and (x mi ,y mi ) G V—l for some m\. Since V—l = III U IV, we have 

(^rai 5 w 1 ) G III or (x mij y m 1) G IV. 

Applying Lemma 1 with (x TOl _i, y mi -i) G I, it is not true that ( x mi ,y mi ) G III and then 
(v-l/mi) e IV. Taking m = mj gives (x m , y m ) G IV. 

Step 3. If ( x 0 ,y 0 ) G I, then (x m ,y m ) G IV for some positive integer m dne to Step 2. 
Therefore the proof used in Case 3-1 completes the proof for Case 3-2. 

Case 3-3. Let ( xo,yo ) G III. 

In this case we have f(xo,yo) < 0 and g(xo,yo) < 0,and use the following two steps. 

Step 1. If ( x n ,y n ) G III for all n, then lim n ^. 0O (a;„, y n ) = (ria-Li , 0). 

As in Step 1 of Case 2-3 in Theorem 2, {(a; n ,7/ n )} has the limit (cai,o; 2 ). It is only possible 
that oji > 0 and ca 2 = 0 as follows. 

If uji > 0 and ca 2 > 0, then (46)-(??) give a contradiction. 

If — 0 and ca 2 > 0, then cu 2 = r 2 a2 2 1 . This is impossible dne to the unstability of 
(0, r 2 a 22 1 ) since the linearized system of (2) at (0,r 2 a2 2 ) has the eigenvalue 

1 + A ta,22 (ria 22 - r 2 ai 2 ) > 1 

under the condition a 22 a 12 1 > r 2 ri~ 1 . Therefore {(:£„, y n )} cannot have the limit (rqafj 1 , 0). 
If uji — 0 and ca 2 = 0, then 

lim^oo / (x n , y n ) = n > 0, lim^^ g (. x n , y n ) = r 2 > 0, 
which are contradictory to (45). 

It remains that uj\ > 0 and o; 2 = 0, which yields the desired result (cui,a; 2 ) = (riaf/jO). 

Step 2. If (. x m ,y m ) ^ III for some m, then lim n ^. 0O (x„, y n ) = (riaJ'^O). 

Since (x m , y m ) G V — III = I U IV, we have 


10 


285 


Sangmok Choo et al 276-293 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


(•^m, Vm) £ I Or ( ^miUm ) £ IV. 

However it is not true that (. x m ,y m ) G I due to Remark 4. Therefore, we have (x m ,y m ) G 
IV and then lim n -+ 00 (x n ,y n ) = (r\a() , 0) by following the proof for Case 3-1. 

Finally, we obtain the desired result from the proofs for Cases 3-1 and 3-2. □ 

In the following theorem, we show the convergence of the solutions of (2) for the 
category C 3 as in Figure l-(c) and the dependence of the limit on the region in which the 
initial state is located. 

From now on, in the case that ana 2 2 — Oi 2 a 2 i 7^ 0, we use the symbol (6 1, 0 2 ) to mean 

{0i, 0-2) = (0'iiu 22 — cp 2 ci2i) 1 (na 22 — r 2 ai 2 , — ria 2 i + r 2 an) , (47) 

where (0i,0 2 ) satishes 

f(0i,0 2 ) = 9(01,02) = 0- (48) 

Theorem 4. Let the conditions (7), (8) and (24) hold. Assume that 

ria R 1 > r 2 af( and r 1 o7 2 1 < r 2 a 2 ) • 

(a) If (x 0 ,y 0 ) G II, then lim„_^ 00 (a; n , y n ) = (0,r 2 af)). 

(b) If(x 0 ,y 0 ) G IV, then lim„_ ) . 0O (x fl , y n ) = (rioj^O). 

(c) If (xo,yo) G I U III, then {(x n ,y n )} converges with the limit (ria^ 1 , 0) or (0, r^a^ 1 ). 
Proof. For the proof of (a), let (xo,yo) G II- We have from Lemma 2 and Theorem 1 that 

0 < x n+1 < x n , 0 <y n < y n + 1 < y* , (49) 

which gives the convergence of {a: n } and {y n } with limits and respectively. The 
increasing property of {y n } gives co 2 > 0. 

In addition, the limit uj\ is zero, which can be obtained by indirect proof. Suppose, on 
the contrary, that U\ is nonzero. Taking the limit of (2) and using the positivity of u\ 
and u> 2 , we have 

(ana 22 — Oi 2 o 2 i)(Ui = ria 22 — r 2 a\ 2 . (50) 

Since (x 0 ,7/o) G II, the definition of the region II gives 

f(x 0 , y 0 ) < 0 < g(x 0, y 0 )- (51) 

Solving (51) for Xq, we obtain 

( r l a 22 ~ r 2 a 12) ~~ ( a ll a 22 — a 12 a 2l)%0 < 0. (52) 

The conditions a 2 iaf( > r 2 ri -1 > a 22 ab 2 1 in this theorem give 

ana 22 — di 2 u 2 i < 0. (53) 

Applying (53) into both (52) and (50) yields 

oji > xq. (54) 


Combining (54) with (49), we have that for all n 
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UJl > X 0 > X n , 

which is contradictory to Ym\ n ^. 00 x n = oj\. Consequently, oj\ is zero. 

Taking the limit of the second equation in (2) with uj\ = 0 and ui 2 > 0, we have u 2 = Tga^ 1 , 
which completes the proof of (a). 

For the proof of (b), let (x 0 , Vo) £ IV. Using (46), we have the convergence of {x n } and 
{y n } with limits oj\ and 012, respectively. The increasing property of {x n } gives oj\ > 0. 
In addition, the limit ca 2 is zero, which can be obtained by indirect proof. Suppose, on 
the contrary, that ca 2 is nonzero. Taking the limit of (2) and using the positivity of cai 
and ca 2 , we have 

( a 11^22 — a 12 a 2l)^2 = ~ r l a 21 + r 2 a U- (55) 

Since (x 0 ,y 0 ) G IV, the definition of the region IV gives 

f(xo, l/o) > 0 > g(x o, y 0 ). (56) 

Solving (56) for y 0 , we obtain 

(r 1021 — t 2 <Th) + ( 011O22 — 012^21)1/0 > 0. (57) 

Applying (53) into (57) yields 

ca 2 > y 0 ■ (58) 

Combining (58) with (46), we have that for all n 

(X> 2 >yo> yn , 

which is contradictory to lim^oo y n = ui 2 . Consequently, lo 2 is zero. 

Taking the limit of the first equation in (2) with cai > 0 and ca2 = 0, we have cai = riab/, 
which completes the proof of (b). 

For the proof of (c), we consider the following two cases. 

Case 4-1 ■ Let (xo,yo) G I. 

We use the following three steps to obtain the desired result in this case. 

Step 1. There exists a positive constant m such that (. x m ,y m ) 4 L 
Suppose, on the contrary, that (x n ,y n ) G I for all n. Then {x n } and {y n } have the 
positive limits ( 6 1,6*2) defined in (47) by applying (53) and the approach used in Stepl 
of Case 2-2 in Theorem 2. However the system (2) under the condition riab 1 < 
is unstable at the point (^1,^2) since the linearized system at (^1,^2) has the eigenvalue 
1+A ta^i (r 2 an — ria 2 \) greater than 1. Therefore {x n } and {y n } cannot have the positive 
limits 6] and 0 2 , respectively, which is contradictory. 

Step 2. There exists a positive constant m such that (. x m ,y m ) G II U IV. 

Since (xo,yo) G I, Step 1 gives the existence of a positive integer m such that 

{xm— l) 1/m— 1) G I and (x m ,y m 4 ^ I, 

which implies (x m , y m ) G II U IV due to Lemma 1 and T> = I U II U III U IV. 

Step 3. It follows from (a), (b) and Step 2 in this theorem that (x n ,y n ) converges and 
has the limit (rqcqiSO) or (Cfr^a^ 1 )- 
Case 4-2. Let (x 0 ,y 0 ) G III. 

We use the following two steps to obtain the desired result in this case. 
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Step 1. If (, x n ,y n ) G III for all n, then {(x n ,y n )} converges with the limit (riah/,0) or 
(0, r^a^ 1 ). To prove this, note that we have the convergence of {(x n ,y n )} with the limit 
(loi,lo 2 ) by following the proof of Step 1 of Case 2-3 in Theorem 2. 

If uj{ > 0 and u 2 > 0, then (uq,^) = (#i, 0 2 ). This is impossible due to the unstability of 
(9 i,d 2 ) since the linearized system of (2) at (9i,9 2 ) has the eigenvalue greater than 1: 

1 + 0.5 At — (ondi + a 22 9 2 ) + \J ^ + a 22 0 2 y + a > 1 

since a = 4 (ai 2 a 2 i — ana 22 ) $i$ 2 > 0 under the condition a 2 \a^ > r 2 ri _1 > a 22 Gq 2 . 
Therefore it is not possible that oj\ > 0 and lo 2 > 0. 

If = 0 and co 2 = 0, then we have the contradictions to to (45): 

lining / (x n , ijn) = r 1 > 0, lim^^ g (x n , y n ) = r 2 > 0. 

Therefore the remaining signs of uj\ and co 2 are 

(+, 0) and (0,+), 

which give the desired result 

(uJi,uj 2 ) = (riahiSO) and (0 ,r 2 ci 2 2 ), 

respectively, by taking the limit of (2) and using the signs of oj\ and oj 2 . 

Step 2. If (x m , y m ) III for some m, then {(a: n , y n )} converges with the limit (riaj/, 0) 
or (0, r 2 a 2 2 1 )- To prove this, we follow the proof used in Step 2 of Case 4-1. 

Since ( x 0 ,y 0 ) G III, using the condition (x m ,y m ) ^ III for some m, we can assume that 
there exists a positive constant rrti such that 

y mi - 1 ) e III and (. x mi ,y mi ) £ III, 

which implies 

(Vifa) G II U IV (59) 

due to V = I U II U III U IV and Lemma 1. Therefore, using (59) and (a) and (b) in this 
theorem, we have that (x n ,y n ) converges and has the limit (r 1 0 ^ 1 ' , 0) or (0, r^a^ 1 ). 

Finally, we obtain the desired result from the proofs for Cases 4-1 and 4-2. □ 

In the following theorem, we show the global stability of the solutions of (2) for the 
category C 4 as in Figure l-(d) where each component of the equilibrium point is positive. 

Theorem 5. Let the conditions (7), ( 8 ) and (24) hold. Assume that 

r\a() < r 2 a^ ) and ria() > r 2 a 4 ) ■ 

Then for (#i,# 2 ) defined in (47) 

( 61 , 9 2 ) is globally stable. 

Proof. Note that the conditions riOhi 1 < r 2 af( and r\af) > r 2 a 2 2 1 in this theorem give 

Q-llQ-22 — a 12°'21 > 0. (60) 

We prove this theorem by using the four cases and mathematical induction. 

Case 5-1. Let (a;o,2/o) *= II. 

Lemma 2 and Theorem 1 give (49). Then we have 
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lim n ^.oo(x n , y n ) = (oil, o; 2 ), 07 2 > 0 

and 

f(x n ,y n ) < 0 < g(x n ,y n ). (61) 

Solving (61) for x n as in (51) and (52) and using (60), we have that for all n 

0 < 9\ < x n 

and then oj\ > 0\ >0. Since uj\ and 07 2 are positive, we have 

(U1,U} 2 ) = (01,&2)- 

Case 5-2. Let (x 0 ,yo) e IV. 

Using Remark 5 and Theorem 1, we have 


0 < x n < x n+1 <x*, 0 < y n+ 1 < y n 


(62) 


and 


lim )WOO (x n , y n ) 
The inequalities (62) implies 


(071,072), 07i > 0. 


f(x n ,y n ) > 0 > g(x n ,y n ). 


(63) 


Solving (63) for y n as in (56) and (57), we have that for all n 

0 < 02 < y n 

and then 072 > 62 > 0. Since uj\ and 072 are positive, we have 

(07i , 07 2 ) = (0\, 02)- 

Case 5-3. Let (x 0 ,y 0 ) G I. 

If (. x m ,y m ) ^ I for some m, then 

(x m , y m ) e V - I = II u III u IV 

and further 

(x m ,ym) e II U IV 

due to Lemma 1. By Case 5-1 and 5-2, we have 

hm^oo (x n , y n ) = (0i,02)- 

On the other hand, if (x n ,y n ) G I for all n, then we have the positive limits 07i and 07 2 of 
{x„} and {y n }, respectively, due to the definition of I and Theorem 1. Taking the limit 
of (2) and using 07j (i = 1,2), we have 

(07i, 07 2 ) = (0i, 0 2 ). 

Case 5-4. Let (xo,yo) £ Ill- 

Replacing I in the proof of Case 5-3 with III, we can obtain 

(o7i , 07 2 ) = (01, 0 2 )- 

Finally, we obtain the desired result from the proofs for Cases 5-1 to 5-4. □ 
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4. Numerical examples 

In this section, we provide simulations that illustrate our results in Theorem 2 to 
Theorem 5 for the difference scheme (2) with A t = 0.001 and (x*, y*) = (rxa^+50, r 2 a 22 + 
50). The values of parameters used in the following four examples satisfy the three 
conditions (7), (8) and (24). 

Example 1. Let (ri, an, ai 2 , r 2 , 021 , a 22 ) = (1, 1, 2, 3.5, 3, 2), which satisfies the two 
conditions r x a Tf < rya^i' and ryaj^ 1 < r 2 a^ 2 in Theorem 2. Then the solutions ( x n ,y n ) of 
(2) converge to (0, r 2 a 22 = 1.75) as displayed in Figure 2- (a). 

Example 2. Let (r 1; an, ai 2 , r 2 , a 2 i, a 22 ) = (1, 1, 1, 1.5, 3, 5), which satisfies the two 
conditions ria^ 1 > rya^ 1 and r\ay] > r 2 a^ 2 in Theorem 3. Then the solutions (. x n ,y n ) of 
(2) converge to (ria^ 1 = 1)0) as clisplayed in Figure 2-(b). 




Figure 2: (a) Trajectories for different initial points in the regions I, II, III with r\ = 1 ,an = l,ai 2 = 
2,r 2 = 3.5, a 2 i = 3,a 22 = 2 in the category Ci. (b) Trajectories for different initial points in the regions 
I, III, IV with 7*1 = l,an = l,ai 2 = l,r 2 = 1.5, a 2 i = 3,a 22 = 5 in the category C 2 . The box and circle 
symbols denote initial and equilibrium points, respectively. 

Example 3. Let (ri, an, ai 2 , r 2 , a 2 i, a 22 ) = (1, 1, 1, 1.7, 3, 1), which satishes the two 
conditions nabi 1 > r^a^ 1 and ria^ 2 < r 2 a 22 1 in Theorem 4. Then as displayed in Figure 
3-(a), we obtain the results in Theorem 4. If (xo,t/o) G II, then the solutions (x n ,y n ) of 
(2) converge to (0,r 2 a 22 ) = (0,1.7). If (x 0 ,y 0 ) G IV, then lirn^o 0 (x n ,y n ) = (^0^,0) = 
(1,0). If (xo,yo) G I U III, then {(x n ,y n )} converges with the limit (rqab/jO) = (1,0) 
or (0, r^a^ 1 ) = (0,1.7). Especially, Figure 3-(a) shows that there exist at least two 
initial points contained in I converging to (ria7i\0) = (1,0) and (0, r 2 a 22 ) = (0,1.7), 
respectively. In the region III, the same phenomenon happens. The outcome depends on 
the initial abundances of the two species. 

Example 4. Let (ry, an, a i2 , r 2 , a 2 i, a 22 ) = (1, 1, 1, 3.5, 2.5, 5), which satishes the two 
conditions ria 7 / < r 2 a^ 1 1 and r\a ^ > r 2 a 22 in Theorem 5. Then the solutions x n and y n 
of (2) converge to 

( r l a 22 — r 2 a 12) ( a ll a 22 ~ a 12 a 2l) 1 = 0.6 


and 
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(— ria 2 i + r 2 aii)(aiia 2 2 - ai 2 a 2 i) 1 = 0.4, 

respectively, as displayed in Figure 3-(b). Although the outcome in Example 3 depends 
on the initial abundances of the two species, the outcome in Example 4 is independent of 
the initial abundances. 




Figure 3: Trajectories for different initial points in the regions I, II, III and IV. The values of the 
parameters are (a) r\ = 1, an = 1, a ±2 = 1, r 2 = 1.7, a 2 1 = 3, a 22 = 1 in the category C 3 . (b) ri = 1, an = 
b«i 2 = l,r 2 = 3.5, a 2 i = 2.5, a 22 = 5 in the category C 4 . The box and circle symbols denote initial and 
equilibrium points, respectively. 


5. Conclusions and future work 

In this paper, we have studied the Euler difference scheme for a two-dimensional Lotka- 
Volterra competition model and presented sufficient conditions for the global stability 
of the fixed points of a discrete competition model with two species. The main idea 
of our approach is to divide the domain used for the boundedness of solutions of the 
discrete model and to describe how to trace the trajectories with respect to each partition. 
Although we have applied our method for the two-dimensional discrete model, this method 
can be utilized to two-dimensional and other higher dimensional discrete models. 
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Abstract 

In this paper we characterize the boundedness and compactness of the weighted composi- 
tion operator from the classical Bloch space (3 to the Zygmund space Z, and from the little 
Bloch space do to the little Zygmund space Zq, respectively. 

Keywords Bloch space, Zygmund space; Weighted composition operator; Boundedness; 
Compactness 
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1 Introduction 

Let D = {z : \z\ < 1} be the open unit disk in the complex plane and H(D) denote the set of 
all analytic functions on D. Let u,<p £ H(D), where </? is an analytic self-map of D. Then the 
well-known weighted composition operator uC v on H(D) is defined by uC v (f)(z) = u(z) ■ ( foip(z )) 
for f £ H(D) and z £ D. Weighted composition operators can be regarded as a generalization of 
multiplication operators and composition operators. In 2001, Ohno and Zhao studied the weight- 
ed composition operators on the classical Bloch space /3 in [14], which has led many researchers 
to study this operator on other Banach spaces of analytic functions. The boundedness and com- 
pactness of it have been studied on various Banach spaces of analytic functions, such as Hardy, 
Bergman, BMOA, Bloch-type spaces, see, e.g. [2, 4, 8, 18, 27]. 

In 2006, the boundedness of composition operators on the Zygmund space Z was first studied 
by Choe, Koo, and Smith in [1]. Later, many researchers have studied composition operators and 
weighted composition operators acting on the Zygmund space Z. Li and Stevie in [9] studied the 
boundedness and compactness of the generalized composition operators on Zygmund spaces and 
Bloch type spaces. They in [11] considered the boundedness and compactness of the weighted 
composition operators from Zygmund spaces to Bloch spaces. Ye and Hu in [22] characterized 
boundedness and compactness of weighted composition operators on the Zygmund space Z. Es- 
maeili and Lindstronr in [7] studied weighted composition operators from Zygmund type spaces 
to Bloch type spaces and their essential norms. Sanatpour and Hassanlou in [17] gave the es- 
sential norms of this operators between Zygmund-type spaces and Bloch-type spaces. See also 
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the Natural Science Foundation of Fujian Province, China(Grant No. 2015J01005). 
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[5, 15, 16, 19, 20, 21, 23, 24, 25, 26] for corresponding results for weighted composition operators 
from one Banach space of analytic functions to another. It is well-known that Z C f3. It is more 
interesting to characterize u. ip such that this operator uC v has the pull-back properly, that is, 
uC v f £ Z whenever / £ /?. In this paper we consider this question. 

Now we give a detailed definition of these spaces. A function / analytic on the unit disk is 
said to belong to the Bloch space f3 if 

Kf) = sup{(l - \z\ 2 )\f'{z)\} < oo, 

zSB 

and to the little Bloch space /3q if f £ (3 and 

Jim (1 — M 2 )|/ / (-)| = 0. 
k'N 1- 

It is well known that /3 is a Banach space under the norm 

11/11/5 = l/(0)| +&(/), 


and /?o is a closed subspace of /?. 

The Zygmund space Z consists of all analytic functions / defined on D such that 

z(f) = sup{(l - \z\ 2 )\.f"(z)\ : z £ D}, 0 < a < +oo. 

From a theorem of Zygmund (see [29, vol. I, p. 263] or [6, Theorem 5.3]), we see that f £ Z if 
and only if / is continuous in the close unit disk D = {z : \z\ < 1} and the boundary function 
/(e * 9 ) such that 

|/(e < ( <, + h >) + /(e^~^) - 2f(e i9 )\ 
h> 0,6 h 

An analytic function / £ H(D) is said to belong to the little Zymund space Zq consists of all 
f £ Z satisfying lini|,|_ >1 -(l — |z| 2 )|/"(z)| = 0. It can easily proved that Z is a Banach space 
under the norm 

ll/IU = l/(°)l + l/'(0)| +z(/) 

and the polynomials are norm-dense in closed subspace Zq of Z. For some other information on 
this space and some operators on it, see, for example, [9, 10, 11]. 

Throughout this paper, constants are denoted by C, they are positive and only depending on 
p , and may differ from one occurrence to the other. 


2 Auxiliary results 

In order to prove the main results of this paper, we need some auxiliary results. The first part of 
the following lemma is a well known. 

Lemma 2.1 Suppose that f £ f3, then 

(i) \f{z)\ < log - — yyr H/ll/3 for every z £ D; 

I 1 - M 2 ) 

(ii) \f"(z)\ < _ 8 2 y b U) for every z£ D. 
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Proof For any / £ /3. Fix z € D and let p = , by the Cauchy integral formula, we obtain 

that 


i/'mi-i If 

2th Jm =p (£ - z) 2 1 - p z 2t r 7 0 


pdO 


< 


, m=p (Z-zy“"- l-p*2nj 0 \pe w — z\ 2 1 - p 2 p 2 - |*| 2 “ (1 - \ z \*)* ‘ 

Hence (ii) holds. 

Lemma 2.2 [28] Suppose that f £ /?o> t/ien 


(%) lim 1 ( 'nV'\ I o \ \ = °> 

l*Ki- log(e/(l - |2| 2 )) 

(n), Jim (1 - \z\ 2 ) 2 \f"(z)\ = 0. 

1*1— >i _ 


Lemma 2.3 Suppose uC v : fio Zq is a bounded operator, then uC v : p — » Z is a bounded 
operator. 


The proof is similar to that of Lemma 2.3 in [21]. The details are omitted. 

Lemma 2.4 Suppose that uC v be a bounded operator from p to Z, then uC v is compact if 
and only if for any bounded sequence {f n } in P which converges to 0 uniformly on compact 
subsets of D. We have \\uC v (f n )\\z — > 0 , as n — > oo . 

The proof is similar to that of Proposition 3.11 in [3] . The details are omitted. 

Lemma 2.5 Let U C Zq. Then U is compact if and only if it is closed, bounded and satisfies 


lim sup(l-|z| 2 )|/"(2)|=0. 

\ z \^ 1 feu 

The proof is similar to that of Lemma 1 in [12], we omit it. 

3 Main results 

Theorem 3.1 Let u be an analytic function on the unit disc D, and ip an analytic self-map of D. 
Then uC v is a bounded operator from the classical space P to the Zygmund space Z if and only if 
the following are satisfied: 


sup(l - |2 t| 2 )|^"(^)| log < oo 

ze D l-\q>(z)\ Z 

(l-\z\ 2 )\2q>'(z)u'(z) + t p"(z)u(z)\ 


sup 

zeD 


sup 


1-|¥>(*)I 2 

(i-M 2 )Kz)(v?W| 


< oo; 


(i - MOI 2 ) 2 


< oo. 


(3.1) 

(3.2) 

(3.3) 
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Proof Suppose uC v is bounded from the Bloch space 0 to the Zygmund space Z. Then we can 
easily obtain the following results by taking f(z) = 1 and f(z) = z in 0 respectively: 

u£Z- (3.4) 


sup(l — \z^)\2ip' (z)u' {z) + ip"(z)u(z) + <p{z)u"(z) \ < +oo. 

zED 

By (3.4), (3.5) and the boundedness of the function f(z), we get 

Ki = sup(l — \z\ 2 )\2if' (z)u' (z) + ip"{z)u(z ) | < +oo. 

zED 

Let f(z) = z 2 in 0 again, in the same way we have 

sup(l - \z\ 2 )\^ip{z)if' (z)u’ {z) + ip 2 (z)u'\z) + 2 u(z)(tp(z)ip" (z) + ( ip'(z)) 2 )\ < oo. 

zED 

Using these facts and the boundedness of the function tp(z) again, we get 

K 2 = sup(l - \z\ 2 )\(ip' (z)) 2 u(z)\ < +oo. 
zed 


(3.5) 

(3.6) 


Fix a £ D, we take the test functions 
f a (z) = 3 log 


-(log— ^) 2 - 


-(log-^) 3 


(3.7) 


(3.8) 


1-az log i 3 ]yp 1-az log 2 1 - az‘ 

for z £ D. By a directly calculation we obtain that f a £ 0 and sup a ||/ 0 ||^ < C < oo, where C is 

not depended on a. Since / a (a) = 5 log 1 _| a | 2 , /'(a) = 0, /"(a) = 0, we have 

C\\fab > \\uC v f a \\ z > sup(l - \z\ 2 )\(uC v f a )" (z)\ 

z£D 

= sup(l - \z\ 2 )\ (2 if'(z)u'{z) + if" (z)u(z)) fa(<p(z)) 

zED 

+ r:Mz)W(z)) 2 u(z) + u"(z)f a (ip(z))\. 

Let a = ip( A), it follows that 

c\\fab > (i-|a| 2 )“|(2^(aK(a) + +"(ama))/; (a) (+(a)) 

+ /" (A )(^(A))(+ , (A)) 2 «(A) + u "(A)/^ a) (^(A))| 

= 5(l-|A| 2 )>"(A)log 


1 — l+(A)| 2 

Hence (3.1) holds. 

Next, we will show that (3.2) holds. Fix a £ D with |a| > we take another test functions: 

8(1 -M 2 ) 2 14(1 -H 2 ) 3 6(1 -|a| 2 ) 4 


9a(z) = 


(1 — az ) 2 (1 — az ) 3 


(1 - az) 4 


(3.9) 


for z £ D. By a directly calculation we obtain that g a £ 0 and sup 0 \\g a \\p < C < oo, where C is 
not depended on a. Since g a {a) = 0, g' a (a) = — t^, g"(a) = 0, it follows that for all A £ D 


1 - |a| 


with |+(A)| > we have 


C\\g a \\p > WuC^gaWz > sup(l - \z\ 2 )\{uC v g a )" {z)\ 

zED 

= sup(l - |z| 2 )| (2 ip'(z)u’(z) + if"{z)u{z))g' a {if(z)) 

zED 

+ 9 a( l f(z)){‘p'(z)) 2 u{z) + u"(z)g a {tf(z))\. 
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Let a = ip( A), it follows that 

C\\9ab > (1-|A| 2 )|(2^(AK(A) + vp"(AMA)) 5 ; (a) ( V (A)) 
+ <?"( a) MA))(^(A)) 2 U (A) + u"(A) 5v(a) MA))| 

= (1 - |A| 2 )|(2^(A) U '(A) + /(A)^A)) 1 ^ |2 

^ 1 (1 — | A| 2 )| (2i^ , (A)u , (A) + <p"(\)u(\)) | 

- 2 1-|<P(A)| 2 

For VA £ D with |y>(A)| < 1, by (3.6), we have 


sup 
A gd 


(1-|A| 2 )|(2^(AK(A) + ^"(AMA))| 
1 - l^(A)| 2 


< \ sup (1 - |A| 2 )|(2y>'(A)u'(A) + </?"(A)it(A))| < +oo. 
3 A 6D 


Hence (3.2) holds. 

Finally we will show (3.3) holds. Fix a € D with |a| > g, 


K{z) = - 


3(1 -|a| 2 ) 2 6(1 -|q| 2 ) 3 

(l-d^) 2 {l-azf 


we take the test functions: 

3(1 -H 2 ) 4 

(1-dz) 4 


(3.10) 


for z € D. It is easily proved that supi < | a | <1 ||ft - a ||/3 < C < oo, where C is not depended on a. 
For w £ D, let a = <p(w), since 


K( w )(v(w)) = 0, ti v(w) (y(w)) = 0, /i" w (<7>(w)) 


-6(y(w)) 2 

(i-kHI 2 ) 2 ’ 


then, for all w £ D with |<^(w;)| > g, we obtain that 


C \\hab > 


\\uC v g a \\ z > (1 - H 2 ) 


\6u(w)(<p' (w)) 2 (ip(w)) 2 \ 

(i-bHI 2 ) 2 


Then, by (3.7), we have 

(1 - H 2 )|u(w)(</(w)) 2 | 


sup 


< sup 


(1 - M 2 )| u(w)((p’ (w)) 2 


en (1-I^HI 2 ) 2 (1-I^HI 2 ) 2 

(1 - \w\ 2 )\u(w)(ip'{w)) 2 \ 


sup 


(i-kHI 2 ) 2 


n I ,2m M) (<pW) , 16 n I |2m , M tt AA 2| 

<4 sup (1- \w\ )\ + — sup 1- H Kw M 

| v (to)|>i !- WT 9 Iv(«.)|<i 


< 00 . 


Hence (3.3) holds. 

Conversely, suppose that (3.1), (3.2), and (3.2) hold. For / £ /?, by Lemma 2.1, we have the 
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following inequality: 

(1 - \z\ 2 )\(uC v f)"(z)\ = (1 - \z\ 2 )\(2ip'(z)u'(z) + ip"(z)u(z))f'(<p(z)) 

+ n<p(z))(<p'(z))Mz)+u"{z)f(<p(z)) | 

< (1 - k| 2 )|(2 <p'(z)u'{z) + <p" (z)u(z)) f (<p(z )) I 

+ (1 - \z\ 2 )\f"(p(z))(p'(z)) 2 u(z)\ + (1 - \z\ 2 )\u”(z)f(ip(z))\ 


and 


< 


+ 


(l-\z\ 2 )\2p'(z)u'(z) + p"(z)u(z)\ 

1-Hz)\ 2 

(l~\z\ 2 )W{z)) 2 u{z)\ 


b(f) 


(l-l^)l 2 ) 2 

< cWfWp, 


*>(/) + (!- N )l“"(«)|log( 


1 - \p{z)\ 


OWfb 


i«(o)/(^(o))i + + \u(o)fMowm 

< (d«(0,| + |,/(0)|, l„g( T -^ F ) + ^g^)ll/ll S . 

This shows that uC v is bounded. This completes the proof of Theorem 3.1. 

Corollary 3.1 Let p be an analytic self-map of D. Then C v is a bounded operator from the Bloch 
space f3 to the Zygmund space Z if and only if 


(l-\z\ 2 )\(p'(z)) 2 \ , (1 — \z\ 2 )\p"(z)\ 

SU P 71 1 ( ni 2 \2 < 00 and SU P 1 1 / M2 < 00. 

ZGD (1 ^ ZS-D 1-| <p{z)\ 2 

In the formulation of lemma, we use the notation M u on H(D) defined by M u f = uf for / G H{D). 

Corollary 3.2 The pointwise multiplier M u : (3 — >• Z is a bounded operator if and only if u = 0. 

Theorem 3.2 Let u be an analytic function on the unit disc D and p an analytic self-map of D. 
Then uC v is a compact operator from (3 to Z if and only if uC v is a bounded operator and the 
following are satisfied: 


hm (1 |z| 2 )|w"(z)|log | , ,, 2 = 0; 

( 3 . 11 ) 

(1 — \z\ 2 )\2p' (z)u' (z) + p"{z)u{z)\ 

bWI-i- 1-bWI 2 

( 3 . 12 ) 

{l-\z\ 2 )\u{z){p>{z)) 2 \ 
Mdhi- (1-bWI 2 ) 2 

( 3 . 13 ) 
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Proof Suppose that uC v is compact from /3 to the Zygmund space Z. Let {z n } be a sequence 
in D such that \ip(z n )\ — > 1 as n — > oo. If such a sequence does not exist then (3.11), (3.12) and 
(3.13) are automatically satisfied. Without loss of generality we may suppose that \<p(z n )\ > \ for 
all n. We take the test functions 


Sn{z) 



tin 


e 

1 - (p(z n )z 



e 

1 - <P(Zn)z 


3 4 e 

° 8 1 -|^„)| 2 ' 


(3.14) 


where a n = log j — - — — -. By a directly calculation, we may easily prove that {/„} converges to 

!-| ( p(z n )r 

0 uniformly on compact subsets of D and sup n ||/ n ||^ < C < oo. Then {/„} is a bounded sequence 
in (3 which converges to 0 uniformly on compact subsets of D. Then linin^oo \\uC lp (f n )\\z = 0 by 
Lemma 2.4. Note that 


fn{<p{z„)) = a n , f' n (tp(z n )) = 0, f"(ip(z n )) = 0. 

It follows that 

\\uC v fn\\z > (1 - \z n \ 2 )\(2u' {z n )ip' (z n ) + <p"(Zn)u(z n ))fl l (tp(z n )) 
+u(z n )f"{g}(z n ))(ip'(z n )) 2 +u"(z n )f n (tp(z n ))\ 

= (l-\z n \ 2 )\u"(z n )\\og 6 

1 - mzn)r 

Then 

lim (1 - \z n \ 2 )\u" (z n )\ log 6 = 0. 

n-S-oo l-\y{Z n )\ Z 

Next, let 

= 8(l-\<p(z n )\ 2 ) 2 _ 14(1 — |(/?(z ra )| 2 ) 3 6(1 — \ip(z n )\ 2 ) 4 

(1 - (p(z n )z) 2 (1 - <p(z„)z ) 3 (1 - (p(z n )z) 4 

By a directly calculation we obtain that g n 0 (n — > oo) on compact subsets of D and 
sup ra ||< 7 n ||/3 < C < oo. Consequently, {g n } is a bounded sequence in /3 which converges to 0 
uniformly on compact subsets of D. Then lim^oo ||uC' ¥ ,(</ n )||.z = 0 by Lemma 2.4. Note that 

gn{<p(z n )) = 0, 9n{<fi{z n )) = 0 and g' n {<p{z n )) = - — 

i - mzn)\- 

It follows that 

\\uC v g n \\ z > (1 - \z n \ 2 )\{2u' (z n )<p' (z n ) + <p"(z n )u(z n ))g' n (<p(z n )) 
+u(z n )g'XW(z n )){ip' (z n )) 2 + u"(z n )g n (ip(z n ))\ 


= 2(1 - \z n \ 2 )\(2u' (z n )tp' (z n ) + ip" (z n )u(z n )) 


f(z n ) I 
1-IR^I 2 


Then lim 


(1 - \z n \ 2 )\2v! {z n )tf/ {z n ) + (p"(z n )u(z n ) | 


Finally, let 


1 - \v{z n )\ 2 


= 0. 


3(l-|y(*n)| 2 ) 2 6(1 — |y>(z ra )| 2 ) 3 _ 3(1 — |y>(z n )| 2 ) 4 

(1 - <p{z n )z) 2 (1 - <p(z n )z) 3 (1 - v{z n )z) 4 
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By a directly calculation we obtain that h n =} 0 (n — > oo) on compact subsets of D and 
sup n ||/i n ||^ < C < oo. Consequently, {h n } is a bounded sequence in Z which converges to 0 
uniformly on compact subsets of D. Then liuin^oo ||uC ¥ ,(/i n )||.z = 0 by Lemma 2.4. Note that 

hn(<p{z n )) = 0, h' n (ip(z n )) = 0 and h"(tp{z n )) = It follows that 

ft \lfi(Z n )\ ) 

\\uC v h n \\ z > (1 - \z n \ 2 )\{2u' (z n )<p' (z n ) + ip" (z n )u(z n ))h' n (<p(z n )) 
+u(z n )h"(<p(z n ))(<p' 0„)) 2 +u"(z n )h n {ip(z n )) I 


= 6(l-\z n \ 2 )\u(z n W(z n )) 2 ' W{Zn)][2 


'{i-\v{z n )\ 2 r 

Then lim (1 — \z n I 2 ) J = 0. The proof of the necessary is completed. 

► °° ( 1 -| ¥ 4 ^) 1 ) 

Conversely, suppose that (3.11), (3.12), and (3.13) hold. Since uC v is a bounded operator, by 
Theorem 3.1, we have 

Mi = sup (1 - \z\ 2 )\u"(z)\ log 1 < oo, M 3 = sup — — I--I I < oo, 

zGD 1-| Wl zeD (1-| VWI ) 


and 


M 2 = sup 

zeD 


{l-\z\ 2 )\2v'{z)u'{z)+y"{z)u{z)\ 


< oo. 


1-M*)I 2 

Let {/„} be a bounded sequence in /? with ||/ n ||^ < 1 and /„ — > 0 uniformly on compact 
subsets of D. We only prove lim \\uC v (f n )\\z = 0 by Lemma 2.4. By the assumption, for any 

n—>oo 

e > 0, there is a constant S , 0 < <5 < 1, such that S < \<p(z)\ < 1 implies 
(1 -\z\ 2 )\u(zW(z)) 2 ' 


(1-|¥>(*)I 2 ) 2 


<e, (l-\z\ 2 )\u"(z)\log 


1 - | <p(z)\‘ 


< e, 


and 


{l-\z\ 2 )\2y'{z)u'{z) + v"{z)u{z)\ 


< e. 


1 - \y(z)\ 2 

Let K = {w e D : |to| < 5}. Noting that I\ is a compact subset of D , we get that 


z{uC v f n ) = sup(l - \z\ 2 )\(uC v f n )"(z)\ 

z£D 


< sup(l - \z\ 2 )\(2ip' {z)u' {z) + <p" (z)u(z)) fn(<p(z))\ 

zGD 

+ sup(l - \z\ 2 )\f"(tp(z))(ip'(z)) 2 u{z)\ + sup (1 - \z\ 2 )\ll"(z)f n (ip(z))\ 

zGD z&D 

< lOe + sup (1 - \z\ 2 )\(2ip' (z)v! {z) + ip" {z)u(z)) f„(<p(z))\ 

\cp(z)\<8 

+ sup (1 - \z\ 2 )\f"(p(z))(tp'(z)) 2 u(z)\ + sup (1 - \z\ 2 )\u"{z)f n (<p(z))\ 

\ip{z)\<5 lvdl<<5 

< 10e + M 2 sup 1/4 (to) I + M 3 sup \ f"(w)\ + M ± sup |/„(to)|. 

w£K w£K w£K 

As n — > oo, \\uC v f n \\z —> 0. Hence uC v is compact. This completes the proof of Theorem 3.2. 
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Corollary 3.3 Let ip be an analytic self-map of D. Then C v is a compact operator from the 
Bloch space (3 to the Zygmund space Z if and only if C v is bounded, 


lim 


(i-HW(z)) 2 ! 

(i-l^)l 2 ) 2 


and 


lim 

Iv(z)|->1- 


1 - Iy > 0)| 2 


Theorem 3.3 Let u be an analytic function on the unit disc D, and ip an analytic self-map of 
D. Then uC v : /?o — > Zq is a bounded operator if and only if u £ Zq, (3.1), (3.2), and (3.3) hold, 
and the following are satisfied: 


lim (1 — \z\ 2 )\2(p' (z)u' (z) + ip"(z)u(z)\ = 0. (3.15) 

M->T - 

lim (1 — \z\ 2 )\u(z)(ip' (z)) 2 \ = 0; (3.16) 


Proof Suppose that uC v is bounded from the little Bloch space (3o to the little Zygmund type 
spaces Zq. Then u = uC v 1 £ Zq. Also i up = uC^z £ Zq, thus 


(1 — \z\ 2 )\2p' (z)u' (z) + <p"(z)u(z) + p(z)u"(z)\ — > 0 (l^rj — > 1 ). 


Since \p\ < 1 and u £ Zq, we have lim (1 — \z\ 2 )\2p' {z)u' {z) + <p"(z)u(z ) | = 0. Hence (3.15) 

f*HH- 

holds. 

Similarly, uC^z 2 £ Zq, then 

(1 - \z\ 2 )\Mz)<p'(z)u'(z) + P 2 {z)u"{z) + 2 u{z){p{z)p"{z) + (p'(z )) 2 ) I -A 0 (\z\ 1-). 

By (3.15), \tp\ < 1 and u £ Zq, we get that lim (1 — \z\ 2 )\u{z)(p' (z)) 2 \ = 0, i. e. that (3.16) 

|z|— >1- 

holds. On the other hand, from Lemma 2.3 and Theorem 3.1, we obtain that (3.1), (3.2), and 
(3.3) hold. 

Conversely, for V/ £ (3q, we have both (1 — | 2 | 2 ) 2 |/"( 2 :)| — ► 0 and ] > 0 as \z\ 1" by 

111 i-|z | 2 

Lemma 2.2. Given e > 0 there is a 0 < <5 < 1 such that (1 — |2| 2 )|/ , (z)l < , (1 — \z\ 2 ) 2 \f” (z)\ < 

3 AiZ 2 

„ \ r and , „ \ T for all z with 6 < \z\ < 1, where Mi, M 2 , M 3 are defined in above. 

3M 3 log 3Mi 

If \tp(z)\ > S, it follows that 


(1 - \z\ 2 )\(uC v f)"(z)\ = (1 - \z\ 2 )W(z)u'{z) + p"(z)u(z)]f\p(z)) 


+ f"(.v(z)){v\z)) 2 u(z) + u"(z)f(<p(z)) I 


< (1 - \z\ 2 )W{z)u'{z) +g>"(z)u(z)\f(g>(z))\ 


+ (1 - \z\ 2 )\f"(ip(z)W(z)) 2 u(z)\ + (1 - \z\ 2 )\u"(z)f(p(z))\ 


< 


M 2 (l - \p(z)\ 2 )\f'(ip(z))\ + M 3 ( 1 - \p(z)\ 2 ) 2 \f"(p(z))\ + Mi 


\f(<p(z))\ 

log l-lv%)l 2 


< 


e e e 
3 + 3 + 3 


= e. 
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We know that there exists a constant M 4 such that \f{z)\ < M 3 , \ f'{z)\ < M 4 and \f"(z)\ < M 4 
for all \z\ < S. 

If | p(z) | < <5, it follows that 

(1 - \z\ 2 )\(uC v f)"(z)\ = (1 - \z\ 2 )\[2p'{z)u\z) + p"(z)u(z)\f'(p(z)) 

+ f"(ip(z))(ip'(z)) 2 u(z) + u"(z)f(ip(z))\ 

< Mi( 1 - \z\ 2 )\\2ip' (z)u' (z) + <p"(z)u(z ) | 


+ M 4 (l - \z\ 2 W{z)Yu{z)\ + M 4 (l - \z\ 2 )\u"(z)\. 

Thus we conclude that (1 — \z\ 2 )\(uC lp (f))"(z)\ -1 0 as \z\ — > 1~ . Hence uC v f € Z 0 for all 
/ € Po- On the other hand, uC v is a bounded operator from P to Z by Theorem 3.1. Hence uC v 
is a bounded operator from the little Bloch space Po to the little Zygmund space Z 0 . 

Corollary 3.4 Let ip be an analytic self-map of D. Then C v is a bounded operator from po to 
Zq if and only if C v is a bounded operator from p to Z and p € Zq. 

Proof By Theorem 3.3 we have that C v is a bounded operator from po to Z 0 if and only C v : 
P — > Z is bounded, p £ Zq, and 

lim (l-\z\ 2 )\(p'(z)) 2 \=0. 

\z\-H- 

However, That p £ Z 0 means iff £ Pq. Then we have that \p'(z)\ < log 4_| z |2 \\p’\\p by Lemma 
2.1. It follows that 

(1 - \z\ 2 )\{ip\z)) 2 \ < (1 - M 2 ) log 2 Y^WWl 0 , 

as \z\ —> 1 “. 

Theorem 3.4 Let u be an analytic function on the unit disc D, and p an analytic self-map of 
D. Then uC v is compact from po to Zq if and only if the following are satisfied: 

i,h-d “ N a )i""Mi 1 °g 1 _ l ‘ (z)P = o; < 3 - 17 > 

(3 . 18) 

lim (3.19) 

PKi- (1- W{z)\ 2 ) 2 

Proof Assume (3.17), (3.18), and (3.19) hold. From Theorem 3.3, we know that uC v is bounded 
from Pq to Z 0 . Suppose that / £ Po with \\f\\p < 1. We obtain that 

(1 - \z\ 2 )\(uC v f)"(z)\ < (1 - \z\ 2 )\(2p'(z)u'(z) + p"(z)u(z))f'{p{z))\ 

+(1 - \z\ 2 )\f"{p{z)){p\z)) 2 u{z)\ + (1 - \z\ 2 )\u"{z)f{p{z))\ 


<{l-\z\ 2 )\2p\z)u'{z) + p"{z)u{z)\ 


l-\p(zW 


+8 (l~\p(z)\ 2 ) 2 6 (/) + ( 1 \ Z \ )I M ( 2 : )I 1 °S H/ll/31 
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thus 


sup{|(l - \z\ 2 )(uC v f)"(z)\ : f € /3 0 , H/11,8 < 1} 
< (! - \z\ 2 )l 2<p'(z)u'(z) + p"(z)u{z ) | 


1-|¥>(*)I 2 


8(lH*lW(*))V*)l . n I Inr 6 

+ (i - |^(s )| 2 } 2 + (1-N ,l " ( 2 )|log i-M^)P ; 


and it follows that 


lim sup{|(l - \z\ 2 )(uC v f)"(z)\ : / £ /3 0 , II/II/3 < 1} = 0, 

hence uC v : /So —> Zq is compact by Lemma 2.5. 

Conversely, suppose that uC v : /S 0 — > Z 0 is compact. 

First, it is obvious uC v : /So — >■ i?o is bounded, then by Theorem 3.3, we have u € Zq and that 
(3.15) and (3.16) hold. On the other hand, by Lemma 2.5 we have 


lim sup{|(l - \z\ 2 )(uC l pf)"(z)\ : / € /3 0 , \\f\\/3 < M} = 0, 
l*H 1_ 


for some M > 0. 

Next, noting that the proof of Theorem 3.1 and the fact that the functions given in (3.8) are 
in /So and have norms bounded independently of a, we obtain that 

lim (1 - \z\ 2 )\u"{z )\ log 6 = 0. 

M->i- 1-| 


Similarly, noting that the functions given in (3.9) are in /So and have norms bounded indepen- 
dently of a, we obtain that 


lim 

N-n- 


{\-\z\ 2 )W(z)u\z) + y"{z)u{z)\ 

1-kWI 2 


(3.20) 


for \ip{z)\ > However, if \p>{z)\ < \ 1 by (3.15), we easily have 


lim 

Nhi- 


{l-\z\ 2 )W{z)u\z) + y"{z)u{z)\ 

1-M*)I 2 


< | lim (1 - \z?)\ 2ip'(z)u'(z) + <p"(z)u(z ) | = 0. 

6 | z | >-1 — 

Thus (3.18) holds. 

Also, the third statement, that (3.19), is proved similarly. We omitted it here. This completes 
the proof of Theorem 4.2. 


Corollary 3.5 Let ip be an analytic self-map of D. Then C v is a compact operator from /So to 
Zq if and only if 


lim 

M-»T- 


(1 - \z\ 2 )W (z)) 2 \ 

(i - Ia(z)I 2 ) 2 


and 


lim 

Nhi- 


(\-\z\ 2 )W'(z)\ 

1-|¥>(*)I 2 


11 
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Approximate homomorphisms and derivations 
on non- Archimedean Lie JC^-algebras 


Javad Shokri 1 and Dong Yun Shin 2 * 

department of Mathematics, Urmia University, P. O. Box 165, Urmia, Iran 
department of Mathematics, University of Seoul, Seoul 02504, Republic of Korea 


Abstract. In this paper, by using the fixed point method, we prove the Hyers-Ulam stability of homomorphisms 
in non- Archimedean Lie JC*-algebras and derivations on non- Archimedean Lie JC^-algebras associated with 
the following additive mapping: 

n k fc+1 n n n — fc+l 

E(E E - E )/( E *- E *■■) 

k=2 ii=2 i 2 =ii-(-l i n -k+l =i n-k+l ,••• ,i n _ k+1 r= 1 

n 

+ = 2 " _1 /(*i) 

i = 1 

for a fixed positive integer n with n ^ 2. 


1. Introduction 

In 1896, Hensel [4] introduced a field with a valuation in which does not have the Archimedean 
property. Let K, be a field. A non-Archimedean absolute value on/C is a function | • | : K, — > 
[0, +oo) such that, for any a, b G /C, the following conditions are satisfying 

(i) |o| ^ 0 and equality holds if and only if a = 0, 

(ii) \ab\ = |a||6|, 

(in) \a + b\ ^ max{|a|, |6|} (the strict triangle inequality). 

Note that |1| = | — 1| = 1 and \n\ ^ 1 for each integer n. We always assume, in addition, 
that | • | is non-trival, i.e., there exists an ao ^ 0,1. A function ||.|| : X — > [0, oo) is called a 
non-Archimedean norm if it satisfies the following conditions: 

(i) ||.t|| = 0 if and only if x = 0; 

(ii) for any r G K, x G X, ||rx|| = |r|||x||; 

(in) the strong triangle inequality holds, namely, 

Ik + 2/II < max{|k||, ||y||} (x,y G X). 

Then (A, || • ||) is called a non-Archimedean norrned space. From the fact that 
Ikn - x m \\ < max{||n n - x m || : m ^ j ^ n - 1} (n > m), 

°2010 Mathematics Subject Classification: 39B52, 39B72, 46L05, 47H10, 46B03. 

‘’Keywords: Hyers-Ulam stability; additive functional equation; fixed point; non-Archimedean space; homo- 
morphisms in a non-Archimedean Lie JC*-algebras; derivations in a non-Archimedean Lie JC* -algebras. 
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holds, a sequence {x n } is Cauchy if and only if {x n —x m } converges to zero in a non- Archimedean 
normed space. By a complete non-Archimedean norrned space we mean one in which every 
Cauchy sequence is convergent. 

A non-Archimedean Banach algebra is a complete non-Archimedean algebra A which satisfies 
||ab|| ^ ||a|| • [|6|| for all a, b £ A. For more detailed definitions of non-Archimedean Banach 
algebras, we refer the reader to [15]. 

If U. is a non-Archimedean Banach algebra, then an involution on U is mapping t — > t* from 
U into U which satisfies 

(i) t** = t for t € U; 

(ii) (as + fit)* = as* + fit*; 

(iii) ( st )* = t*s* for all s,t € U. 

If, in addition, ||t*t|| = ||t|| 2 for t £ U, then U is a non-Archimedean C*-algebra. 

The stability problem of functional equations originated from a question of Ularn [16] con- 
cerning the stability of group homomorphisms: Let (Gi,*) be a group and let (G 2 ,o) be a 
metric group (a metric is defined on a set with group property) with the metric d(., .). Given 
e > 0, does there exist a 8(e) > 0 such that if a mapping h : G\ — >■ G 2 satisfies the inequality 
d(li(x * y), h(x) * h(y )) < 8 for all x, y € G\, then there is a homomorphism H : G\ — > G 2 with 
d(h(x),H(x )) < e for all x € G 1 ? If the answer is affirmative, we would say that the equation 
of homomorphism h(x * y) = h(x) * h(y ) is stable (see also [3, 5, 9, 10, 12, 13, 14]). 

For explicitly later use, we recall a fundamental result in fixed point theory. 

Theorem 1.1. (The fixed point alternative theorem [2]) Let (Q,d) be a complete generalized 
metric space and J : ft — > fl be a strictly contractive mapping with Lipschitz constant 0 < L < 1, 
that is, 

d(Jx, Jy) ^ Ld(x,y), x,y£Lt. 

Then, for each given x £ Q, either 

d(J n x , J n+1 x) = 00 , Vn ^ 0, 

or there exists a positive integer uq such that 

(1) d(J n x, J n+l x) < 00 , Vn ^ no; 

(2) the sequence { J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set A = {y G fl : d(J n °x,y) < 00 }; 

(4) d(y, y*) ^ j^d(y, Jy) for all y G A. 

A non-Archimedean C*-algebra C, endowed with the Lie product [x, y] := xy ~ yx and endowed 
with anticommutator product (Jordan product) xoy := xy ^ yx on C, is called a non-Archimedean 
Lie JC* -algebra (see [6, 7, 8]). 

Jordan algebras as coordinates for Lie algebras were created to illuminate a particular aspect 
of physics, quantum-mechanical observables, but turned out to have illuminating connections 
with many areas of mathematics. 

In this paper, we prove the Hyers-Ulam stability of homomorphisms and derivations in non- 
Archimedean Lie JC*-algebras associated with the following additive functional equation: 
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n k fc+1 n n n— fc+1 

£(£.£■+ £ )/(...£. *<- £ *<-) 

k — 2 — 2 i 2 — il + 1 ^n— fc+l — ^n — fc+1 i^n— fc+1 ^ ^ 

n 

+/(£.,;,) = 2 ”-‘/(i 1 ) (1.1) 

2=1 

for a fixed positive integer n with n 2. 

2. Stability of homomorphisms in non- Archimedean Lie JC^-algebras 

Definition 2.1. [7] Let A and B be non- Archimedean Lie JC* -algebras. A C-linear mapping 
H : A — >■ B is called a (non- Archimedean Lie JC* -algebra) homomorphism if H satisfies 

H([x,y]) = [H(x),H(y)], 

H(xoy) = H{x) o h(y), 

H(x*) = H{x)* 

for all x,y £ A. 

Throughout this section, assume that A and B are two non- Archimedean Lie J(7*-algebras, 
respectively, with norm || • ||_4 and |j • ||g. 

For a given mapping / : A — > B, we define 

n k k+l n n n—k+l 

D^f{xi,--- ,x n ) := Y "• Y )/( Y l- lXl ~ Y V x ir) 

k =2 i\ =2 22— 21 “hi ^n—fc+l = ^n — fc+ 1 5”’ i^n— fc+1 ^ ^ 

Tl 

+ f{Y fj,Xi ) “ 2 " _1 /(^ x 1 ) 

2=1 

for all /a G T 1 := {A G C : |A| = 1} and all xi, ,x n €. A. 

We recall the following needed lemmas in this paper. 

Lemma 2.2. [11] Let V and W 6e linear spaces and f : V -A W 6e an additive mapping such 
that f(iax) = nf(x) for all x £ V and /leT 1 . T/ien t/ie mapping f is C-linear. 

Lemma 2.3. [7] A mapping f A B with /( 0) = 0 satisfies the functional equation (1.1) 
if and only if f : A — >■ B is additive. 

We prove the Hyers-Ulam stability of homomorphisms in non- Archimedean Lie JC*-algebras 
for the functional equation D lt f(x \ , • • • , x n ) = 0. 

Theorem 2.4. Let f : A —*■ B be a mapping for which there are functions ip : A n — > [0, 00 ), if : 
A 2 — >■ [0, 00 ), and r] : A — > [0, 00 ) such that |2| < 1 is far from zero and 


llm lolm^ 2 ™* 1 ’ 2 "*® 2 ’''' >2 m a; n ) = 0, 
m— >00 \zy n 

(2.1) 

lim l if(2 m x, 2 m y) = 0, 
m-»oo 2 2m 1 

(2.2) 
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lim — j— ?l(2 m x) = 0, 

m— »oo 2 m 

(2.3) 

|£> m /(xi, • • • ,x n )||e ^ ip(xi > ■ ■ * ,x n ), 

(2.4) 

II f([x, y]) - [/(x), /(y)] e if(x,y), 

(2.5) 

II f{xoy) - /(x) 0 /(y)|| B ^ if(x,y ), 

(2.6) 

11/00 - /(®)*||b < *7(®)> 

(2.7) 


for all x, y, x±, ■ ■ ■ , x n G A and fa G T 1 . If there exists a constant 0 < L < 1 such that 
<p(x i,X 2 , • • • , x n ) ^ ■ ■ • , for all xi, X2, ■ ■ ■ ,x n G A, where a = |2| n_1 , then 

there exists a unique homomorphism H : A — > B such that 

||/(z)-fl(x)k^^,|,0, ■■■,<)) (2.8) 

for all x G A. 


Proof. Let /j, = 1. Using the following relation 


i + £ 


n — k 


n — k 


for all n > k and putting x\ = X 2 = x and £3 = X 4 = ■ ■ ■ = x n = 0 in (2.4), we obtain 


|-/(2x) -af(x) ||b ^ p(x,x, 0, ••• ,0) 


for all iGd. So 


]|^/(2x) -/(x)||b x, 0, • • • ,0) ^ ,0) (2.10) 

for all x G A. Let define 12 := {g : A — > £>} and introduce a generalized metric on 12 as follows 

d(g,h ) = inf{fc G (0, 00) : || g(x) - h(x) \\ B < k<p [ |, |,0, • • • ,o),Vx G Al}. 

It is easy to show that (12, d ) is a generalized complete metric space (see [1]). 

Now we consider the function J : 12 — > 12 define by Jg(x ) = j|yg(2x) for all x G *4 and 5 G 12. 
Let for all g,h & 12 and an arbitrary constant k G [0, 00) with d(x, y) ^ k, we have 


(x) - h(x)|| B ^ |,0,- • • ,0 


for all x G Al. Then we can write 


II Jg(x) - Jh(x) \\b = 1^1 lb(2x) - h(2x)\\ B < 1^7 9?(x, x, 0, • • • ,0) ^ >°, ‘ ‘ ‘ ’ °) 

for all iG A So we conclude that d( Jg, J/r) ^ ^ Ld(g, h) for all g,h £ 12. It follows from (2.9) 
that d(Jf,f) ^ L, that is, J is a self-function of 12 with the Lipchitz constant L. Therefore, 
from Theorem 1.1, there eists a fixed point H of J set 12 1 = {h G X : d(f , h ) < 00} such that 


iL(x) = lim — — /( 2 m x) 

V ' m—>oo 2 m 


( 2 . 11 ) 
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for all x G A, since linim-^ d(J n f , H) = 0. Also 21L(|) = H(x) for all x € A. Thus H : A -A B 
is the unique fixed point of J in Hi such that 

i.e., H satisfies (2.8) for all x £ A. It follows from the definition of H, (2.1) and (2.4) that 

n k k-\- 1 n n n—k+l 

£(£.£- £ M . £ *- £ *<-) 

k — 2 i\ — 2 12 — il + 1 fc+l — ^7i — fc+l i ^ 1 

n 

+ H (j2 x i) =‘2 n ~ 1 H(x 1 ) 
i = 1 

for all xi, X 2 , ■ ■ • ,x n e A. Since H( 0) = 0, by Lemma 2.3, the mapping H is additive. 

Put x\ = x and X 2 = X3 = • • • = 0 in (2.4). It follows from (2.9) that 

II f(nx) - nf(x) || ^ -tp(x, 0, • • • ,0) (2.12) 

a 

for all x £ A and all n € T 1 . Also we conclude 

W^ifi^x) -vf(2 m x))\\ B < ^|p^(2 m x,0 ,--- ,0) 

for all x £ A and all n £ T 1 . The right hand side of the above inequality tends to zero as 
m — > 00, and so we obtain 

H(fix) = lim — J— /(/.i2 m rc) = lim — — y,f(2 m x) = /iH(x) 

’ m-+ 00 |2| m m->oo |2| m w 

for all a; G A and all /jGI 1 . Hence by Lemma 2.2, the mapping H : A — > B is C-linear. 

It follows from (2.2), (2.5), (2.6) and (2.11) that 

II H([x,y}) - [H(x),H(y)\ \\ B = lim -^||/([2 m z, 2 m y}) - [f(2 m x)J(2 m y)]\\ B 

m— >00 z 

< lim —^^'ip(2 m x,2 rn y) = 0 

and 

||tf(soy)-tf(z)oif(y)|| B = lim ||/(2"*s o 2 m y) - /(2"*x) o f(2 m y)\\ B 

m— >00 I z I 

< lim -^V’(2 m x,2 m y) = 0 

m— >00 \Z\^ ,n 

for all x,y € A. So 

H([x, y\) = [H(x), H{y) and H{x o y) = H(x) o H{y) 

for all x,y € A. 

Similarly, by (2.3), (2.7) and (2.11), we have 

- "Ml* = - '< 2 ”M1* < j™ ji^x) = 0 
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and so H(x*) = H(x)* for all x,y £ A. Thus H : A — > B is the desired homomorphism 
satisfying (2.8). □ 

Corollary 2.5. Let r > 1 and 9 be nonnegative real number, and let f : A — B be a mapping 
such that 

\\D„f{xi,x 2 ,- ■ ■ ,x n )\\ B 0(|||xi||(^ + |||x 2 ||^ H f |||ar n ||^), 

II f([x,y]) - lf(x),f(y)] He ^ 9 ■ 111x11(4 • \\\y\\ r A , 

II f(xoy) - f(x) o f(y) \\ B ^ 9 • |||x|fo • \\\y\\' A , 

II fix*) - f(x)*\\ B ^ 9 • 111x11(4, 


for all y £ T 1 and x,y,x i, • • • , x n £ A. Then there exists a unique homomorphism H : A — > B 
such that 


11/ (x) ~ H{x) ||b < 


| 2 | 6 » 


2-2 


x 


A 


for all x £ A. 

Proof. The proof follows from Theorem 2.4 by taking 


<fi(x i,x 2 , • • • ,x n ) 
if{x,y) 
r]{x) 

for all x, y, xi, • • • , x n £ A and L = |2| r_1 


— e (\\\ Xl r A + 111^211(4 h + 1| 1^11(4)) 

r 
A 
r 
A 


I r 


= 0 - 111 * 1 / 


□ 


3. Stability of derivations on non- Archimedean Lie JCT-algebras 

Definition 3.1. [7] Let A be a non- Archimedean Lie JC* -algebra. A C-linear mapping 5 : 
A — > A is called a (non- Archimedean Lie JC* -algebra) derivation if 6 satisfies 

ti([x,y]) = [8{x),y\ + [*,%)], 

S(x o y) = 6(x) oy + xo S(y), 

5{x*) = 5(x)* 

for all x £ A. 

Throughout this section, assume that A is a non-Archimedean Lie JC'*-algebra with norm 

We prove the Hyers-Ulam stability of derivation on non-Archimedean Lie JC*-algebras for 
the functional equation D fl f(x 1 , • • • ,x n ) = 0. 

Theorem 3.2. Let f : A — >■ A be a mapping for which there are function (p : A n — > [0, 00 ), if : 
A 2 —>■ [0, 00 ) and y : A — > [0,oo) such that (2.1), (2.2), (2.3). (2.f) and (2.7) hold and 

\\f([x,y]) ~ [f(x),y]0[x,f(y)]\\ A ^ if(x,y), (3.1) 

\\f( xo y) — f(x) oy — xo f(y)\\ A ^ if(x,y ) (3.2) 
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for allx,y £ A. If there exists a constant 0 < L < 1 such thatip(x i,X 2 , ■ ■ ■ ,x n ) ^ - , 

for all x±,X 2 , ■ ■■ ,x n £ A, where a = |2| n_1 , then there exists a unique derivation 5 : A A 
such that 

||/(®) ,o) (3.3) 

for all x £ A. 

Proof. By the same reasoning as in the proof of Theorem 2.4, there exists a unique C-linear 
mapping 6 : A -A A satisfying in the desired inequality (3.3) and the mapping <5 : ^4 — x ^4. is 
defined by 

<S(z) = lim ~^—f{2 m x) (3.4) 

m— » oo \Z\ rn 

for all x £ A. 

It follows from (2.2), (3.1), (3.3) and (3.4) that 

ll<s([*,s/]) - [Kx),y] ~ [*,<%)] IU 

= lim -T;||/(| 2 ’”x, 2 ” ! ,])-[/( 2 ”i), 2 ”!,]-[ 2 ”x,/( 2 ”* !/ )]|n 

m— >oo \Z\ 

< lim ~^'if(2 m x,2 m y) = 0 

m — >-oo \Z\ A,n 

and 


II S(xoy) - 6(x) o y - xo S(y)\\ A 

= lim -^\\f(2 m xo2 m y)-f(2 m x)o2 m y-2 m xof(2 m y)\\ A 
m— >oo \Z\ 

< lim j^if(2 m x,2 m y)=0 

for all x,y £ A. So 

= [<*(*), */] + [x,d(y)], 

6(x o y) = 6(x) o y + x o S(y) 

for all x,y £ A. 

Similarly, as in the proof of Theorem 2.4, one can show 6(x*) = S(x)* for all x £ A. Therefore, 
5 : A — >■ A is a non- Archimedean Lie JC *- algebra derivation satisfying (3.4). □ 

Corollary 3.3. Let r > 1 and 6 be nonnegative and real number, and let f : A — >■ A be a 
mapping such that 

\\D fl f(xi,X 2 , ■ ■ ■ ,x n )\\ B 0{\\xi\\ r A + ||x 2 ||^4 , ||x„||^), 

\\f([x,y]) ~ [ f(x),y } - [x,f(y)]\\B < 6 ■ \\x\\ r A • \\y\\ r A , 

II f{x o y)- f(x) oy-xo f(y) \\ B < 9 • ||*||^ * \\y\\ A , 

II f(x*) ~ f(x)*\\B < d • ||x ||(4 
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for all /iGT 1 and x,y,x i , 
such that 


for all x G A. 

Proof. The proof follows from Theorem 3.2 by taking 

ip(x!,x 2 , ■ ■ ■ ,x n ) := d.(\\xi\\ r A + ||x 2 ||^ H h ||x„||^), 

if(x,y) := 0.(\\x\\ r A .\\y\\ r A ), 
y(x) := 9.\\x\\ r A 

for all x, y, x\, ■ ■ ■ ,x n £ A and L = 1 2 1’ 1 . □ 
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ON DISTRIBUTION AND PROBABILITY DENSITY FUNCTIONS OF ORDER 
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ABSTRACT 

In this study, joint probability density and distribution functions of any d order statistics of innid continuous 
random vectors are expressed. Then, some results connecting distributions of order statistics of innid random 
vectors to that of order statistics of iid random vectors are given. 

Keywords: Order Statistics, Distribution Function, Probability Density Function, Continuous Random Variable. 
MSC 2010: 62G30, 62E15. 

1. Introduction 

Several identities and recurrence relations for probability density function (pdf) and 
distribution function (df) of order statistics of independent and identically distributed ( iid) 
random variables were established by numerous authors including (Arnold et al., 1992; 
Balasubramanian, Beg, 2003; David, 1981; Reiss, 1989). Furthermore, (Arnold et al., 1992; 
David, 1981; Gan, Bain, 1995; Khatri, 1962) obtained the probability function (pf) and df of 
order statistics of iid random variables from a discrete parent. (Corley, 1984) defined a 
multivariate generalization of classical order statistics for random samples from a continuous 
multivariate distribution. (Goldie, Mailer, 1999) derived expressions for generalized joint 
densities of order statistics of iid random variables in terms of Radon-Nikodym derivatives 
with respect to product measures based on df (Guilbaud, 1982) expressed the probability of 
the functions of independent but not necessarily identically distributed (innid) random vectors 
as a linear combination of probabilities of the functions of iid random vectors and thus also 
for order statistics of random variables. 

(Cao, West, 1997) obtained recurrence relationships among the distribution functions of 
order statistics arising from innid random variables. (Vaughan, Venables, 1972) derived the 
joint pdf and marginal pdf of order statistics of innid random variables by means of 
permanents. (Balakrishnan, 2007; Bapat, Beg, 1989) obtained the joint pdf and df of order 
statistics of innid random variables by means of permanents. (Childs, Balakrishnan, 2006) 
obtained, using multinomial arguments, the pdf of X rn+1 ( \ </ <//+ 1 ) by adding another 
independent random variable to the original n variables X l ,X 2 ,...,X n . Also, 
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(Balasubramanian et al.,1994) established the identities satisfied by distributions of order 
statistics from non-independent non-identical variables through operator methods based on 
the difference and differential operators. 

In this paper, joint df and pdf of order statistics from innid continuous random vectors are 
obtained. 

As far as we know, these approaches have not been considered in the framework of order 
statistics from innid continuous random vectors. 

From now on, subscripts and superscripts are defined in first place in which they are used 
and these definitions will be valid unless they are redefined. 

Consider x= (x (1) ,x (2) ,...,x w ) and y= (y (1> , y (2 \..., y (b) ) , then it can be written as; 
x<y if x (v) < y (v> ( v=l, 2, ..., b ) and x + y = (x a> + y (1> ,x (2) + y (2) ,...,x (b] + y ih) ) . 

Let£ =(£ i a> ,£ i (2) ,...,£ i <b) ) (i- l,2,...,n) be n innid continuous random vectors which 
components of are independent. 

( 1 . 1 ) 

is stated as rth order statistic of vth components of f f n . 

From (1.1), ordered values of vth components of ^ ,^ 2 , ..., are expressed as 


A 1 :n - A 2 :n A n:n * 

From (1.2), we can write X rjl = X^) (1 <r<n). 

Also, x w = (x' 1) ,x' 2) ,...,x^’ ) ), x' v) e R (w = 1,2, ...,d; d =l,2,...,n). 


(1.2) 


Let F and /' be riband pdf of , respectively. 

Moreover, Xff', X ( ff X ( ff s are order statistics of iid continuous random variables 


with df F s and pdf f ' , respectively, defined by 


n s 

and 


Here, 5 is a subset of integers {1, 2,..., n} with n s > 1 elements. 


(1.3) 


(1.4) 


2 
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In follows, df and pdf of X ,X ( 1 < r x < r 2 < ...< r d < n) are given. Let 


X' 11 = ( X'ff..., X'/'j and x (v) = (x[ v) ,xf xf’) . For notational convenience we write 


- (v) v < v ) 


" (v) ' 


, 0 ) 


_(v) „(v) „(v)\ 


i\:n’ r 2 :n ’ ’ r d 

,m 2 


K" 


n m 3 m 2 


zz and Z instead of Z<-ir‘-Z and Z-ZZ in the expressions 


m d ,...,m 2 ,mi 

below, respectively. 


K= 1 


Yl) 

n=K 


m d =r d Mi =r 2 m i =r i 


2. Distribution function of order statistics from innid random vectors 


In this section, df of X ,X ....jX,..,, and its results are given. The results connect df 

of order statistics of innid random vectors to that of order statistics of iid random vectors 
using (1.3). 

Now, we give the following theorem for establish joint df of d order statistics of innid 
continuous random vectors. 


Theorem 2.1. 

f . 1 (x 1 ,x 2 ,...,x,)=n{ z c zn n^)-^i)]}> 


b n,...,m$,m 2 




(2.1) 


v=l m d ,...,m 2 ,m 1 P w=l l=m w _ x +1 
d + 1 


Xj<x 2 <...<x rf , where C = (m w - m irl ) ! ] 1 , m 0 = 0 , m d+l - n , Z denotes sum over all 

w = 1 P 

n\ pennutations (j l ,j 2 ,—,j n ) of (l,2,...,n), F. (Xq i0 ) = 0 and F. (x (v) ) = l. 


Proof. It can be written 

l,X 2 ,...,X rf ) =F{X ; .. n < Xj,X^ < X 2 ,...,X vn < x rf } 

= F{X (1) < x (1) ,X (2) < x (2) ,...,X (M < x (i ”} 


= f]P{X (v) <x (v) } 


V=1 

b 


_|| p| v( v ) < v ( v ) y(v) < v*- v ) v( v ) < v (v H 

] [ '1 A S X l ’ A r 2 -.n~ X 2 > — > A r d :n ~ X d I ’ 

V=1 

(2.2) can be expressed as 



z c z ...fin -FjfW)]}. 


v=l m d ,...,m 2 ,m i P 


\ /=i 


j 


(2.2) 


y/=m 1 + 1 


/=m rf +l 


Thus, (2. 1) is obtained. 

The approach in Theorem 2. 1 can also be adapted to Theorem 2.2 for iid case. 

3 
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n,...,m 3 ,m2 d + 1 


Theorem 2.2. 

Xi )=ri{EZ Z ~n\C]][F°(x^)-F\x")r- m -'}. 

v=l m d ,...,m 2 ,m l w=l 

Proof. (2.2) can be expressed as 


(2.3) 


x^flEI P{X^ <^}]. 


(2.4) 


(2.3) is obtained from (2.1) and (2.4). 

We now obtain the following three results for df of order statistics of innid continuous 
random vectors from the above theorems. 


Result 2.1. 


fl i j Wtj \ fi 


Jl=m 1 +1 


f n ^ 


=XZ Z b'u-rtrii-F^Af)]"-'" 1 . 

^ { m, i 

m l — rj v 1 / 

Proof. In (2.1) and (2.3), if b - 1 , d - 1 , (2.5) is obtained. 


(2.5) 


In addition, 

n , f ”h A n 

m l=ri m \'\ n ,n V' P \l=\ Jl=m 1+ 1 


n i m \ \ n n—t 

‘ 2 rKtf”) I nnoP). 

m 1=ri rn l-\ n ' ■ p \ 1=1 Jt=m l 


n T =n—t 1= 1 


^ n — m, ^ 


Z U — A/lj 

denotes sum over all subsets T = {T l ,T 2 ,...,T n _ t } of { j„, i+i , j,„ i+2 


K n-t j 


Result 2.2. 


^(4 i) )=i- i i zn[i^,(4 i, ) ] 

p /=i 

=XZt 1 -( 1 - F, ^ (1) ))"]. 

Proof. In (2.5), if r x = 1, (2.6) is obtained. 


Jn I ■ 


(2.6) 


4 
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Result 2.3. 

n • p 1 = 1 

=ZZ[ F ' (x ' l> )]"- 

Proof. In (2.5), if i\ = n , (2.7) is obtained. 


(2.7) 


3. Probability density function of order statistics from innid random vectors 

In this section, pdf of X ,X ,...,X and its results are given. The results connect 

pdf of order statistics of innid random vectors to that of order statistics of iid random vectors 
using (1.3) and (1.4). 

Joint pdf of d order statistics of innid continuous random vectors is expressed in the 
following theorem. 


Theorem 3.1. 


b 

( d+1 r w - 1 

IH"I 

n n 

V=1 P 

^ w= 1 l=r w _ j H 


x i <x 2 <*..<x rf , where D = [^[(^ - r w _ x -l)!] -1 , r 0 =0 and r M = « + 1 . 


(3.1) 


Proof. Let 5x w = (Sx™ ,Sx™ and 5x ( ’° = (dx?\dx?\...,dx ( d v) ) • 

Consider 

{ X 1 < X r t : n ^ x i +5 x!,x 2 <X^ <x 2 +8x 2 ,...,x d <X vn <x d + 5x d }. 

It can be written 

^*{ x i < X ri :„ < Xj +8 xj,x 2 < X r2 . n < x 2 +8 x 2 ,..., x d < X vn < x d +8x d } 

= J P{X (1) <X (1) <x (1> +5x a) ,x (2) <X a) <x (2) +5x (2> ,...,x (b) <X (b) <x (b) +5x (b) } 

= n^{x (v) <X (V> <x Cv) +8x (v> } 

V=1 

= n^ w < ^ ^ <v) +dx?\4 ) < X w < 4"+dx?,...,x? < Ki * +^d v) }- (3-2) 

v=l 

b d 

Dividing (3.2) by nn Sxf and then letting dx ( t v) , 6 x 2 \...,dx d v> tend to zero, we obtain 


V=1 W=1 


b 



v=l P 


5 
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•••[^_ 1 (4 v) ) - l '.vr , )i./; : (.v? ! )[i - ^ (x-r )] }. 

From (3.3), we can write 


(3.3) 


( r,-l 


/, 




: „(x 1 ,x 2 ,...,x d )=n{^ 


/= i 


/, (4 v> ) 


r 2-! 


V / i + i 


ni' (»r)] 4 (4°)-4 (*y> n (*“)!)• 


(3.4) 


/=r. +1 


Thus, (3.1) is obtained. 

Next theorem shows that pdf of d order statistics of inn id continuous random vectors can 
be expressed in terms of pdf of d order statistics of iid continuous random vectors. 


Theorem 3.2. 

b ( d+1 

,,.<x 1 ,x J ,...,xj= nm n\D\ f^[F s (x^ v) )-F i (x^ 1 )r 

v W=1 


V=1 


fl/ s (xr)}- (3-5) 


J w=l 


Proof. (3.2) can be expressed as 


< *2* ^ -h (v) +^r o ,xf < xy: < 4 v) < * 2 * < -c+^rn. (3.6) 

V=1 

& t/ 

Dividing (3.6) by and then letting t>Xj V) , Jx 2 v) ,..., Jx^ v) tend to zero, (3.5) is 


V=1 vv=l 


obtained. 

The following five results of which first three are belong to pdf of single order statistic 
and last two are belong to joint pdf of d order statistics of innid continuous random vectors 
can be written from last two theorems. 


Result 3.1. 

/,:„(* f) = 


fn - 1 


n + [i - n 


/, (*r> 


=11' 


^ nf 


[F^x^ir-'ti - F ! (xf)r ri /Txf) . 


Proof. In (3.1) and (3.5), if b = 1 , d - 1, (3.7) is obtained. 

Result 3.2. 


Proof. In (3.7), if i\ = 1 , (3.8) is obtained. 


14 of) 


(3.7) 


(3.8) 


319 


GUNGORetal 314-321 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Result 3.3. 

V 1=1 


4(*i (1) ) 


(«- 1)!', 

=ZZ*^)rW). 

Proof. In (3.7), if r\=n , (3.9) is obtained. 

Result 3.4. 






<X )//. (4 ) 


C n ^■‘‘p y /=2 

= ZZnCn-MF'ix?') - F j (4 ) )]"“ 2 / j (4 , )/ s (4 1) ) • 

Proof. In (3.1) and (3.5), if fe = l, d = 2 and t\ =1 , r 2 =n, (3.10) is obtained. 


Result 3.5. 


1 


A2..., t :„(x 1 ,x 2 ,...,x k )=n{^T7z 


v=l ( w ^)- P \l=k + 1 
* *?.! 


LMnLMruh (**)} 


(3.9) 


(3.10) 


=n<iz 

V=1 


(n — k) 


[1 -F\x^)r k f s ( Xl M )f s (x 2 M )...f s (x k M )}. (3.11) 


Proof. In (3.1) and (3.5), if d=k and r 2 - 2,..., r t = £ , (3.11) is obtained. 
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Stability of homomorphisms and derivations in non- Archimedean 
random C**-algebras via fixed point method 


Javad Shokri 1 and Jung Rye Lee 2 * 
department of Mathematics, Urmia University, P. O. Box 165, Urmia, Iran 
department of Mathematics, Daejin University, Kyunggi 11159, Republic of Korea 

Abstract. In this paper, using the fixed point method, we investigate the Hyers-Ulam stability of homomor- 
phisms in non- Archimedean random C*-algebras and non- Archimedean random Lie JC*-algebras and of deriva- 
tions on non-Archimedean random C*-algebras and non-Archimedean random Lie JC*-algebras related to the 
generalized Cauchy-Jensen additive functional equation. 


1. Introduction 

A non-Archimedean field is a field like K, equipped is a function | • | : K, — > [0, +oo) such 
that |a| = 0 if and only if a = 0, \ab\ = |a||6| and \a + b\ ^ max{|a|, |6|} for all a,b £ JC. 

Note that 1 1 1 = | — 1 1 = 1 and \n\ ^ 1 for each integer n. By the trivial valuation we mean 

the mapping | • | taking everything but 0 into 1 and |0| = 0. We always assume, in addition, 

that | • | is non-trivial, i.e., there exists an a o ^ 0,1. A function |j.|| : X -A [0, oo) is called a 

non-Archimedean norm if it satisfies the following conditions: 

(i) ||x|| = 0 if and only if x = 0; 

(ii) for any r € K,x G X, ||rx|| = |r|||x||; 

(in) the strong triangle inequality holds; namely, 

\\x + y\\ ^ max{||x||, ||y||} (x,y 6 X). 

Then (A, ||.||) is called a non-Archimedean norrned space. From the fact that 

\\x n - x m \\ < max{||n n - x m \\ : m ^ j ^ n - 1} (n > m) 

holds, a sequence {x n } is Cauchy if and only if {x n —x m } converges to zero in a non-Archimedean 
norrned space. By a complete non-Archimedean norrned space we mean one in which every 
Cauchy sequence is convergent. 

For any nonzero rational number x, there exists a unique integer n x E Z such that x = ^p Hx , 
where a and b are integers not divisible by p. Then \x\ p := p~ Hx defines a non-Archimedean 
norm on Q. The completion of Q with respect to the metric d(x, y) = \x — y\ p is denoted by 
Q p , which is called the p-adic number field. 

°2000 Mathematics Subject Classification: Primary 39B52; 39B72; 46L05; 47H10; 46B03. 

‘’Keywords: Hyers-Ulam stability; additive functional equation; fixed point; non-Archimedean random space; 
homomorphisms in non-Archimedean random C*-algebras and non-Archimedean random Lie JC*-algebras; 
derivations on random C*-algebras and non-Archimedean random Lie JC*-algebras. 
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J. Shokri, J. Lee 


A non- Archimedean Banach algebra is a complete non- Archimedean algebra A which satisfies 
||ab|| ^ ||a|| • [|6|| for all a, b G A. For more detailed definitions of non- Archimedean Banach 
algebras, we refer the reader to [25]. 

If U. is a non- Archimedean Banach algebra, then an involution on U is mapping t — > t* from 
U into U which satisfies 

(i) t** = t for t G li; 

(ii) (as + fit)* = as* + fit*; 

(in) ( st )* = t*s* for all s,t G U. 

If, in addition, \\t*t\\ = ||t|| 2 for t sl4, then U is a non- Archimedean G*-algebra. 

The stability problem of functional equations originated from a question of Ularn [26] con- 
cerning the stability of group homomorphisms: Let (Gi,*) be a group and let (G' 2 , o) be a 
metric group (a metric is defined on a set with group property) with the metric d(., .). Given 
e > 0, does there exist a 8(e) > 0 such that if a mapping h : G± — > G 2 satisfies the inequality 
d(h(x * y), h(x) * h(y )) < 8 for all x, y G Gi, then there is a homomorphism H : G± — > G 2 with 
d(h(x), H(x)) < e for all x G Gi? If the answer is affirmative, we we would say that the equation 
of homomorphism h(x * y) = h(x) * h(y) is stable (see also [10, 11, 14, 18, 19, 20, 21, 22]). 

Let A be a set. A function d : A x X — > [0, 00 ] is called a generalized metric on A if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x, y G A; 

(3) d(x, y) ^ d(x, z) + d(z, y) for all x,y,z G A. 

For explicitly later use, we recall a fundamental result in fixed point theory. 


Theorem 1.1. [9] Let (f2, d) be a complete generalized metric space and J : II — >■ Q be a strictly 
contractive mapping with Lipschitz constant 0 < L < 1. Then for each given x G LI, either 
d(J n x , J n+1 x) = 00 for all nonnegative n or there exists a positive integer no such that 

(1) d(J n x, J n+l x) < 00 , Vn ^ no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set A = {y G fl : d(J n °x,y ) < 00 }; 

(4) d(y, y*) ^ jfipd(y, Jy) for all y G A. 


A G*-algebra C, endowed with the Lie product [x, y] := xy ~ yx and endowed with anticommu- 
tator product (Jordan product) xoy := M+M on ^ j s ca lled a Lie JG*-algebra (see [15, 16, 17]). 

Jordan algebras as coordinates for Lie algebras were created to illuminate a particular aspect 
of physics, quantum-mechanical observables, but turned out to have illuminating connections 
with many areas of mathematics. 

In this paper, using the fixed point method, we prove the Hyers-Ulam stability of homomor- 
phisms and derivations in non- Archimedean random C * -algebras and non- Archimedean random 
Lie JG*-algebras associated with / : A — > Y satisfying the following functional equation (see 

[1]) 


£ 

1 ^ *i < • • • < im ^ n 
1 ^ ij , V j €{!,••• , m}) < n 


f 


E ' m 

7=1 X i 


m 


+ £ 

1=1 



(n — m + 1) / 


n 


i 11 ) 

v 7 i=\ 
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for all x\, • ■ ■ , x n G X , where m,neN are fixed integer with n ^ 2, 1 ^ m ^ n. In particular, 
it is shown that in the case m = 1, (1.1) yields the Cauchy additive equation f(Y^d=i x k l ) — 

S/=i f( x i) an d also i n the case rn = n i (1-1) yields the Jensen additive equation /( — 3 ) = 
^Ya=i Then (1.1) is a generalized form of the Cauchy-Jensen additive equation, and 

thus every solution of the equation (1.1) may be analogously called general (m, n)-Cauchy- 
Jensen additive. For each m with 1 ^ m ^ n, a mapping / : X —tY satisfies (1.1) for all n ^ 2 
if and only if f(x) — /( 0) = A(x) is Cauchy additive, where /( 0) = 0 if m < n. In particular, 
we have f((n — m + l)x) = (n — m + 1 )f(x) and f(mx) = mf(x) for all i£l. 


2. Random spaces 


In this section, we adopt the usual terminology, notations, and conventions of the theory 
of random norrned spaces as in [2, 3, 6, 7, 8]. Throughout this paper, A + is the space of 
distribution functions, that is the space of all mapping F : M U {— oo, oo} — > [0, 1] such that F 
is left-continuous and non-decreasing on M, F( 0) = 0 and F’(-l-oo) = 1. And D + is a subset of 
A + consisting of all functions F G A + for which l~F(+oo) = 1, where l~ f(x) denotes the left 
limit of the function / at the point x, that is, l~ f(x) = lirn^ x - f(t). The space A + is partially 
ordered by the usual point- wise ordering of functions, i.e., F ^ G if and only if F(t) ^ G(t) for 
all t in M. The maximal element for A + in this order is distribution function £q given by 



if t ^ 0, 
if t > 0. 


Definition 2.1. [23] A mapping T : [0, 1] x [0, 1] -A [0, 1] is a continuous triangular norm norm 
(briefly, a continuous t-norm) if T satisfies the following conditions: 

(a) T is commutative and associative; 

( b ) T is continuous; 

(c) T(a, 1) = a for all a G [0, 1]; 

(d) T(a, b ) ^ T(c, d) whenever a ^ c and b ^ d for all a, b,c,d£ [0, 1] . 


Typical examples of continuous t-norms are Tp(a, b) = ab, Tm{ci, b ) = min(a, b) and 7l(o, b) = 
max(a + b — 1,0) (the Lukasiewicz t-norm). 


Definition 2.2. [24] A non- Archimedean random norrned space (briefly, NA-RN-space) is a 
triple ( X , /i, T), where X is a vector space, T is a continuous t-norm, and /i is a mapping from 
X into D + such that the following conditions hold: 

(RN 1) p, x (t) = £o(t) for all t > 0 if and only if x = 0; 

(RN2) n a x(t ) = Hx( |Ty) for all x G X,a / 0. 

(RN 3) Hx+ y (t ) ^ T(n x (t ), n y (t)) for all x, y G X and all t ^ 0. 


Every norrned space (X, || • ||) defines a non- Archimedean random norrned space (X, 
where 


hx(l) 


t + 11*1 


for all t > 0, and Tm is the minimum t-norm. This space is called the induced random norrned 
space. 
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Definition 2.3. [12] A non- Archimedean random normed algebra ( X , y, T, T') is a non- Archimedean 
random normed space ( X , /j, T) with an algebraic structure such that 

(RN 4) y xy (t) P T'(y x (t), n y (t)) for all x, y G X and all t > 0, in which T' is a continuous 
t-norm. 

Every non- Archimedean normed algebra ( X , |j • ||) defines a non- Archimedean random normed 
algebra (X, y, Tm), where 

t. 

t + \\x 



for all t > 0 if and only if 


Ml < 11*11 \\y\\ + t||®|| +%|| X\t > o). 


This space is called an induced non- Archimedean random normed algebra. 

Definition 2.4. Let (X,/j,,Tm) and ( ) be non- Archimedean random normed algebras. 

(1) An M.-linear mapping f : X — > Y is called a homomorphism if f(xy) = f(x)f(y) for all 
x,y e X. 

(2) An M.-linear mapping f : X —}Y is called a derivation if f(xy) = f(x)y + xf(y) for all 
x,y £ X. 

Definition 2.5. Let (U,iu,T) be a non- Archimedean random Banach algebra. Then an invo- 
lution on U is mapping u — >■ u* from U into U which satisfies 
(i) u** = u for u £U; 

{if) ( au + fdv)* = au* + ]iv* ; 

(in) (uv)* = v*u* for all u,v £U. 

If, in addition, y u *u(t) = T'(/j, u (t), n u (t)) for u £U, then U is a non- Archimedean random 
C* -algebra. 

Definition 2.6. Let (X,p,T) be an N A-RN -space. 

(1) A sequence {x n } in X is said be convergent to x in X if, for every e > 0 and A > 0, 
there exists a positive integer N such that fi Xn - x (e ) > 1 — A whenever n ^ N. 

(2) A sequence {x n } in X is called a Cauchy sequence if, for every e > 0 and A > 0, there 
exists a positive integer N such that ia Xn - Xn+1 (e) > 1 — A whenever n ^ m ^ N . 

(3) An RN -space ( X,y,T ) is said to be complete if and only if every Cauchy sequence in 
X is convergent to a point in X. 

3. Stability of homomorphisms and derivations in non- Archimedean random 

CT-algebras 

Throughout this section, we suppose that A and B are non- Archimedean random C^-algebras, 
respectively, with norms and yP . 
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We use the following abbreviation for a given mapping / : A B: 


■■■ ,x n ) 


E 

1 < *1 < • • • < im < n 
1 ^ ki( ± ij , Vj e (1, • ■ • , to}) < n 


f 



+ ^ \x kl 


1=1 


(n-m + 1)(^) EIU X f( x i) 
n 


for all A G T 1 := {y G C : |//| = 1} and all x\, - - ■ , x n G A. 

It is well-known that a C-linear mapping H : A — > B is called a random homomorphism in 
non- Archimedean random C*-algebras if H satisfies H(xy) = H(x)H(y ) and H(x*) = H(x)* 
for all x,y G A. 

We prove the Hyers-Ulam stability oh homomorphisms in non-Archimedean random C*- 
algebras for the functional equation D\f(x i, • • • , x n ) = 0. 


Theorem 3.1. Let f : A — )• B be a mapping for which there are functions : A n — > D + ,ip : 
A 2 -A D + , and rj : A -» D + such that \M.\ = \n — m + 1| < 1 and |jV| = |(n — m + 1)(™J| < 1 
are far from zero and 

hD X f(x 1,-,X„)W ^ V’xi.-jXnW) (3-1) 

>^x,y{t), (3.2) 

> V X (t), (3.3) 

for all A G T 1 := £ C : |/y| = 1} and all x\, ■ ■ ■ ,x n ,x,y G A and t > 0. If there exists an 

L < 1 sacd that 

(PMxi,--- ,A4x „ (|dW |Tt) ^ ,xn(f)i (3-4) 

'0Ata;,Atj/(|Al| Lt) ^ l/j x ,y{t ), (3-5) 

^ATx(|-Ad|Lt) ^ %(£), (3.6) 

/or all x\,--- ,x n ,x,y G A and t. > 0, then there exists a unique random homomorphism 
H : A B such that 

ftfw-Hixfo) > <Px,-A(W\ ~ W\ L )t) (3-7) 

/or all x G A and t > 0. 


Proof. It follows from (3.4), (3.5), (3.6), and L < 1 that 

lim ( pj\A rn xi,--- ,A4 m x n (|dW | f) — 1 
m— >oo 

lim i/’M m x,M rn y(\- M \ 2m t) = 1, 


m—> oo 


lim i]M m x{\M\ m t) = 1, 


(3.8) 

(3.9) 
(3.10) 


for all x\, • • • , x n , x,y G A and t > 0. 

Now we define II := {g : A — >■ £>;(/(0) = 0} and introduce a generalized metric on fl as 
following: 


d(g,h) = inf {A; G (0,oo) : y B ^ x )- h ^ x ){kt) > (p x , x ,- , x (t), V.x G A, t > 0} 
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where inf0 = +oo. By the same technique as in the proof of [13, Theorem 3.2], we can show 
that (Cl,d) is a complete generalized metric space. We define J : Cl —$■ 12 by Jg(x ) = j^g(JCix) 
for all x € A and g € Cl. Note that for all g,h € Cl, from (3.4), we have 

d(g,h) < k => Vg( x )- h ( x ){kt) > ip X) ... , x (t) 

=> d(Jg, Jh ) < kL. 

Then one can show that d(Jg , Jh) ^ Ld{g , h ) for all g,h E Cl and so J is self-function of 11 with 
the the Lipschitz constant L. 

Letting A = 1 and putting x\ = X 2 = ■ ■ ■ = x n = x in (3.1), we obtain 

J(^)fan- m +l)x)-(^)(n- m +l)f(x)^ ^ Vw-At) 

for all x € A and t > 0. Then 

^ <Px,x,- ,x(\N\t) 

for all x £ A and t > 0. This implies that d(Jf, /) ^ ^ < oo. By The fixed point alternative 
theorem, Theorem 1.1, J has a unique fixed point H : A -> B in Ho := {h £ 11 : d(h, f) < oo} 
such that 

H(x) = iTco <3 ' U) 

for all x € A, since lim^j^oo d(J m f, H ) = 0. 

On the other hand, it follows from (3.1), (3.8) and (3.11) that 

VD x H(x i ,-, x „)(*) = 2 1 ^^7^ D ^f(M rn xi-M rn x n )( t ) 

> lim <PM m xi,- ,M m xn( \M\ m t) = l. 

m— >• oo 

By a similar method to the above, we can get A H(JAx) = H(\M.x) for all A £ T and all 
x € A. Then by using the same technique as in the proof of [10, Theorem 2.1], we can show 
that H is C-linear. 

It follows from (3.2), (3.9) and (3.11) that 

I^H(xy)-H(x)H(y)( t ) = J^Vf(M*™xy)-f(M™x)f(M m y) {\M\ 2 m t) 

> lim i)M m xM m y {\M\ 2m t) = 1 

m— >oo 

for all x. y € A. Therefore, we conclude that H(xy) = H(x)H(y) for all x,y G A. Thus 
H : A — > B is a homomorphism satisfying (3.7). 

By same method as above, from (3. 3), (3. 10) and (3.11), we can write 

k'H(x*)—H(x)* (^) = 

> lim riM™x (\M\ m t) = 1 

m— »oo 
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for all x £ A and all t > 0. Then we conclude that H(x*) = H(x)* and the proof is complete, 
as desired. □ 

Corollary 3.2. Let r > 1 and 6 be nonnegative real numbers, and let f : A — > B be a mapping 
such that 

\{t) > 


.13 


»D xf{x 1 / t + 0(||x 1 |^+||.T 2 |^ + --- + ||x n ||^)’ 

^f(xy)-f(x)f{y)^) > * + 0(||®||^.||y||^)’ 

(^) ^ t + e\\x\\ r A 

for all A £ T 1 , all x\, ■ ■ ■ ,x n ,x,y £ A and t > 0. Then there exists a unique random homo- 
morphism H : A -A B such that 

H (t) > (M - |A rnt 

Tf( x )-H(x)V) / (1^1 _ \M\r)t + ne\\ X \\ r A 

for all x £ A and t > 0. 


Proof. Letting 


Vxi,— ,x n {t) 

'fx.y (l) — 


t + + 1 1 2-2 1|^4 + • • ' + 1 1 11 ^) 

t 


Vx(t) = 


t + 0{\\x\\ r A .\\y\\ r A ) 
t 


t + e\\ x \\ r A 

for all x\, • • • , x n , x,y £ A, L = |AA| r_1 and t > 0 in Theorem 3.1, we get the desired result. □ 

In the following theorem, we investigate the Hyers-Ulam stability of derivations on non- 
Archimedean random C*-algebras for the functional equation D\f(x 1 , • • • , x n ) = 0. 

Theorem 3.3. Let f : A -A A be a mapping for which there are functions <p : A 11 — > D + , if : 
A 2 —>■ D + , satisfying (3.1), (3.3), and y : A — > D + such that \M\ < 1 and |jV| < 1 are far 
from zero and 

>i>x,y(t), (3.12) 

for all A £ T 1 and all x 1 , • • • , x n , x,y £ A and t > 0. If there exists an L < 1 such that (3-4), 
(3.5) and (3.6) hold, then there exists a unique random derivation 5 : A — > A such that 

,A 


l l f( x )-S(x)^ ^ Tx,— ,x ((l-A/'l \Af\L)) 


(3.13) 


for all x £^ and t > 0. 


Proof. By the same argument as in the proof of Theorem 3.1, there exists a unique C-linear 
mapping 5 \ Ax A A satisfying (3.13). The mapping 5 is given by 


S(x) = lim 


1 


I M( 


;f(M m x ) 


(3.14) 
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for all x € A. 

It follows from (3.12), (3.9) and (3.14) that 

P8(xy)—8(x)y—x8(y)^l m*?:; ^ f ( A4 2m xy)— f(M. m x)M. rn y—M. rn x f(Ai m y) 

^ lim i'M m x,M m y (\M\ 2m t) = 1 
m— >oo 

for all x,y € A. Therefore, we conclude that S(xy ) = 5(x)y + x5(y) for all x,y £ A. The 
remainder of the proof is similar to the proof of Theorem 3.1. □ 

4. Stability of homomorphisms and derivations in non- Archimedean random Lie 

JC* -algebras 

A non- Archimedean random C*-algebra C, endowed with the Lie product [x,y\ := xy ~ yx and 
endowed with anticommutator product (Jordan product) x o y := xy + yx on C, is called a non- 
Archimedean random Lie JC* -algebra. 

Definition 4.1. Let A and B be non- Archimedean random Lie JC* -algebras. A C-linear 
mapping H : A — ^ B is called a random Lie JC* -algebra homomorphism if H satisfies 

H([x,y]) = [H(x),H(y)], 

H(xoy) = H(x) o H(y), 

H(x*) = H(x)* 

for all x,y G A. 

Throughout this section, assume that A and B are two non- Archimedean random Lie JC*- 
algebras respectively with norm and . 

In the following theorem, we prove the Hyers-Ulam stability of homomorphisms in non- 
Archimedean random Lie JC*-algebra for the functional equation D\f(x i, • • • , x n ) = 0. 

Theorem 4.2. Let f : A — >• B be a mapping for which there are functions (p : A n — > D + and 
if : A 2 — > D + satisfying (3.1), (3.3) and 

/(x),/(y)]( t ) ( 4 -!) 

BH(xoy)-H{x)oH(y )( t ) ^ 4>x,y{t) (4.2) 

for all A 6 T 1 , all x,y G A and t > 0. If there exists an L < 1 such that (3.f), (3.5) and (3.6) 
hold, and also 

4>Mx,My(\ M \ 2Lt ) ^ 4>x,y{t ), (4.3) 

for all x,y € A and t > 0, then there exists a unique random Lie JC* -algebra homomorphism 
H : A — > B satisfying (3.7). 

Proof. It follows from (4.3) and L < 1 that 

lim <j>M rn x,M m y{\-M-\ 2m t) = 1, (4-4) 

m— >oo 

for all x, y £ A and t > 0. 
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By the same argument as in the proof of Theorem 3.1, there exists a unique C-linear mapping 
H : A — >■ B satisfying (3.7). The mapping H is given by 

f{M m x) 


H(x) = lim 


\M\' 


(4.5) 


for all x € A. It follows from (3.9), (4.4) and (4.5) that 

> lim if M m x,M m y (\M\ 2m t) = 1 

m— >■ OO 

and 

f i H(xoy)-H(x)oH(y) ~ JfJf^Pf(M 2m (xoy))-f(Mx)of(My) (l-^l 0 

^ lim 4>M™xM m y ( \M\ 2m t ) = 1 
m—t oo 

for all x,y G A and t > 0, then it is concluded that 

H([x,y]) = [H(x),H(y)] ; H {x o y) = H (x) o H (y) 

for all x,y G A. Therefore, H : A — > B is the unique random Lie JCT-algebra homomorphism 
satisfying (3.7). □ 


Corollary 4.3. Let r > 1 and 6 be nonnegative real numbers, and f : A B be a mapping 
such that 

^Dxfix 1,-,X„)(*) ^ t + 0{ \\xi\\ r A H h Iknll^)’ 

^ B f([x,y})-lf{x)J(y)\ > t + 6(\\x\\ r A .\\y\\ r AY 
/ i /(x8)-/( *)•(*) > t + e.\\x\\ r A 

for all A G T 1 , all x\,--- ,x n ,x,y G A and t > 0. Then there exists a unique random Lie 
JC* -algebra homomorphism H : A — > B such that 

b (M - 1 mt 

Tf(x)-H(x) / (|_yy/-| _ \M\ r )t + nO\\x\\ r A 

for all x G A and t > 0. 


Proof. By the same reasoning as in the proof of Theorem 4.2 and a technique similar to Corollary 
3.2, by putting L = |A7| r_1 , the proof will be completed. □ 

Definition 4.4. Let A be a non- Archimedean random Lie JC* -algebra. A C-linear mapping 
5 : A — > A is called a random Lie JC* -algebra derivation if 5 satisfies 

<5([®,S/]) = [S(x),y] + [M(y)], 

6(x o y) = S(x) o y + x o 5(y), 

6{x*) = 5(x)* 

for all x,y G A. 
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In the following theorem, we prove the Hyers-Ulam stability of derivation on non- Archimedean 
random Lie JC^-algebras for the functional equation D\f(x i, • • • ,x n ) = 0. 

Theorem 4.5. Let f : A — >■ A be a mapping for which there are functions : A n -A D + and 
if : A 2 — > D + such that (3.1) and (3.3) hold and 

^H[x,y])-[f(x),y]-[xj( y )]( t ) ^ ( 4 . 6 ) 

h'f(xoy)-f(x)oy-xof(y)(t ) ^ ^x,y{t) ( 4 - 7 ) 

for all x,y € A. If there exists an L < 1 and (3.f), (3.5), (3.6) and (4-3) hold, then there 
exists a unique random Lie JC* -algebra derivation 5 : A -A A such that (3.13) holds. 


Proof. By the same argument as in the proof of Theorem 4.2, there exists a unique C-linear 
mapping 5 : A — > A satisfying (3.13), and is given by 


5(x) = lim 

m— >oo 


f(M m x ) 
\M\ m 


(4.8) 


for all x € A. 

It follows from (3.9), (4.4) and (4.8) that 

l l S{[x,y])-[5(x),y]-[x,S{y)](' l: ) = l L f(M 2m [x,y])-[f(M m x),M m y)-[M rn x ,f(M m y)} 0^1 0 

^ lim 'f>M m x,M m y (|^| 2m t) = 1 


and 


t J '5(xoy)—d(x)oy—xo8(y)ft) f{M 2m {xoy))— f(M m x)oy—xof (M m y) 

^ lim (f>M m x,M rn y (\M\ 2m t) = 1 
m— >oo 

for all x,y € A and t > 0, and so we conclude that 

£([z, y]) = [<5(z), y\ + [x, 5(y )], S(x O y) = 5(x) oy + xo 6(y) 

for all x,y e A. Therefore, <5 : A — >■ A is the unique desired random Lie JC *- algebra derivation 
satisfying (3.13). □ 
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ON THE FUZZY STABILITY PROBLEMS OF GENERALIZED 

SEXTIC MAPPINGS 

HEEJEONG KOH AND DONGSEUNG KANG* 


Abstract. We introduce a fuzzy anti-/?-norm and generalized sextic mapping 
and then investigate the Hyers-Ulam-Rassias stability in quasi /3-Banach space 
and the fuzzy stability by using a fixed point in fuzzy anti-/? Banach space for 
the generalized sextic function. 


1. Introduction 

The concept of stability problem of a functional equation was first posed by 
Ulam [33] concerning the stability of group homomorphisms. In the next year, 
Hyers [14] gave a partial answer to the question of Ulam. Hyers’ theorem was 
generalized in various directions. The very first author who generalized Hyers’ 
theorem to the case of unbounded control functions was Aoki [1], Rassias [28] 
succeeded in extending the result of Hyers’ theorem by weakening the condition 
for the Cauchy difference operator CDf(x , y ) = f(x + y) — [/(x) + f(y)\ to be 
controlled by e(||x|| p + ||j/|| p ) . Rassias’ paper [28] has provided a lot of influence in 
the development of Hyers-Ulam stability or Hyers-Ulam-Rassias stability of func- 
tional equations. In 1996, Isac and Rassias [16] were first to provide applications of 
new fixed point theorems for the proof of stability theory of functional equations. 
By using fixed point methods the stability problems of several functional equations 
have been extensively investigated by a number of authors; see [6], [7], [25] and [26]. 
Recently, the stability problem of functional equations was investigated by using 
shadowing properties; see [20] and [31]. 

During the last three decades, several stability problems of a large variety of 
functional equations have been extensively studied and generalized by a number of 
authors [9], [12], [15], [28], and [2]. In particular, Xu and et al. [37] introduced the 
sextic functional equation 

(1.1) f(x + 3 y) + f(x - 3 y) - 6[/(x + 2 y) + f(x - 2 y)\ + 15[/(x + y) + f(x - y)] 

= 20 f(x) + 720 f(y) . 

In fact, Xu and et al. [37] and Gordji and et al. [13] introduced a quintic mapping 
and sextic mapping. 

In this paper, we deal with the following functional equation 

(1.2) f(ax + y) + f(ax - y) + f(x + ay) + f(x - ay) 

= a 2 (a 2 + 1 )[f{x + y) + f(x - y)] + 2 (a 2 - 1 )(a 4 - l)[/(x) + f(y)) 


2000 Mathematics Subject Classification. 39B52. 

Key words and phrases. Hyers-Ulam-Rassias stability, sextic mapping, quasi- /3-mormed space, 
fixed point, fuzzy anti-normed space, fuzzy anti-/3-normed space. 
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holds for all x, y £ A and all a £ Z (a ^ 0, ±1) . 

We will use the following definition to prove Hyers-Ulam-Rassias stability for the 
generalized sextic functional equation in the quasi /3-normed space. Let /3 be a real 
number with 0 < /3 < 1 and K be either R or C. 


Definition 1.1. Let X be a linear space over a field K. A quasi (3-norm || • || is a 
real-valued function on X satisfying the following statements: 

(1) |M| >0 for all x £ X and ||a;|| = 0 if and only if x = 0 . 

(2) j |Ax| | = |A|^ • | |ar| | for all A £ IK and all x £ X . 

(3) There is a constant K > 1 such that ||x+j/|| < /T(||a;|| + ||i/||) for allx, y £ X . 

The pair ( X , || • ||) is called a quasi (3-normed space if || ■ || is a quasi /3-norm 
on X . The smallest possible K is called the modulus of concavity of 1 1 • 1 1 . A quasi 
(3-Banach space is a complete quasi-/3-normed space. 

A quasi /3-norm | • | is called a (j3, p)-norm (0 < p < 1) if (3) takes the form 
||x + y\\ p < ||a’|| p + ||y|| p for all x, y £ X . In this case, a quasi /3-Banaclr space is 
called a (/3,p)-Banach space; see [5], [29] and [27]. 

In 1984, Katsaras [18] and Wu and Fang [35] independently introduced a notion 
of a fuzzy norm. Since then some mathematicians have defined fuzzy metrics and 
norms on a linear space from various points of view; see [3], [11], [19], [36] and [23]. 
In 2003, Bag and Samanta [3] modified the definition of Cheng and Mordeson [8]. 
Bag and Samanta [3] introduced the following definition of fuzzy norrned spaces. 
The notion of fuzzy stability of functional equations was given in the paper [24]. 
Jebril and Samanta [17] introduced a fuzzy anti-norm linear space depending on the 
idea of fuzzy anti-norm was introduced by Bag and Samanta [4] and investigated 
their important properties. 

We will use the definition of fuzzy anti-normed spaces to investigate a fuzzy 
version of Hyers-Ulam-Rassias stability in the fuzzy anti-normed algebra setting. 

Definition 1.2. [17] Let X be a real vector space. A function N : X x ffi. — ► [0, 1] 
is called a fuzzy anti-norm on X if for all x, y £ X and alls, UK, 

(aNl) N(x, t) = 1 for t < 0 

(aN2) N (x, t) = 0 if and only if x = 0 for all t > 0 
(aN3) N(cx,t) = N(x, ^ ) forest) 

(aN4) N(x + y, s + 1) < max{N(x, s ) ,N(y, t)} 

(aN5) N(x, t) is a non-increasing function o/Ul and Hindoo N(x,t) = 0 , 
(aN6) for x 0 , N(x, •) is continuous on R. 

The pair (A, N) is called a fuzzy anti-normed space. 

The property (aN3) implies that N(—x, t) = N(x, t) for all x £ X and t > 0 . It 
is easy to show that (aN4) is equivalent the following condition: 


N(x + y,t) < rna x{N(x,t) ,N(y,t)} , for all x, y £ X and t £ R . 

Definition 1.3. Let X be a real vector space. A fuzzy anti-norm N : Jxt — ► [0, 1] 
is called a fuzzy anti-(3-norm on X if (aN$) in Definition 1.2 takes the form 

( aN l) N(cx, t) = N(x, rrg) (c ^ 0, 0 < (3 < 1) . 


Example 1.4. Let (A, 


||) be a (3-normed space. 

/ x f Txrfni when t > 
N(x,t) = < t+l|a:|1 

] 1 when t < 


Define 

o,f el 

o, 
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where x £ X . We note that 


N(cx, t ) = 


\\ cx \\ 

t + \ \cx\ 


W 


1 — n = N ( x ’TJa')-' 

Ml I c\p 


for all x & X and c€R(c/0,0</3< 1). Then (X, N) is a fuzzy anti-/3-normed 
space induced by the /3-norm || • || . 


Definition 1.5. Let ( X , TV ) be a fuzzy anti-f3-normed vector space. A sequence 
{£„} in X is said to be convergent or converge if there exists an x £ X such that 
lim n _j. 00 N(x n — x, t) = 0 for all t > 0 . In this case, x is called the limit of the 
sequence {x n } and we denote it by x n = x . 


Definition 1.6. Let ( X , TV ) be a fuzzy anti-f3-normed vector space. A sequence 
{x„} in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N 
such that for all n > no and all integer d > 0 , we have N(x n+ d — x n , t) < e . 


It is well-known that every convergent sequence in a fuzzy anti-/3-normed vector 
space is Cauchy. If each Cauchy sequaence is convergent, then the fuzzy anti-/3- 
normed space is said to be fuzzy anti-/3 complete and the fuzzy anti-/3-normed vector 
space is called a fuzzy anti- (3 Banach space. 

Now, we will state the theorem, the alternative of fixed point in a generalized 
metric space. 

Definition 1.7. Let X be a set. A function d : X x X — ► [0, oo] is called a 
generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y ; 

(2) d(x, y) = d(y , x) for all x, y £ X ; 

(3) d(x , z) < d(x, y) + d(y, z) for all x, y, z £ X . 

Theorem 1.8 ( The alternative of fixed point [21], [30] ). Suppose that we are 
given a complete generalized metric space ( X , d) and a strictly contractive mapping 

J : X — ► X with Lipschitz constant 0 < L < 1 . Then for each given x £ X , either 

d(J n x, J n+1 x) = oo for all n > 0 , 
or there exists a natural number no such that 

(1) d(J n x, J n+l x) < oo for all n > no ; 

(2) The sequence {J n x} is convergent to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set 

Y = {y £ X\d(J n °x,y) < oo} ; 

(4) d(y, y*) < ^ d(y, Jy ) for ally £Y . 

In this paper, we investigate the Hyers-Ulam-Rassias stability in quasi /3-normed 
space and then the fuzzy stability by using a fixed point in fuzzy anti-/3 Banach space 
for the generalized sextic function / : X — > Y satisfying the equation (1.2). Let us 
fix some notations which will be used throughout this paper. Let a £ Z (a ^ 0 , ±1) . 


2. A SEXTIC FUNCTIONAL EQUATION 

In this section let X and Y be real vector spaces and we investigate the general 
solution of the functional equation (1.2). Before we proceed, we would like to 
introduce some basic definitions concerning n-additive symmetric mappings and 
key concepts which are found in [32] and [34]. A function A : X — ► Y is said to be 
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additive if A(x + y) = A{x) + A(y) for all x ,y £ X . Let n be a positive integer. A 
function A n : X n — »• Y is called n-additive if it is additive in each of its variables. A 
function A n is said to be symmetric if A n (x \ , • • • , x n ) = A n (x„^ , ■ ■ ■ , x cr ( n )) for 
every permutation {<j(l) , • • • , cr(n)} of {1 , 2 , • • • , n} . If A n (x i , X 2 , ■ ■ ■ , x n ) is an 71- 
additive symmetric map, then A n (x) will denote the diagonal A n (x , x , ■ • • , x) and 
A n (rx) = r n A n \x) for all x £ X and all r <E Q . such a function A n (x) will be called 
a monomial function of degree n (assuming A n =£ 0). Furthermore the resulting 
function after substitution x\ = £2 = • • • = x s = x and x s+ \ = x s+ 2 = • • • = x n = y 
in A n (x 1 , X 2 , • • • , x n ) will be denoted by A s,n ~ s (x , y) . 

Theorem 2.1. A function f : X — ► Y is a solution of the functional equation 
(1.2) if and only if f is of the form f(x) = A Q (x) for all x € X , where A 6 (x) is 
the diagonal of the Q-additive symmetric mapping Aq : X 6 — > Y . 


Proof. Assume that / satisfies the functional equation (1.2). Letting x = y = 0 in 
the equation (1.2), we have 

2a 2 (2a 2 + l)(a 2 - l)/(0) =0, 

that is, /( 0) = 0 . Let y = 0 in the equation (1.2). Then we get 
(2.1) f(ax) = a 6 f(x) 


for all x € X . Putting x = 0 in the equation (1.2), we get 
(2-2) (a 4 - l)(a 2 - 1) (f(y) - /(-y)) = 0 


for all y € X . Hence we have f(y) = f(—y ) , for all y £ X . That is, / is even. We 
can rewrite the functional equation (1.2) in the form 

1 1 


f(x) - 


- f(ax + y) - 


2(a 2 - l)(a 4 - 1) ' v 2(a 2 - l)(a 4 - 1) 

2(^-lK„.-l f t* + “»> - 2(^-ik^-i) /(i - ay) 


f{ax - y) 


+ 


2 (a 2 + 1) 


2(a 2 - l)(a 4 - 1) 


f(x + y) + 


2 (a 2 + 1) 


2(a 2 -l)(a 4 -l) 


f{x -y) + f(y) = 0 


for all x , y £ X and an integer a (a ^ 0 , ±1) . By Theorem 3.5 and 3.6 in [34], / is 
a generalized polynomial function of degree at most 6, that is, / is of the form 


(2.3) fix') = A & {x) + A b {x) + A 4 {x) + A 3 {x) + A 2 (x) + A 4 (x) + A°(x) 


for all x £ X , where A° (x) = A 0 is an arbitrary element of Y , and A*(x) is the 
diagonal of the i-additive symmetric mapping A t : X 1 — > Y for i = 1,2, 3,4, 5,6. 
By /( 0) = 0 and /(— x) = fix) for all r£l,we get A°(x) = A 0 = 0 ,A 5 (x) = 
0 , A 3 ix) = 0 and A l {x) = 0 . It follows that 

fix) = A 6 ix) + A 4 (x) + A 2 ix) 


for all x £ X . By (2.1) and A"(rx) = r"A"(x) for all x £ X and r £ Q , we obtain 
that A 2 ix) = — - A A ix) for all x £ X and an integer a (a ^ 0, ±1) . Hence we 

get A 4 ix) = A 2 ix) = 0 , for all x € X . Thus we have fix) = A 6 (x) for all x £ X . 

Conversely, assume that fix) = A 6 (x) for all x € X , where A 6 (x) is the diagonal 
of a 6-additive symmetric mapping A§ : X 6 — >• Y . Note that 

A 6 iqx + ry) = q 6 A e ix) + 6 q 5 rA 5 ' 1 ix,y) + 15g 4 r 2 A 4 ’ 2 (x, y) + 20 q 3 r 3 A 3 ’ 3 ix,y) 
+ 15 q 2 r 4 A 2A ix, y) + 6 yr 5 A 4 ’ 5 (x, y) + r 6 A 6 (y) 
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c s A s ' t { x, y) = A 3,t (cx, y ) , c t A s ' t (x, y) = A s,t (x, cy ) 
where 1 < s, t < 5 and c £ Q . Thus we may conclude that / satisfies the equation 

(1.2). “ ' □ 

We note that a mapping / : X — ► Y is called generalized sextic if / satisfies the 
functional equation (1.2). 

3. Hyers-Ulam-Rassias stability over a quasi /3-Banach space 

Throughout this section, let X be a real linear space and let Y be a quasi (3- 
Banach space with a quasi /3-norm || • ||y . Let K be the modulus of concavity 
of || • ||y . We will investigate the Hyers-Ulam-Rassias stability for the functional 
equation (1.2); see also the paper [10]. 

For a given mapping / : X -A Y and all fixed integer o ( o / 0, ±1) , let 

(3.1) D a f(x, y) := f(ax + y) + f{ax - y) + f(x + ay) + f(x - ay) 

-a 2 (a 2 + l)(f(x+y) + f(x-y)'j -2(a 2 -l)(a 4 -l)^f(x) + f(y)^j 

for all x, y € X . 

Theorem 3.1. Suppose that there exists a mapping <j> : X 2 -A [0, oo) for which a 
mapping f : X -A Y satisfies /( 0) = 0 , 

(3.2) \\D a f(x,y)\\ Y < <j>(x,y) 

and the series YlpLo (joU 3 ') ( t > { a ^ x ^ a ^y) converges for all x, y £ X . Then there 
exists a unique generalized sextic mapping S : X -A Y satisfying the equation (1.2) 
and the inequality 

tx OO TX' 

(3.3) \\f(x)-S(x)\\ Y < ^6^^(^)V(a^,0), : 
for all x £ X . 

Proof. By letting y = 0 in inequality (3.2), since /( 0) = 0 we have 
\\D a f{ x ,0)\\ Y = ||2/(ax) + 2 f(x) - 2a 2 (a 2 + l)f(x) - 2 (a 2 - l)(a 4 - l)/(x)||y 

= 2 /3 |a| 6/3 ||/(a:) - ^/(aa;)||y < <f>(x,0) , 

that is, 

(3-4) II fix) - ^f(ax)\\ Y < <P( X , 0) , 

for all x £ X . 

We note that putting x = ax and multiplying y^pg in the inequality (3.4), we 
get 

(3-5) II /(<**) - f i 0,2 x )\\y < j^e/s^’ 0 ) - 

for all x £ X . 

Combining two inequalities (3.4) and (3.5), we have 
(3.6) \\f{x) - (^g) /(a 2 x)||y < 2^(^(*,0) + j^<t>(ax,0)) , 
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for all X £ X . 

Since K > 1 , inductively using the previous note we have the following inequal- 
ities 

( 3 ' 7 ) f( akx )\w< 

for all x € X , k € N and also 


(3.8) ll(i)V*)-Q'/<' 


cfx) 


W< 


K 


t - 1 




2P\a\W 


j—k 


l\ Q P 


for all x € X and k , t, € N (k < t) . 

Since the right-hand side of the previous inequality (3.8) tends to 0 as t — > oo , 
hence { ( f(a n x)} is a Cauchy sequence in the quasi /3-Banach space Y . Thus 
we may define 

S(x)= lim f(a n x ) , 

n— ¥oo \a / 

for all x € X . Since K > 1 , replacing x and y by a n x and a n y respectively and 
dividing by |a| 6/3n in the inequality (3.2) , we have 


(j^) n \\D a f(a n x,a n y)\\ Y 

= (j^g) \\f(a n (ax + y))+f(a n (ax-y))+f(a n (x + ay))+f(a n (x-ay)) 
-a 2 (a 2 + 1 )(j{a n (x + y)) + f(a n (x - y))) 

-2 (a 2 - l)(a 4 - 1) (. f(a n x ) + /(a”y)j | | y 



for all x, y £ X . 

By taking n — > oo , the definition of S implies that S satisfies (1.2) for all 
x, y € X , that is, S is the generalized sextic mapping. Also, the inequality (3.7) 
implies the inequality (3.3). 

Now, it remains to show the uniqueness. Assume that there exists T : X — > Y 
satisfying (1.2) and (3.3). Then 

\\T(x)-S(x)\\ y = (^) n ||T(a":r)-5(a"(r)|| y 

< (^) V(||T(aAr) - f(a n x)\\ Y + \\f(a n x) - S(a n x ) || y ) 

2 k 2 °° / K \ ■') 

- ¥W^ Y ( r «) * {aix ’ 0) 

j=n 

for all x £ X . By letting n — > oo , we immediately have the uniqueness of S . □ 

Corollary 3.2. Let 9 > 0 , p < 6 be a real number and X be a normed linear space 
with norm \ \ ■ \ \ . Suppose f : X — »• Y is a mapping satisfying /( 0) = 0 and 

(3-9) \\D a f(x, v)\\y < 0(INI p + ||yin 
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for all x, y £ X and all t > 0 . Then S(x) := iV-lim ra _ ) . 00 f{a n x) exists for each 
x £ X and defines a generalized sextic mapping S : X -A Y such that 

,, ,/ x ru M, 0K\\x\\P 

||/(.r) - S{x)\\ Y < 2 /3(| a |6/3 _ k\o,\pP) 
for all x £ X and all t > 0 . 

Proof. The proof follows from Theorem 3.1 by taking (j)(x, y) = 0(||a;|| p + ||y|| p ) for 
all x , y £ X . □ 


4. Fuzzy fixed point stability over a Fuzzy Banach space 


Let us fix some notations which will be used throughout this section. We assume 
X is a vector space and (Y, N) is a fuzzy anti-/? Banach space. Using fixed point 
method, we will prove the Hyers-Ulam stability of the functional equation satisfying 
equation (1.2) in fuzzy anti-/? Banach space. 

Theorem 4.1. Let (f> : X 2 -A [0, oo) he a function such that there exists an 0 < 
L < 1 with 


(4.1) 


</>0 T,y) < 


\a\W 


<i>{ax, ay) 


for all x, y £ X . Let f : X -A Y be a mapping satisfying /( 0) = 0 and 

<t>{x,y) 


(4.2) 


N(D a f(x, y), t ) < 


t + <t>(x,y) 

6T! /(iu r ) exists for each 
x £ X and defines a generalized sextic mapping S : X -A Y such that 

L <p(x, 0) 


for all x, y £ X and all t > 0 . Then S(x) := TV- limn^oo a 


(4.3) 


N(f(x) ~ S(x), t) < 


2h\a\®P{l — L)t + L cj>(x, 0) 

for all x £ X and all t > 0 . 

Proof. By letting y = 0 in the inequality (4.2), we have 

4>{x, °) 


(4.4) 


N^2f(ax) — 2a 6 f(x),t S j < 


t + (j>(x, 0) 


for all x £ X and all t > 0 . 

We note that by letting x = ^ in the inequality (4.4) we have 

*(!> o) 


N{2f(x)-2a 6 f^),t 
The inequality (4.1) implies that 


By putting t = t , we have 


< 


t+m o)- 


< 


o) 

* + \^5W 0) 




t) < 


|a| 


L <t>{x, 0) 


— L 


f _i 5 X- 

1 ^ |a| 6 / 


(t>(x, 0) ’ 
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that is, 

(4 - 5) *(/(*)-««/©, 2^ t) < 

for all x £ X and all t > 0 . 

We consider the set 

F:={g:X^X} 

and the mapping d defined on F x F by 

d(g, h) = inf {/i £ R + I N(g(x ) — h(x), fit) < — ,Vx € X and t > 0} 

V / t + <p(x, 0) 

where inf 0 = +oo , as usual. Then (F, d) is a complete generalized metric space; 
see [22, Lemma 2.1]. Now let’s consider the linear mapping J : F — » F such that 

Jg{x) := a 6 s(0 

for all x € X . Let g , h £ F be given such that d(g ,h) = e . Then 


Hx, 0) 
t + (j>(x, 0) ’ 


N^g(x) — h(x), et 
for all x £ X and all t > 0 . 


< 


<t>{x, 0) 

t + 4>(x, o) 


N^Jg(x) — Jh(x), Let'j = N^a 6 g(^— j — a 6 h(^ — Let 


/x\ 

. /x\ 

L \ 


i i , ^ a 1 

W 

W 

\a\ e P J 


< 


m 0) 


M 6 


< ~ 


j^mHx, o) 


H x , o) 


+ J^^x, 0) t + <j>{x, 0) 
for all x € X and all t > 0 . d(g, h) = £ implies that d( Jg, Jh ) < Le . Hence we get 


d(Jg, Jh) < Ld(g , h) 

for all g, h £ F . The inequality (4.5) implies that d(f, J f) < 2 0\a\ e P • By Theo- 
rem 1.8, there exists a mapping S : X — ► Y such that 

(1) S' is a hxed point of J, that is, 

( «) »© = ><*> 

for all x £ X . The mapping S is a unique hxed point of J in the set 
M = {g £ F | d(/, g) < oo} . This means that S is a unique mapping 
satisfying the equation (4.6) such that there exists a fi £ (0, oo) satisfying 

«(/(*) - s M , „<) < t f^ 0) 0) 

for all x £ X and all t > 0 ; 

(2) d(J n f, S) — ^ 0 as n — ^ oo . This implies the following equality 

N- lim a 6 "/ (4) =S(x) 

n— too \a n / 

for all x £ X ; 
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(3) d(f, S) < d{f, Jf) > which implies the inequality 


d (f, S)< l L - 2/3 | q | 6/3 2 / 3 |a|6/ 3 (l - L) ' 

It implies that 

N i m - S(I) ' - t + .feo) 

for all x £ X and all f > 0 . By replacing t by 2 l a l t , we have 

«(/(.r) - six), <) < 2g|a|W , (1 ^;°i^ (Ii0) 

for all x £ X and allt > 0 . That is, the inequality (4.3) holds. By letting x = 
and y = \ in the inequality (4.2), we have 


for all x, y £ X , all t > 0 and all n € N . Replacing t by jyjw , 

0(*r,£) / 




< 


< 


|a|6/3r 


eP*’ a" ) t + L n y) 


for all x, y £ X , all f > 0 and all n £ N . Since lim^oo = 0 for all 

x, y £ X and all t > 0 , we may conclude that 


N^D a S(x, y), tj = 0 


for all x, y £ X and all t > 0 . Thus the mapping S : X — > Y is the generalized 
sextic mapping. □ 


Corollary 4.2. Let 6* > 0 , p > 6 be a real number and X be a normed linear space 
with norm \ \ ■ \ \ . Suppose f : X -A Y is a mapping satisfying /( 0) = 0 and 


(4.7) 


N{D a f(x,y), t ) < 


g(IMI p + IMI p ) 

i + 0(||*||p + ||y||p) 


for all x, y G X and all t > 0 . Then S(x) := iV-lim n ^.oo « 6n /^^rj exists for each 
x G X and defines a generalized sextic mapping S : X — >■ Y such that 


N(f(x) - S(x), t) < 


0 IMI P 

2P(\a\pP - \a\ 6 P) t + 6 \\x\\p 


for all x £ X and all t > 0 . 


Proof. The proof follows from Theorem 4.1 by taking <p(x, y) = d(||cc|| p + ||y|| p ) for 
all x , y £ X and L = |a|^ 6_ fo /3 . □ 
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Abstract 

The main aim of this paper is to study the existence, uniqueness and stability of solution for 
stochastic functional differential equations driven by G-Brownian motion (in short G-SFDEs). 
The existence-and-uniqueness theorem is established for G-SFDEs under non-Lipschitz condi- 
tion and weakened linear growth condition. We have used the Picard approximation scheme, 
Gronwall’s inequality, Bihari’s inequality and Burkholder-Davis-Gundy (in short BDG) inequal- 
ities to develop the existence theory for the above mentioned stochastic dynamical systems. In 
addition, the mean square stability of solutions for these systems has been obtained. 

Key words: Existence, uniqueness, stability, G-Brownian motion, stochastic functional 

differential equations. 


1 Introduction 

Responding to the contemporary developments in the fields of physics, control engineering, eco- 
nomics, and social sciences, a growing concern has recently been witnessed in both stochastic dif- 
ferential and deterministic models. The applications of functional differential equations have been 
applied in a number of cases in physical phenomena, such as in the relocation of soil moisture, where 
the fluid flows through the crack of rocks, and the problem of conduction of heat as well as its share 
in order fluids is investigated. The idea of G-Brownian motion as well as the associated stochastic 
differential equations were introduced by Peng [8, 10]. These equations were extended to stochastic 
functional differential equations, which are driven by G-Brownian motion (in short G-SFDEs) by 
Ren, Bi and Sakthivel [12], While Faizullah, developed the existence-and-uniqueness theorem for G- 
SFDEs with Cauchy-Maruyama approximation scheme [3] , they used the strong Lipschitz and linear 
growth conditions to develop the mentioned theory. In this article, we have generalized the existence 
theory for functional stochastic dynamical systems, driven by G-Brownian motion. We have used 
non-Lipschitz condition and weak linear growth condition to study the existence, uniqueness and 
stability theory for G-SFDEs. We have considered the following stochastic dynamical system that 

‘Corresponding author, E-mail: faiz_math@yahoo.com 
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is driven by G-Brownian motion. Let 0 < t < T < oo. Suppose g : [0, T] x BC([— 0, 0]; M n ) — > M n , 
h : [0, T) x BC([— 0, 0];M n ) -» M n and w : [0, T] x BC{[— 0, 0]; M n ) — »• M n are Borel measurable. 
Consider stochastic functional differential equation driven by G-Brownian motion of the type 


dX(t) = g(t , X t )dt + h(t, X t )d(B , B)(t) + w(t, X t )dB(t), 


( 1 . 1 ) 


where X(t) is the value of stochastic process at time t and X t = {X(t + 6) : — 0 < 5 < 0, 0 > 0} 
is a BC([— 0, 0];M n )- valued stochastic process, which presents the family of bounded continuous 

M n -valued functions ip defined on [—0,0] having norm ||</?|| = sup | ip (5 ) | . {(B, B)(t),t > 0} is 

-0<<5<O 

the quadratic variation process of G-Brownian motion {B(t),t > 0} and g , h. w € Mq([—t, T]; M n ). 

Denote the space of all J^-adapted process X(t), 0 <t<T , such that || X || L 2 = sup |X(t)| < oo 

-e<t<T 

by L 2 . The initial data of equation (1.1) is given as follows 

X to =C = {C(£) : — 0 < 5 < 0} is Xo — measurable , BC([— 0, 0]; K n ) — valued 
random variable such that C £ Mq ([—0, 0]; M n ) . 


The integral form of G-SFDE (1.1) with initial data (1.2) is given by 

X(t) = C( 0)+ r g(s,X s )ds + 

Jo 

The solution of G-SFDE (1.1) with initial data (1.2) is an M" valued stochastic processes X(t ), 
t G [— 0, T] such that 


h(s,X s )d{B,B)(s)+ / w(s,X s )dB(s) 


(i) X(t) is T)-adapted and continuous for all t G [0, T]; 

(ii) g(t, X t ) G £\[o, T\;R n ) and h(t, X t ),w(t, X t ) G £ 2 ([0, T]; M n ); 

(iii) Xo = £ and for each t G [0, T], dX(t ) = g(t , X t )dt + h(t , X t )d(B, B)(t ) + w(t, X t )dB(t) q.s. 

X(t) is called a unique solution if it is indistinguishable from any other solution Y(t), that is, 

E[ sup \X(q)-Y(q)\ 2 }=0. 

-9<q<t 


Throughout this paper we assume the following two conditions, known as non-uniform Lipschitz 
condition and weakened linear growth condition respectively. 


(A;) For all ip,rj) G BC([-9, 0]; R d ) and t G [0,T], 

\g(t, ip) - g(t, *1)) I 2 + I h(t, ip) - \h(t, VOI 2 + \w(t, ip) - w(t, V ’)| 2 < A(|v? - ip | 2 ), 

where A(.) : R+ — >• M+ is a non-decreasing and concave function such that A(0) = 0, 
for v > 0 and 

f dv 

L W ) = oc '- 

As A is concave and A(0) = 0, there exists two positive constants c and d such that 

A(u) < c + dv, 


(1.3) 
X(v) > 0 

(1.4) 


(1.5) 


for all v > 0. 
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(An) For all t G [0, T], g(t,0),h(t,0),w(t,0) G L 2 and 

1 9(t, 0)| 2 + | h(t, 0)| 2 + | w(t, 0)| 2 < K, (1.6) 

where K is a positive constant. 

We have organized the rest of the paper as follows. In section 2, some well-known basic notions 
and results are included. In section 3, several important lemmas are developed. In section 4, the 
existence-and-uniqueness theorem is proved. In section 5, the mean square stability for the solution 
of G-SFDEs is given. 


2 Preliminaries 

The main purpose of this section is to give some basic concepts and results, which are used in 
the subsequent sections of this paper. For more detailed literature of G-expectation, we refer the 
readers to book [9] and papers [1, 2, 4, 5, 13]. 

Definition 2.1. Let ~H be a linear space of real valued functions defined on a nonempty basic space 
Q. Then a sub- linear expectation E is a real valued functional on 'H with the following properties: 

(i) For all X,Y eH,if X <Y then E[X] < E[Y}. 

(ii) For any real constant a, E[a] = a. 

(iii) For all X, Y G U, E[X + Y] < E[X] + E[Y]. 

(iv) For any 6 > 0 E[9X] = 6E[X}. 

Let Cb.Lip{^ lxd ) denotes the set of bounded Lipschitz functions on R. lxd and 

Lq(Qt) = G [0 ,T],(f> G Cb.Lip(^ lxd ))}- 

Let G L p G (yt ti ), i — 0,1, ..., N— 1 then Mq{ 0, T) denotes the collection of processes of the following 
type: For a given partition ttt = ...,tjv} of [0,T], 

JV-l 

Vt{w) = ^^(^)%,q +1 ]W- 

i = 0 

Under the norm ||r/|| = {J d E[\r] u \ p ]du} l ^ p ^ Mq( 0,T), p > 1, is the completion of M G (0,T). For 
every rjt G Mq (0,T), the G-Ito’s integral I(rj) and G-quadratic variation process {(B)t}t > o are 
respectively given by 

,-T N-l 

Hv) = / VudB u = Zi(B ti+ 1 - B ti ), 
i= o 

(B)t = B 2 t - 2 

The following definition and lemmas are borrowed from [7, 11]. 
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Definition 2.2. A solution X(t) of dynamical system (1.1) with initial data (1.2) is said to be 
stable in mean square if for all e > 0 there exists 5(e) > 0 such that E\f — £| 2 < 5(e) follows that 
E\X(t) — Y(t) | 2 < e for all t > 0, where Y(t) is an other solution of system (1.1) having initial data 
£ G M 2 ([— 0,0] : M z ). 

Lemma 2.3. (Holder’s inequality) If ] q + r '. = 1 for any q, r > 1, g € L 2 and h G L 2 then gh € L 1 
and 

r d r d i r d 1 

/ gh<( \ 9 nn i h\ r )r. 

J c «/ c J c 

Lemma 2.4. (Gronwall’s inequality) Let C > 0, h(t) > 0 and w(t) be a real valued continuous 
function on [ c,d ]. If for all c < t < d, w(t) < C + J) 1 h(s)w(s)ds, then 

w(t) < Ceti h(s)ds , 


for all c < t < d. 

Lemma 2.5. (Bihari’s inequality) Suppose T > 0 and h q > 0. Assume h(t ) and w(t) be continuous 
functions on [0,T], Let A(.) : M + — >• M + be non- decreasing and concave continuous function such 
that A(v) > 0 for v > 0. If for all 0 < t < T, h{t) < h( 0) + / Q T w(s)A(h(s))ds, then for all 0 < t < T , 

h(t ) < w(s)ds), 

such that H(ho) + f t T w(s)ds € Dom(H~ l ) where H(q ) = jj^ds, q> 0 and H~ x is the inverse 
function of H. 

Lemma 2.6. Assume the assumptions of lemma 2.5 are satisfied and for 0 < t < T, w(t) > 0. If 
for all e > 0, there exists t\ > 0 such that for 0 < ho < e, J^w(s)ds < J^ g jj^ds holds, then for 
each t\ < t < T 

h(t ) < e, 

holds. 


3 Important results 

In this section, we show some important lemmas. They will be used in the forth coming existence- 
and-uniqueness theorem. Let X°(t) = C(0) for t € [0, T]. Set X f (0) = ( for each l = 1,2,..., and 
define the following Picard iterations sequence, 

A z (f) = C(0)+ f g(s,X l - l )ds+ [* h(s,X l - 1 )d(B,B)(s) 

Jo 

+ [ w(s, X l ~ 1 )dB(s), 

Jo 

First, we show that X l (.) € Mq([— 9, T]; M n ). 


(3.1) 


te[0,T}. 
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Lemma 3.1. Let assumptions A* and An hold. Then for all l > 1, 

sup E\X l {t)\ 2 < C , 

-e<t<T 

where C is a positive constant. 

Proof. Obviously, X°(.) € Mq([— 6, T]; M n ). Using the basic inequality \a + b + c + d\ 2 < 4|a | 2 + 
4|6 | 2 + 4|c | 2 + 4|d| 2 , equation (3.1) yields 

\X l (t)\ 2 < 4|C(0 ) | 2 + 4| f g{s,X l - 1 )ds\ 2 + A\ f h{s,X l ~ l )d{B,B){s ) | 2 

Jo Jo 

+ 4| [ w^X^dBis ) | 2 . 

Jo 

Taking G-expectation on both sides, using the Burkholder-Davis-Gundy (BDG) inequalities [ 6 ] and 
Holder inequality (lemma 2.3) we have 

E\X\t)\ 2 < 4£'|C(0 )| 2 + 4C±E f \g{s,X l - l )\ 2 ds 

Jo 

+ 4C 2 E f |/»(s,^- 1 )| 2 ds + 4C , 3 f Iwis.Xl-^fds 
Jo Jo 

< 4E\a0)\ 2 + 8CiE [ Ms^ 1 - 1 ) - g(s,0)\ 2 + \g(s,0)\ 2 )ds 

Jo 

+ 8 C 2 E [ (|/i(s, X 1 - 1 ) — h(s, 0 )| 2 + \h(s, 0)| 2 )ds 

Jo 

+ 8 C 3 f (|u>(.s, Xf _1 ) - u;(s, 0)| 2 + \w(s,0)\ 2 )d(s) 

Jo 

<4£|C(0 )| 2 + 8 Ci£ / | 5 ( S ,0)| 2 d S + 8 Ci£ / | 5 (s, X^ 1 ) - g(s, 0)\ 2 ds 

Jo Jo 

+ 8C 2 E f \h(s,0)\ 2 d(.s) + 8C 2 E [ |/»(s,X*- 1 )-/»(s,0)| 2 ds 
70 7o 

+ 8 C 3 / |tc(s, 0 )| 2 ds + 8 C 3 / |tc(s, X* -1 ) — w(s, 0 )| 2 ds 
70 70 

By assumptions A* and A„; , the above inequality yields 
E\X l {t)\ 2 < 4A|C(0 )| 2 + 8C\KT + 8C 2 KT + 8 C 3 /yT 

+ 8 Ci£ / t A(|X*- 1 )| 2 )ds + 8 C , 2 f; + f A(|^- 1 )| 2 )rf(s) 

70 70 70 

= 4A|C(0 )| 2 + 8KT(C\ + C 2 + C 3 ) + 8 (Gi + C 2 + C 3 )E [ A(| ATi” 1 ) | 2 )d-s 

70 

< 4A|C(0 )| 2 + 8KT(C\ +C 2 + C 3 ) + 8a(Ci + C 2 + C 3 )T 

+ 86 (Ci + C 2 + C 3 )E f | Xi^ds 
Jo 

= AT + 8b(Ci + C 2 + C 3 )E [ | X^fds, 

Jo 
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where K\ = 4E|£(0 )| 2 + 8 CqKT + 8 oCqT. and C$ = C\ + C 2 + C 3 . Noting that 

sup|X*| 2 <sup sup \X l (s + u)\ 2 < sup \X l {q )\ 2 < |C | 2 + sup \X l (q)\ 2 , 

0 <s<t O<s<t-0<u<O ~0<q<t 0 <q<t 

we have 

sup E\X l (q )\ 2 <E\C \ 2 + K 1 + 8 b(C 1 + C 2 + C 3 )E f sup | X l -\q)\ 2 ds. 

-6<q<t JO -8<q<t 

Again noting that for any j > 1 

max EIX 1 - 1 ] 2 < E\C \ 2 + max E\X l (q)\ 2 , 

1 <L<j 1 <l<j 


we obtain 



<E\C \ 2 + K 1 + 8 b(C 1 + C 2 + C 3 )TE\C\ 2 + [ max sup E\X l {q)\ 2 ds 

Jo l < l <3 -9<q<t 


= K 2 + 8 b(C\ + C 2 + C 3 ) / max sup E\X l (q)\ 2 ds, 

Jo l < l <3 -8<q<t 

where K 2 = K\ + (1 + 8 bCoT)E\C ,\ 2 . Now the Gronwall inequality (lemma 2.4) yields 

max sup E\X l {t )\ 2 < C, 

1 < l <3 -8<q<t 

where C = K 2 e 8bC ° T , but j is arbitrary, so 

sup E\X l {t )\ 2 < C. 

—8<t<T 

The proof is complete. □ 

Lemma 3.2. Under the assumptions A, and An there exists a positive constant C* such that for 
all l,d > 1 , 

E sup | X l+d (s)-X\s )\ 2 <C ( A (E sup \X l+d ~ 1 (q) - X l ~ 1 (q)\ 2 )ds 

—9<s<t J 0 ~9<q<s 

< c*t. 

Proof. Using the basic inequality |a + b + c | 2 < 3|a | 2 + 3|6 | 2 + 3|c| 2 , equation (3.1) yields 

I X l+d (t) - X\t) | 2 < 3| flg{s, X l s +d - 1 ) - g(s, X ^ 1 )]ds | 2 + 3| [\h(s, X l s +d ~ l ) - h(s , X l ~ l )]d{B, B){s)\ 2 

Jo Jo 

+ 3| f[w{s, X l s +d ~ l ) -ui(s,A'- 1 )]di?(.s )| 2 
J to 
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Taking G-expectation on both sides, using the BDG inequalities [6], Jensen inequality E(X(x)) < 
X (E(x)), Holder inequality and assumptions Ai, A{ it gives 

E[ sup \X l+d (s) - X l (s)\ 2 } < 3Ci [ \{E[ sup | X 1 ^ 1 (q) - X l ~ x (q)\ 2 ])ds 

—9<s<t JO — #<g<s 

+ 3 C 2 f X(E[ sup | X l+d - 1 (q)-X l - 1 (q)\ 2 ])ds 

+ 3 C 3 [ X (E[ sup 

Jo — 9<q<s 

< 3(Ci + C 2 + C 3 ) f X{E[ sup | X l+d - 1 (q)-X l - 1 (q)\ 2 })ds. 

Jo —6<q<s 


E[ sup \X l+d (s)-X l (s)\ 2 ]<C I X (E[ sup \X l+d -\q) - X l -\q)f])ds, 




l+d— 1 / 




-6< s<t 


- 9<q<s 


where C = 3Co. Finally, using lemma 3.1 it yields 


E[ sup |X ?+d (s) - X'(s)| 2 ] < CX{AC)t = C% 
-e<s<t 


where C* = CX(4C). The proof is complete. 


□ 


4 Existence and uniqueness results for G-SFDEs 

We introduce the following new notations to prepare a key lemma. Choose T\ G [0, T] such that 
for all t G [0, T\ ] 

CX{C*t ) < C*. (4.1) 

For all l, d> 1, define the following recursive function 

MO = C*t. (4.2) 


(t>i+i(t) = C [ X(4>i(s))ds, 

Jo 

= E[ sup | X l+d (q) 

-6<q<t 


X\q) | 2 ]. 


(4.3) 


Lemma 4.1. Under the hypothesis Aj and An for any d > 1 and all l > 1 there exists a positive 
T\ € [0, T] such that 


0 < (/>i,d{t) < M0 < <t>i- i{t) < ••• < 


(4.4) 


for all t G [0, T{\. 
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Proof. We use mathematical induction to prove the inequality (4.4). Using the definition of function 
0(.) and lemma 3.2, we have 

<t>i,d(t) = E[ sup | X l+d (q) - X 1 (q)\ 2 } < C*t = 0i(f). 

-9<q<t 


02 ,d(t) = E[ sup I X 2+d (q) - X 2 (q )\ 2 ] 

-e<q<t 

<C [ X (E[ sup \X 1+d (q) — X 1 (q)\ 2 ])ds 

Jo ~9<q<t 

<c[ A(01 (s))ds = 

Jo 

Using (4.1), we have 

<h(t) = C f \(4>i(s))ds = f CX(C*t)ds < C*t = 0i(t). 
Jo Jo 


Hence for all t € [0,Ti], we derive that 02 ,d(t) < 02 (i) < 0i (t). Next, suppose that the inequality 
(4.4) holds for some l > 1. We now show that lemma 4.1 is valid for l + 1, as follows 

0Z+M(i) = E[ sup \X l+d+1 (q) - X l+1 (q)\ 2 ] 

~9<q<t 

<C [ A (E[ sup I X l+d (q) - X l {q)\ 2 })ds 
JO —■ 0<q<s 

= C f \(<h, d (s))ds 

Jo 

<C [ X (0j(s))ds 
Jo 

= 0/+l(O- 


Also 


0J+l(*) 


C f X(Ms))ds < 
Jo 


C f X(4>i-i(s))ds = 4>i(s). 

Jo 


Hence for all t € [0, T\], we derive that 0j+ i,d(0) < 0z+i(^) < 0 K s )j that is, lemma 4.1 holds for 
l + 1. The proof is complete. ffl 


Theorem 4.2. Let assumptions A % and An hold. Then the stochastic system (1.1) with initial data 
(1.2) has a unique solution. 


Proof. We split the whole proof in two steps. First, we show uniqueness and then existence. Let 
system (1.1) with initial data (1.2) has two solutions X(t) and Y(t). Then we have 

\X(t)-Y(t)\ < f \g(s,X s )-g(s,Y s )\ds+ f \h(s, X s ) - h(s,Y s )\d(B, B)(s) 

Jo Jo 

+ [ \w(s, X s ) — w(s,Y s )\dB(s). 

Jo 
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Taking G-expectation on both sides and using the basic inequality (a + b + c) 2 < 3 (a 2 + b 2 + c 2 ), 
Holder inequality and BDG inequalities [6], it follows 

E\X(t) - Y(t)\ 2 < 3Ci f E\g(s,X s ) - g(s,Y s )\ 2 ds + 3C 2 f E\h(s,X s ) - h(s,Y s )\ 2 ds 

Jo Jo 

+ 3 C 3 f E\w(s,X s ) - w(s,Y s )\ds. 

Jo 

Using assumptions Ai and An we have 

E[ sup \X(q)-Y(q)\ 2 } <3(C 1 + C 2 + C 3 ) f X(E[ sup \X(q) - Y(q)\ 2 ])ds, 

-6<q<t JO — i 0<q<s 

Then lemma 2.5 and lemma 2.6 gives E[sup_ g<q<t \X(q) — T(g)| 2 ] = 0, t G [0, T], The proof of 
uniqueness is complete. 

Next we show existence. We note that on t € [0, Ti], 4>i(t) is continuous. For l > 1, it is 
decreasing on 1 G [0, Ti]. By dominated convergence theorem, we define the function <J>{t) as follows 

4>{t ) = lim 4>i(t) = lim C f X((j)i-i(s))ds = C f X((j)(s))ds, 0 < t < T\. 
l ~+ oo *-»• oo J o Jo 

So, 

4>{t) < <f)(0) + C f X(<t>(s))ds. 

Jo 

Thus for all 0 < t < Ti, lemma 2.5 and lemma 2.6 follow that c f>(t) = 0. From lemma 4.1 for all 
t € [0, Ti] we get (f>i,d(s) < <f>i(s ) — >• 0 as l — >• oo, which yields E\X l+d (t) — X l (t)\ 2 — > 0 as l — >• oo. 
By the property of function A(.), assumptions Ai, An and completeness of L 2 , it follows that for 
all t € [0, Ti], 

g(t, X l t ) g(t, X t ), h(t, X l t ) — > h(t, X t ), w(t, X l t ) w(t, X t ) in L 2 as l oo. 

Hence for all t € [0,Ti], 

lim X l (t ) = C(0) + lim f g(s,X l s ~ 1 )ds 

l —> oo Z— » oo ,/q 

+ lim f h(s, X l ~ 1 )d(B, B)(s) + lim f w(s, X l ~ 1 )dB(s), 
ioooJo l->°°Jo 

that is, 


x(t) = C(0)+ f g(s,X s )ds + 

Jo 

Thus X(t) is a unique solution of stochastic system (1.1) with initial data (1.2) on t € [0, T\], Thus 
by iteration, one can obtain that the system (1.1) has a unique solution on t € [0, T\. The proof is 
complete. □ 


h(s,X 8 )d(B,B)(s)+ / w(s,X s )dB(s) 
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5 Dependence of solutions 


In this section, we use lemma 2.5 and lemma 2.6 to give continuous dependence of solutions for 
stochastic system (1.1) with initial data (1.2). 

Theorem 5.1. Let assumptions A\ and An hold. Assume X(t) and Y(t ) be two solutions of 
dynamical system (1.1) with initial data ( and f respectively. If for all e > 0 and t € [0, T] there 
exists 5(e) > 0 such that E\( — £| 2 < 5(e), then 

E\X{t)-Y(t)\ 2 <e. 


Proof. Since X(t) and Y(t) are any two solutions of system (1.1). It follows that for any t € [0, T], 

X(t) = C(0)+ [ t g{s,X s )ds+ f h(s,X s )d(B,B)(s)+ f w{s,X s )dB(s) q.s. 

Jo Jo Jo 

Y(t)=£( 0) + [ g(s,Y s )ds+ f h(s,Y s )d(B, B)(s) + f w(s,Y s )dB(s) q.s. 

Jo Jo Jo 


Then 


X(t)-Y(t) = C(0) -m + [ t \g(s,X s )-g(s,Y s )]ds+ f[h{s,X s ) - h(s, Y s )]d(B, B)(s) 

Jo Jo 

+ / [w(s,X s ) - w(s,Y s )]dB(s) q.s. 

Jo 

Taking G-expectation on both sides, using the fundamental inequality (a + b + c + d) 2 < 4 (a 2 + 
b 2 + c 2 + d 2 ), BDG inequalities [6] and Holder inequality, it follows 

E[ sup |X(r)-y(r)| 2 ]<4E|C(0)-C(0)| 2 + 4(Ci + C 2 + C' 3 ) f X(E[ sup \X(r) - Y(r)\ 2 ])ds. 


—6<r<t 


-0<r<t 


Thus from lemma 2.5 and 2.6 we have 


E[\X(t) — Y(t)\ 2 ] < e, 


for t € [0, T\. The proof is complete. 


□ 
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Abstract. In this paper, a kind of new Bernstein-Bezier type operators is 
introduced. The Korovkin type approximation theorem of these operators is 
investigated. The rates of convergence of these operators are studied by means of 
modulus of continuity. Then, by using the Ditzian-Totik modulus of smoothness, 
a direct theorem concerned with an approximation for these operators is also 
obtained. 

Keywords: Bernstein-Bezier type operators; Korovich type approximation the- 
orem; rate of convergence; direct theorem; modulus of smoothness 

Mathematical subject classification: 41A10, 41A25, 41A36 


1. Introduction 

In view of the Bezier basis function, which was introduced by Bezier [1], in 
1983, Chang [2] defined the generalized Bernstein-Bezier polynomials for any 
a > 0, and a function / defined on [0, 1] as follows: 

n . 

BnAf;x) = £/(-)[■£,*(*) - ■£,*+!(*)]. (!) 

k—0 

n 

where J n ,n+i(x) = 0, and J n ,k(x) = J2 P n ,i(x), k = 0, l,...,n, P n ,i(x) = 

i—k 

^ x l {l — x) n ~ l . J n ,k{x) is the Bezier basis function of degree n. 

Obviously, when a = 1, B na {f\x) become the well-known Bernstein poly- 
nomials B n {f\x), and for any x £ [0,1], we have 1 = J n ,oi x ) > Jn, \{ x ) > ••• > 

t Ai,n(*r) — x i Jn^k^x) Jn,k-\-l (P Pn,k( x ') • 

During the last ten years, the Bezier basis function was extensively used for 
constructing various generalizations of many classical approximation processes. 
Some Bezier type operators, which are based on the Bezier basis function, have 
been introduced and studied (e.g., see [3-9]). 

In 2013, Ren [10] introduced generalized Bernstein operators as follows: 

n — 1 

E n ,f}{f\ X) = /(0)P„,oOr) + 5] Pn,k{x) F nlU) + /(l)P„,„(aO, (2) 

k = 1 

‘Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng 
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where / € C[ 0, 1], x € [0, 1], P n , k (x) = ^ ^ ^(l — x ) n k > k = 0, 1, and 

r 1 /„ 

/ + (3) 

J 0 n 


p(P) / r\ _ 

B{nk, n(n — k)) J a 
where k = 1 , n — 1, /3 € [0, 1], !?(., .) is the beta function. 


The moments of the operators E n ^(f\ x) were obtained as follows (see [10]). 


Remark For E n ^(P; x), j = 0, 1, 2, we have 


(i) E n ^(l;x) = 1; 

(ii) E n ^(t\x) = x\ 

(iii) E n ^(t 2 \x) = x 2 + 


1 

n 


( n — 1)P 2 

(n 2 + l)n_ 


x(l 


x). 


In the present paper, we will study the Bezier variant of the generalized 
Bernstein operators E n ^(f',x) given by (2). We introduce Bernstein-Bezier 
type operators as follows: 


n— 1 

£$(/; *) = f(o)Q$(z) + £ Qnl(*) F $(f) + /(i)Q$(*). (4) 

k= 1 

where / G C[0, 1], x G [0, 1], /3 G [0, 1], a > 0, Q ( “l{x) = J“ k (x) - J“ fe+ i(z), 

Jn,n+l( x ) = 0, Jn,k( x ) ~ ^2/ ^ = 0,1,..., 77., Pn,i( x ) ~ ( ■ J X (1 

i—k \ 1 J 

x) n ~ l , and F^(f) is defined as above (3). 

It is clear that E^(f; x) are bounded and positive on C[0,1]. When a = 1, 

E^p(f> x ) become the operators E n ^(f-x). When (3 = 0, E^(f-x) become 
the generalized Bernstein-Bezier operators B n ^ a {f\x). 

The goal of this paper is to study the approximation properties of these 
operators with the help of the Korovkin type approximation theorem. We also 
estimate the rates of convergence of these operators by using a modulus of 
continuity. Then we obtain the direct theorem concerned with an approximation 
for these operators by means of the Ditzian-Totik modulus of smoothness. 

In the paper, for / G C[0,1], we denote ||/|| = rnax{|/(a;)| : x G [0,1]}. 
( 6 > 0) denotes the usual modulus of continuity of / G C[0, 1]. 

2. Auxiliary results 

In the sequel, we shall need the following auxiliary results. 

Lemma 1 (see [2]) Let a > 0. We have 

1 n 

(i) lim — > J“ k (x) = x uniformly on [0,1]; 

k=l 

1 " x 2 

(ii) lim kJft k {x) = —— uniformly on [ 0,1]. 

n— >oo n z L ^ ’2 

k = 1 
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Lemma 2 Let a > 0. We have 

(i) Ei ni^ x ) = 

(ii) lim E^fl(t\ x) = x uniformly on [0, 11; 

n— ► oo rL,/J 

(iii) lim E^llt 2 ; x) = x 2 uniformly on [0, 11. 

n— kx> ,IJ 


Proof By simple calculation, we obtain F^f k ( 1) = 1, F^f k (t) = K F^ k (t 2 ) = 


I3 2 k | \ A' 2 

n 2 +l n V 1 ) n 2- 


(i) Since £ Q ( nl( x ) = 1 > b y ( 4 ) we can S et = L 

k = 0 

(ii) By (4), we have 

E n}fa X ) 

n— 1 , 




= ^ 2 qH( x )-+q^I( x ) 


k = 1 


I 77 — 1 77 

= [7“,i(a:) - 7“ 2 (a;)] - + ... + [Jn, n ~ii x ) ~ 7“ „(*)]— — + J“„(a;)- 


1 " 

= - E 


fc=i 


thus, by Lemma 1 (i), we have lim x) = x uniformly on [0, 1]. 

n—> oo 

(iii) By (4), we have 


*) 


n,(3 
n— 1 


= E Qn“fc(*) 


/? 2 fe /3 2 fc 2 ' 

n 2 + 1 n n 2 + 1 n 2 


fc= 1 

/o2 i n /o2 i n 

= ^TT ■ n E kQ( A x ^ + - ^ryi) ' ^ E 

k = 1 fc=l 

/? 2 1 n ft 2 I n 

= Err • - E + (! - Err) • Z2 E( 2fc - 

n z + 1 71 z ' ’ 7i z + 1 n z z ' 

/c— 1 /c=l 

thus, by Lemma 1, we have lim E^ilt 2 ; x) = x 2 uniformly on [0, 11. 

n—> oo n, ' J 

Lemma 3 (see [11]) For x € [0,1], k = 0, 1, ..., n, we have 


0 < Q ( nl{x) < 


otP n ,k{x), a > 1; 

p n,k( x )> 0 < a < 1. 


Lemma 4 (see [12]) For 0 < a < 1, 7 > 0, we have 

n 

^\k - nx^ P^ k (x) < (n+ l) 1-Q (Ai) Q n 2 , 
k — 0 

where the constant A s only depends on s. 
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Lemma 5 For a > 1, we have 

(S)E^((t-xf-,x)< j(i+y)-i; 

(") £ \Zj( 1+ y)-\/^' 

Proof Let a > 1. 

(i) By (4), Lemma 3 and Remark 1, we obtain 

E^{{t ~ x ) 2 ’’ x ) 

n— 1 

= x 2 Q%o(x) + - a;) 2 ) + (1 - x) 2 Q<gl{x) 

k = 1 
n — 1 

< a[x 2 P n fi{x) + ^ P n,k{x)F^{(t - X) 2 ) + (1 - x) 2 P n , n (x)\ 
fc= 1 

= a-E ni/ 3 ((t - a:) 2 ; a;) 

= ~ f 1 + \ , \ P 2 ') x 0- - x). (5) 

n \ n z + 1 J 

Since max a;(l — x) = j, and for any n £ N, one can get < g, so we 
have 

d3((*-*)V)<f(i + ^)-h 

(ii) In view of a:) = 1, by the Cauchy-Schwarz inequality, we have 

E ^l(\t~x\-,x) < \/ E ^{1\ x)y/E^((t - a;) 2 ; x), 

thus, we get - x\; x) < ^f(l+ fO ■ 

Lemma 6 For 0 < a < 1, we /lave 

(i) E^pift — x) 2 \ x) < M^n~ a ; 

(ii) E^(\t - x\;x) < \J -n~^. 

IWiere the constant M ^ only depends on a, /3. 

Proof Let 0 < a < 1. 

(i) In view of (4), Lemma 3 and F^((t - x) 2 ) = {k ~™ ) + ~ ^), 
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we obtain 


n — 1 

= x2 Q ( nl{ x ) + ~ X ) 2 ) + i 1 ~ xfQ^lix) 

k=l 
n— 1 

< x 2 P% 0 (x) + Pn,k(x)F^{{t - a;) 2 ) + (1 - x) 2 P* n (x) 

n 

= Y P nA X ) 


k=l 


k = 0 


(k — nx) 2 (3 2 k k 2 1 

n 2 + 1 n n 2 


1 ^ /o2 ^ h, 7,2 

= “a “ nX ) 2P n,k ( X ) + ^TT f> “,fc(^)( 2 ) 

n z z ' ’ n z + 1 z — ' n n z 

k — 0 k = 0 

:= /] + I ‘2 ■ 

By Lemma 4, we have Ii < ^^±i(n + l) -a (Vl 2 j a < where the 

constant A 2 only depends on a. 

n n 

Using the Holder inequality, we have ^ P^ k {x) < (n + l) 1_Q! [X] Pn,k(%)] a , 

k—0 ’ k—0 

k_ 

n n 2 


and — ~ 2 ) < 1, so we have 

ft 2 J 1 ft 2 

h < ^ t ^-^{ n +i) 1 - a [Y p nAx)} a = ^xr( n + 1 ) 1_ “ <0 


k= 0 


n 2 + 1 


• 2 n~ a . 


Denote = 2(T 2 )“ + /3 2 , then we can get E^((t — a;) 2 ; x) < M^n “ 
(ii) Since 

E ^l(\ t~x\-,x) < \J E^( 1; x)^E { n ^((t - a;) 2 ; x), 


thus, we get 


E^p(\t - x\; x) <\J ■ n 2 . 


Lemma 7 For f G C[0, 1], x € [0, 1] and a > 0, we have 

I E ( n a) 0 {f-x) |<|| / || . 

Proof By (4) and Lemma 2 (i), we have 

I E^f-x) |< \\f\\E ( Y 0 (l-,x) = \\f\\. 


3. Main results 


First of all we give the following convergence theorem for the sequence {E^(f; a;)}. 

Theorem 1 Let a > 0. Then the sequence {E^(f-x)} converges to f 
uniformly on [0, 1] for any f € C[0, 1]. 
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Proof Since E^(f-x) is bounded and positive on C[0, 1], and by Lemma 
2, we have lim || — eA\ = 0 for ej(t) = P , j = 0,1,2. So, according 
to the well-known Bohman-korovkin theorem ([13, P.40, Theorem 1.9]), we 
see that the sequence a:)} converges to / uniformly on [0,1] for any 

/ e C[0, 1]. 

Next we estimate the rates of convergence of the sequence by means 

of the modulus of continuity. 


Theorem 2 Let f G C[ 0, 1], x € [0, 1]. Then 

(i) when a > 1, we have \\E^(f; •) — /|| < 


, a (3 2 
1 + '/ 4 (1 + T> 


^(/, — =); 

\Jn 


(ii) when 0 < a < 1, we have || E^(f; •) - /|| < (1 + \J n ?). 
Where the constant only depends on a, (3. 

Proof (i) When a > 1, by Lemma 2 (i), we have 

I E< £l(f' x ) ~ /(*)! 

n— 1 

< 1/(0) - fWlQl^oix) + Y Q ( n,i( x ) F ^l(\f(t) - f( x ) I) + l/C 1 ) - 

k= 1 
n— 1 

< U)(f, |0 - x\)Ql^ 0 {x) + Y Q^lWF^kMf’ \t ~ *1)) + w (/> I 1 - x \)Q^l( x ) 

k= 1 

1 x ~(a) 


n— 1 


< 


(1 + Vn|0 - x\)w(f, ^)Q, ( “d(a;) + Y Q ( n,l( x ) F ^k(( l + Vn\t - x\)u(f, -^)) 
V n k=1 V« 


1 


+(1 + v^|l - x\)u(f, -^)Q { Y( x ) 


< <*>(/, F-_) + v / nw(/, \t - x\; x), 


so, by Lemma 5 (ii), we obtain 


I E n}tf' X ) ~ f( X )\ ^ 


,a (3 2 

1 + '/ 4 (1 + y) 




The desired result follows immediately. 

(ii) When 0 < a < 1, by Lemma 2 (i), we have 

\F { n])U\x) - /Or) | 

n— 1 

< u(f, |0 - xDQ^lix) + Y Q ( n,l( x )F^k(u{f, 1 1 - x|)) + w(f, |1 - aj|)Q^ (a:) 

k = 1 


< (l + nS|0-a;|)u;(/,n 3 )Q^o( x ) + Y Q ( nl( x ) F ^k0- + n~ \t - x\)u(f,n ?) 

k = 1 

+(1 + |1 - x\)w(f, n~*)Qfy(x) 

= w(f,n~%) + n%w(f,n^)E { Yp(\t- x|;a;), 


6 
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so, by Lemma 6 (ii), we obtain 

I £$(/;*) - /(*)l < (! + 

The desired result follows immediately. 

Theorem 3 Let f € C ,1 [0, 1], x € [0, 1]. Then 

(i) when a > 1, we have 

I^SCf; *)-/(*)! < (1 + y) ' \[\ 

+ w (/d —/=) i + 

v n 

(ii) when 0 < a < 1, we have 

\E { ^(f-,x) - f(x)\ < ||/'|| ^M a w n-“+w(/',n-?)(l + \J M^n-* 

Where the constant only depends on a, (3. 

Proof Let / € C 1 [0, 1]. For any t, x € [0, 1], <5 > 0, we have 

\f(t) - f(x) - f(x)(t- x)\ < \f \f(u)-f(x)\du\ 

J X 

< u{f,\t-x\)\t-x\ 

< uj(f',6)(\t-x\ + 6~ 1 (t-x) 2 ), 

hence, by the Cauchy-Schwarz inequality, we have 

I - f( x ) - /'(*)(* - *); *)l 

< w(/', 5) - ac|;a:) + S^E^^t - x) 2 ; a;)) 

< co(f, 5) sjE^l-x) 

So, we get 

- /(*)! 

+w(/',(5) 1 + \J E^ft - x) 2 \x) sj E^{(t- x) 2 \x). (6) 

(i) When a > 1, taking 5 = in (6), by Lemma 5 and inequality (6), we 
obtain the desired result. 

(ii) When 0 < a < 1, taking S = in (6), by Lemma 6 and inequality (6), 
we obtain the desired result. 

Finally we study the direct theorem concerned with an approximation for 
the sequence {E^} by means of the Ditzian-Totik modulus of smoothness. For 
the following theorem we shall use some notations. 

7 


t( 1 + -^) 'V7( 1 + t)'V: 
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For f £ C[ 0, 1], <p{x) = \/x(l — x), 0 < A < 1, x £ [0, 1], let 

. „ . . h<p x (x). h(fi x (x ).. 

‘*V(/,f) = sup sup | f(x+ — ^- J ~)~f(x -)| 

be the Ditzian-Totik modulus of first order, and let 

K x(f,t)= inf {|| f-g || +i|bVl|} (7) 

g&Wx 

be the corresponding K-functional, where W\ = {/]/ £ ACi oc [0,l],\\ip x f'\\ < 
00 , ||/'|| < oo}. 

It is well known that (see [14]) 

K lp \{f 1 t) < (8) 


for some absolute constant C > 0. 

Now we state our following main result. 

Theorem 4 Let f £ C[(). 1] , a > 1, ip(x) = \J x{l — x), x £ [0,1], 0 < /?, A < 1. 
Then there exists an absolute constant C > 0 such that 

I £$(/;*) - /(*) I < ^M). 


Proof Let g £ W\, by Lemma 2 (i) and Lemma 7, we have 

\ E i a X f’’ x ) - f( x )\ 

< I E ^(f ~ 9 \x) I + | fix) - g{x)\ + \E^(g; x) - g(x) \ 

< 2||/-p|| + | x) - g(x) \. 

Since g(t) = f* g'(u)du + g( x), E^( 1; x) = 1, so, we have 

\ e ^( 9-, x ) ~9 {x)\ < | E^if \g\u)\du\x)\ 

J X 

< \\T X 9'\\E^l(\ f ip~ x (u)du\; x). 

J X 

By the Holder inequality, we get 

I [ T~ X (u)du\ < | f 1 du\ x \t — x\ 

Jx Jx V U (f — U ) 


H-A 


also, in view of 1 < \fu + x/l — u < 2, 0 < u < 1, we have 


r-r, - du\ < \ (-= + -==)du\ 

y/u(l — u) Jx V u vl ~ U 


< 2(| Vt — y/x\ + | V^l — x — a/ 1 — i|) 
jt — x\ |t — x\ . 


< 2 ( 


\J t + xfx \J 1 — t + sj\ — 


< 2\t-x\(^= + —L=) 

xjx V l — x 

< 4|t — x\ip^ 1 (x), 


(9) 


(10) 


( 11 ) 


(12) 
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thus, by (11) and (12), we obtain 

| f (p~ x (u)du\ < Cip~ x (x)\t — x\. (13) 

J X 

Also, by (10) and (13), we have 

~ g{x)\ < C\\ip x g'\\E < n ^{ip- x {x)\t- x\;x) 

= C\\ip x g , \\<p- x (x)E ( ° ) 0 {\t- x\;x). (14) 

In view of (5) and Lemma 2 (i), by the Cauchy-Schwarz inequality, we have 


X \’’ X ) < \J X )\J - ^) 2 ; X ) 


< 


I a 


- 1 + 


c 


n 

v{x) 


n — 1 

^fl r 


P 2 ) x{l — x) 


so, by (14) and (15), we obtain 

\ E ^p(9\ x ) ~ d(x)\ < C\\y x g'\\ V J?\ 
thus, by (9) and (16), we have 

I E^if; x) - f{x) | < 2||/ - g|| + C\\v X g'\\ 

Then, in view of (17), (7) and (8), we obtain 

I £$(/;*) - /(*) | < ca>(/, ^M) < ^M), 

v n v n 


(15) 


(16) 


where C is a positive constant, in different places, the value of C may be differ- 
ent. 
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Abstract. In this paper we introduce a class of complex Stancu type summation- 
integral operators and study the approximation properties of these operators. 
We obtain a Voronovskaja-type result with quantitative estimate for these oper- 
ators attached to analytic functions on compact disks. We also study the exact 
order of approximation. More important, our results show the overconvergence 
phenomenon for these complex operators. 

Keywords: complex Stancu type summation-integral operators; Voronovskaja- 
type result; Exact order of approximation; Simultaneous approximation; Over- 
convergence 

Mathematical subject classification: 30E10, 41A25 , 41A36 

1. Introduction 


In 1986, some approximation properties of complex Bernstein polynomials in 
compact disks were initially studied by Lorentz [11]. Very recently, the prob- 
lem of the approximation of complex operators has been causing great con- 
cern, which is becoming a hot topic of research. A Voronovskaja-type re- 
sult with quantitative estimate for complex Bernstein polynomials in com- 
pact disks was obtained by Gal [3]. Also, in [1-2, 4-10, 12-15] similar results 
for complex Bernstein-Kantorovich polynomials, Bernstein-Stancu polynomi- 
als, Kantorovich-Schurer polynomials, Kantorovich-Stancu polynomials, com- 
plex Favard-Szasz-Mirakjan operators, complex Beta operators of first kind, 
complex Baskajov-Stancu operators, complex Bernstein-Durrmeyer operators 
based on Jacobi weights, complex genuine Durrmeyer Stancu polynomials, com- 
plex Schurer-Stancu operators, complex q-Szdsz-Mirakjan operators, complex 
q-Gamma operators, and complex q-Durrmeyer type operators were obtained. 

The aim of the present article is to obtain approximation results for complex 
Stancu type summation-integral operators which are defined for / : [0, 1] — > C 
continuous on [0, 1] by 


mAA/; z ) : =Pn,o(-)/(- 


n—1 


-p) + ^PnA Z ) Li n,k ) (/) + Pn,n(^)/(- 


k = 1 


■P 


), (i) 


’"Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng 
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where a, (3 are two given real parameters satisfying the condition 0 < a < (3, 
z£ C,n G N, l£f{f) = B(n( J fc) , nfc) /o* nfe -Hl ^ with 

B(x,y) is Beta function, and p n ,k{z) = ^ ^ ^ z k ( 1 — z) n ~ k . 

Note that, for a = (3 = 0, these operators become the complex summation- 
integral type operators M n (f ; z) = Mn’°\f ; 2 ), this case has been investigated 
in [16]. 

2. Auxiliary results 

In the sequel, we shall need the following auxiliary results. 

Lemma 1 Let e m (z) = z m , m € N U {0}, z £ C, n € N, 0 < a < (3, we 
have Mn a ’^\e m ; z) is a polynomial of degree less than or equal to min ( m, n ) 
and 


M<“’«(e ro ;*) = £ 


3= 0 


to \ n J a 


j J ( n + (3 f 


-M n {ej\z). 


Proof By the definition given by (1) , the proof is easy, here the proof is 
omitted. 

Let to = 0,1,2, according to [16, Lemma 1] , by simple computation, we 
have 


Mt fn (ei-,z) = 


nz 


a 


n + (3 n + /?’ 


M^\e 2 -,z) = 


(n + (3) 2 
2 naz 


n(n — 1) 9 n + 1 

_ i J 2 

n 2 + 1 n 2 + 1 _ 

a 2 


(■ n + (3 ) 2 (n + /?) 2 ’ 


Lemma 2 Let e m (z) = z m , to € N U {0}, z € C, n € N, 0 < a < (3, for all 
\z\ < r, r > 1, we have |Mn a ’^(e m ; z)\ < r m . 

Proof The proof follows directly Lemma 1 and [16, Corollary 1]. 

Lemma 3 Let e m (z) = z m , to, n € N, z £ C and 0 < a < (3, we have 


M^\e m+1 -z) = Z }\, ( Z l n l A M^\e m] z)y 
(■ n + [3){n z + to) 

(to + n 2 z)n + a(n 2 + 2to) , g) 

(n + (3)(n 2 + to) n (m,) 

am ( n + a ) M(^)(e rd 

(n + (3) 2 {n 2 + to) Mn 1 m “ 1 ’ 


(2) 


Proof Let 


£&*(/) := 


B(n(n — k),nk) J 0 y n + (3 
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v:fu) ■■= 


B(n(n — k),nk) J 0 


f £\n(n—k) — 1^2 Q 

Jo n + f 3 


)dt , 


n— 1 


Et P) U\ Z ) (/)- 


fc=l 


we have 


M^Xf- z) = Pnfi{z)f{-^—) + E^Xflz) +PnA Z )fC^J)’ 

n + p n + p 

7(a,/3)/ ' n + /3 j-(q, 0 ), \_°iT( a >0)( p \ 

L n,k \ e m) — n ^n,fc (, e m+ 1 j n L n,k \ e m) i 

?( a ’P)r p \ — t n ^ 2rM)/ , 2 a(n + /?) (q,^) , I 2 T \ 

^n,k v^ m / 77 , \^rn-\-2) ^2 V^rn+lJ "i v ^ J -^n,/c 

By simple calculation, we obtain 

2(1- - z )Pn,k ( Z ) = ( fc - nz)p„,fc(2), 

t(l - - *)»("-*)-!]' = [ n jfc - 1 - (n 2 - 2 )t]r fc - 1 (l - 

it follows that 
z(l-z)(i^)(e m ;z))' 

n— 1 

= ^2(k- nz)p n , k {z)L ( *f\e m ) 


k = 1 
n— 1 


= y] kp n ,k(z) 


1 


k - 1 

n— 1 


B(n(n — k),nk ) j 0 


= - V'Pn.fcW- 

r) z ' 


n fell B(n(n-k),nk) J 0 


+ -E^Xem', z) + - - nzE^ (e TO ; z), 

n 72 ' 


f 1 t nk -\ 1 - t )M"-*)-i(!?l+iVd t - nzE^Xem', z) 

Jo n + P 

[nk - 1 - (n 2 - 2 )t]r fc " 1 (l - t )"(n-fc)-i(^±^)»" c 


fc = l 


where 

^ n— 1 


72 


y]pn,fc(2) 


fc=l 


B(n(n — k),nk) J 0 


^ n— 1 

= - y'Pn,fc(2)- 

n z- — ' 


n S ' B(n(n- k),nk) J 0 


[ [nk - 1 - (n 2 - 2 )f]t" fc_1 (l - £)«(«-*)-! ( n PtiV 

7o n + p 

f (t - t 2 )[t" fe_1 (l - 

JO 72 -|- p 


l dt 


= ~E^( em ; z ) + Z,^2PnM Z ) L nf\ e m) ~ PnA^L^f ( e rn-l) 

1 k = 1 ^ /c=l 


0 n— 1 n— 1 

" X ^ fry. /S'! / \ 772 


n— 1 




n+/ b=l 

So, in conclusion, we have 

*0 - z)(E^’^(e m ] z))' = + "») E ,„. W( , 

72 z 

an 2 + mn + 2am , „ (a m, , 

- ( 5 + nz )En P ' { e m'i Z ) 


72 

amn + a 2 m 
n 2 (n + 0) 


E^Xe m -i',z), 


367 


Mei-Ying Ren et al 365-376 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


which implies the recurrence in the statement. 

Lemma 4 Let n € N, to = 2, 3, - - e m (z) = z m , S^m\z) := Afn“ ,/31 (e TO ; z) — 
z m , z £ C and 0 < a < f3, we have 


’ (n + p) [n z + m — 1) 

(to — 1 + n 2 z)n + a(ri 2 + m — 1 ) c ( a ,/ 3 ) 

+ (n + /3)(n 2 + to — 1) n,m-l{ Z ) 

+ M (a,« (e , . z) 

(n + /3)(n 2 + TO- 1) n ( m “ 1 ’ j 

_ a(TO-l)(n + a) M ( a ,g )( , 

(n + /3) 2 (n 2 + to — 1) " 1 ro “ 2 ’ J 

(to — 1 + n 2 ^)?! + a(n 2 + to — 1) m _ x m 
(n + (3) (n 2 + to — 1) 


(3) 


Proof Using the recurrence formula (2), by simple calculation, we can eas- 
ily get the recurrence (3), the proof is omitted. 

3. Main results 


The first main result is expressed by the following upper estimates. 


Theorem 1 Let 0<a< (3, l<r<R, D R = {z £ C : \z\ < R}. Sup- 

OO 

pose that f : D R — > C is analytic in D R , i.e. f{z) = c m z m for all z £ D R . 

m—0 

(i) for all \z\ < r and n £ N, we have 


\M^\f-z)-f{z)\< 


I&’P\f) 

n + (3 


where Ki a,l3 \f) = (1 + r) J2 |c m |m(m + 1 + a + (3)r m 1 < +oo. 

m= 1 

(ii) (Simultaneous approximation) If 1 < r < r\ < R are arbitrary fired, 
then for all \z\ < r and n,p € N we have 


\{M^\f-z))M - f(p\z)\< 


I<rT ' 0) (f)p ] -ri 
(n + /3)(ri — r) p+1 ’ 


where K 


(/) is defined as at the above point (i). 


Proof Taking e m (z) = z m , by hypothesis that f(z ) is analytic in D R , i.e. 

OO 

f(z) = c m z m for all 2 £ D R , it is easy for us to obtain 

m—0 

oo 

M^\f-z)=Y J C m M^\e m -,z), 

m—0 


4 
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therefore, we get 

OO 

I - f(z)\ < J2 \c m \ ■ | M^\e m -,z) - e m (z ) | 

m — 0 
oo 

= l Cm l ' l M n“ ,/3) (em; Z) - e m (z) I, 

m= 1 

as M^ ,0 \e o \z) = e 0 (z) = 1. 

(i) For to G N, taking into account that (e m _i; z) is a polynomial 

degree < min(m — l,n), by the well-known Bernstein inequality and Lemma 2 
we get 

\(M^\ e m-i;z)) f \ < ^—l m ax{\M^\e m ^z)\ : \z\ < r} < ( to - l)r m " 2 . 

r 

On the one hand, when m = 1, for |z| < r, by Lemma 1, we have 


- e ' (2)l = + - zl £ S (2 + “+«' 


a(n 2 + to — 1)| < (n + P)(n 2 + to — l)r, using the recurrence formula (3) and 


When to > 2, for n G N, |,z| < r, 0 < a < p, in view of |(to — 1 + n 2 z)n + 
n 2 + to — 1) | < (n + P)(n 2 
the above inequality, we have 

\Mf’®(e m] z)-e m (z)\ = \S£M(z)\ 


< • (to - l)r m_2 + r| S^Uz) | 


n + P 


a _m- 1 , a _m-2 , m + 1 r ( r ™-l 


n + (3 n + (3 


n + (3 


< T ^t l +r)r m -'+r\S^Uz)\ 


+ 5(1 + r)r m_i + 

n + (3 n + (3 


-1 ' W + 1 + /? (l + r)r m - 1 


= r \ s £m-i( z )\ + 


2 to + a + (3 
n + (3 


(1 + r)r 


m— 1 


By writing the last inequality, for m = 2, • • • , we easily obtain step by step 
the following 


I z) - e m (z) \ < r (^r\S ( n a f ] _ 2 {z)\ + 2(m + r ) 5 

-(1 + r)r T 


,m— 2 


2to + a + P M , m _i 


?i + P 


= r 2 \S^_ 2 (m + 


2 (to — 1 + to) + 2(a + /?) 

n + P 


(1 + r)r 


m— 1 


< . . . < - 1 m(m + 1 + a + /3)r m b 

In conclusion, for any m, n G N, |^| < r, 0 < a < P, we have 


|M^ } (e m ; 2 :) - e m (z)| < ^-^to(to + 1 + a + P)r m \ 


1 + r 
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it follows that 


+ 1 + a + P)r m 1 . 


n + / 3 


m= 1 


By assuming that f(z ) is analytic in Dr, we have f y2 \z) = c m m(m — 

m — 2 

OO 

1 )z m ~ 2 and the series is absolutely convergent in \z\ < r, so we get \c m \m(m— 

m—2 

1 ) r m -2 < +oo, which implies K^’^Xf) = (1 + r) J2 |c m |ra(m + 1 + a + 


P) r m - 1 <- + 00 . 

(ii) For the simultaneous approximation, denoting by T the circle of radius 
r\ > r and center 0, since for any \z\ < r and v £ T, we have \v — z\ > r\ — r, 
by Cauchy’s formulas it follows that for all \z\ < r and n £ N, we have 




( V - z)P +1 


dv 


< 


KrT'^Xf) P ! 2nr l 
n + /3 27 r (j*i — r) p+1 

_ K^\f) P \ n 
n + /3 (ri — r) p+1 ’ 

which proves the theorem. 

Theorem 2 Let 0 < a < (3, R > 1, Dr = {z € C : \z\ < f?}. Suppose 

OO 

that f : Dr — > C is analytic in Dr, i.e. f(z) = CkZ k for all z £ Dr. For 

k — 0 

any fixed r £ [1, R] and all n £ N, \z\ < r, we have 
M^\f-z)-f{z)~ 


a ~0 Z sU^ z 0-~ z ) 


< 


n + (d jy> 2 (» + /?) 

M^Xf) , Mf/Xf) , M r>2 (/) 

’ 


/"(*) 


(4) 


n(n + /3) (n + /3) 2 

OO 

w/iere M r>2 (/) = M r (/) + M r> i(/), M r (/) = |cfe|(fc - l)F fc , r r fe with F k , r = 

k = 2 

OO 

10fc 3 — 30fc 2 + 39A: — 16 + 4(fc — 2)(fc — 1) 2 (1 + r), M rj i(/) = |cfc|(/? + l)fc(fc — 


l)(l+r)r fc \ M r ( ^ ,/3) (/) = J] |cfc|[2fe(fe — l) 2 a + 2/c 3 /3r]r fc M^^U) = 


k—2 
k - 1 


r( a <P)/ 


k - 2 


M r 1 ^2 +/3 r ^ + k 2 a/3r + fc 2 /3 2 r 2 ]r fc 2 


fc =2 


Proof For all 0 £ Dr, we have 

*) - f(z) - °F^fX z ) ~ 


n + (3 


2 (n + /?) • 


M„(/; z) - f(z) Xf±^_A f{z) 

M^Xhz) - M n (/;z) ^X^f'{z) + ( f + ~^ (1 - *)/"(*) 


n + /3 


2(n + /3)(n 2 + 1) 


:=/i+/ 2 . 


6 
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By [16, Theorem 2 ], we have |/i| < - , where M r (f) = \ c k\(k — 


k= 2 


1 )Fk,rr k and F k<r — 10fc 3 — 30fc 2 + 39A: — 16 + 4 (k — 2 ){k — 1) 2 (1 + r). 

Next let us to estimate |/ 2 |. 

Denote Q^l(z) = fc(fc ~ 2 \»+/ ) ^+ ( L / ^ 1)) z^ 1 (1 - z). By / is analytic in D R , 
i.e. f(z) = J2 °kZ k for all 2 G D R , and i; z) = M n {e i; z) + we 

k—0 

have 


i^i = 

< E i Cfe i 


oo 

E cfc 

k—2 

oo 


k—2 


M^’ p \e k -, z ) - M„(e fe ; 2) - Q ^ kz k 1 + <2^.(2) 

n + p 

M^ p) (e k -, z) - M„(e fe ; 0) - ^ fc^" 1 + Q ( n ^ k (z) 


k-1 


When k > 2, since (rt " /3)fc ~1 = - E ,j J '(n+p)* ' b y Lemma 1, we obtain 


Mi a ’ p) (e k ; z) - M n (e k ; z) - ^ fcg fc 1 + Q^jj.(z) 


fc-1 

= E 

3=0 


k \ n?a k J ' 

j J (n + /3)^ Mn(ei; ^ ) + 


[(n + /3)' 


- 1 


M n (e k \ z) - kz k 1 

n + [3 


+ Qn,l( z ) 


k—2 

= E 

i=o 

fe-i 

-E 

i=o 

k—2 

= E 

3=0 


k \ n 3 a 


3n,k-j 


JvTl^ ^ cy 

j J (n + p)k M ^ z) + {n + /3)k M n (e k - 1; 2) 

k \ nj P k ~ j M (e ,. z) _ ^Zll kz k- 1 , 
i J(« + /3) fe 4 n + (3 +Q nA z > 


k \ n 3 a k 3 


j J (n + (3) k 


M n {ej ; 2:) + 


kn k 1 a 
(n + (3) k 


[M„(e fe _ 1 ; 2 ) - e fc _i(»] 


kn k l a 
(n + /3) fe 

/cn fc_1 /3 
(n + /3) fe 


k—2 


,k- 


'-E 

3=0 


k \ n 3 (3 k ~ 3 


j J (n + (3) k 


M n (e k -,z) 


[M„(e fe ; 2 ) - e fe ( 2 )] - - ^r^kz^ 1 + Q ( n %) 


(n + (3) k n-\-(3 


k—2 

= E 

3=0 


k \ n 3 a k 3 


j J (n + /3) k 


M n {ej\ z) + 


kn k 1 a 
(n + /3) fc 


[M„(e fe _i; 2 ) - e fc _i( 2 )] 


k-2 

-E 

j = 0 


77 ^ B k ^ hii k ^ B 

M n (e k ; 2 ) - ,, E [M„(e fc ; 2 ) - e*( 2 )] 


j J (n + (3) 


(n + /?)* 


1 

n k - % 

kaz k 1 + 

1 

n k ~ x 

_n + (3 

( n + (3) k _ 

_n + (3 

(n + (3) k _ 


*/***+ O*)- 

By the proof of the [16, Theorem 1 ], for any k G N, 1 2 | < r, r > 1, we have 

2 k 2 

\M n (e k ;z)\ < r k , \M n (e k ;z) - e fc | < r fc , 

n 
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hence, for any k > 2, \z\ < r, r > 1, we can get 


3 ) (n + PY 


M n (ej\z ) 


k \ n?a k i 


j J (n + P) h 




k(k — 1) ( k — 2 \ rPoP 2 J a 2 

(k - j)(k - j - 1) \ j ){n + P) k ~ 2 (n + /3) 2 


k(k — 1) a 2 / 

- 2 (■ n + 0 ) 2 ^ \ 

< fc(fc - 1) _ a 2 k—2 
2 (n + /3) 2 


2 ( k — 2 \ n3a k 2 J 


j / (n + /3) fc-2 


kn k 1 a 
(n + /3) fc 


[Af n (efc_ 1, z) Cfc_i(.2)] ^ 


2fc(fc - l) 2 a rfc _i 

n(n + /3) 


Also, using 


1 n k 


SlV)- 

(n + P) k 


n + P ( n + P) k ( n + P) k 

thus, for any k > 2, \z\ < r, r > 1, we get 

I *) - M„(e fc ; *) - + Q { n %)\ 


(k - l)P 
(n + P) 2 ' 


T- ^ _|_ p ■ — 1 "v n,/c \ / I 

k(k — 1) a 2 k—2 2 fc(fc — l) 2 a fc _ 1 /c(/c — 1) p 2 


< — • r 

2 (n + p) 2 


i(n + P) 


2 (n + P) 2 


_ r fc + JfaP_ r k - 1 + k2 P 2 r k + (/?+l)A;(fc- l)(l + r)r fe 


n(n + /?) (n + /3) 2 


(?r + /3) 2 


i(n + P) 


[2 k{k - If a + 2*>] + (g+l)Mfc~l)(l ±++ 


r k 2 fc(fc — l)(a 2 + /3 2 ?’ 2 ) 


(n + P) 2 

Hence, we have 


+ k 2 aPr + k 2 p 2 r 2 ] . 


<T W (/) <2 H/) MrAf) 

n(n + /3) (?r + /3) 2 ?i 2 


where 


= E MO 5 + l ^ k - W 1 + r ) rfc_1 ’ 

k —2 

oo 

= Y, \ c k\[M(k - l) 2 a + 2 k 3 Pr]r k ~\ 


= £ \c k \[ Kk 1)( f + /3V) + k 2 apr + k 2 p 2 r 2 }r k ~ 2 . 


372 


Mei-Ying Ren et al 365-376 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


In conclusion, we obtain 




n - 


*(i - *) 

2 (n + P) 


/"(*) 


< \h\ + \h\ < 

where M r>2 (f) = M r (f) 


M, 




r, 1 




n(n + 0) 
Mr, l(/)- 


(n + /3) 5 


In the following theorem, we will obtain the exact order in approximation. 


Theorem 3 Let 0 < a < (3, R > 1, D r = {z £ C : \z\ < R}. Suppose 
that f : Du — ► C is analytic in Dr. If f is not a polynomial of degree 0 , then 
for any r £ [1, R) we have 

\\M^(f; •) - / 1|, > ' r n £ N, 

n + p 

where \\f\\ r = rnax{|/(^)|; \z\ < r} and the constant Ci a ’^\f) > 0 depends on 
f, r and a, (3 but it is independent of n. 

Proof Denote e\ {z) = z and 

Ht P \f\z) = M^Xf-z) - f(z) - /"(*)• 

For all z £ Dr and n £ N we have 

M^ p Hf-,z)-f(z) 

= ^ | (a-f3z)f(z) + Z -^Af"{ z ) + (n + P)H^\f-z) } . 

In view of the property: ||F+G|| r > |||F|| r — ||G|| r | > ||F|| r — ||G|| r , it follows 

\\M^Xf-.)-f\\ r 

> ^ {ll(« - 0ei)f + ei{1 ~ ei) f"\\r - (n + m -)||r} • 

Considering the hypothesis that f is not a polynomial of degree 0indn,we 
have || (a - (3 ei )f' + ^£il/"|| r > 0. 

Indeed, supposing the contrary, it follows that 

(a - Pz)f'(z) + ) = 0, for all 2 e D r . 

Denoting y{z) = f(z) and looking for the analytic function y(z) under 

OO 

the form y(z) = ^ cikZ k , after replacement in the differential equation, the 
k = o 

identification of the coefficients method immediately leads to a*, = 0, for all 
k £ N|J{0}. This implies that y(z) = 0 for all z £ D r and therefore / is 
constant on D r , a contradiction with the hypothesis. 

Using the inequality (4), we get 

lim(n + /3)||ff(“^(/;-)||r = 0, (5) 

n—*oo 
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therefore, there exists an index no depending only on /, r and a, (3, such that 
for all n > n o, we have 


(a - (3 ei )f + Cl(1 0 ei) f\\r - (n + •) 


1 

> - 
“ 2 


/ „ ^ ^ fi i (1 ®i) fh 

(a — per)/ H / 


which implies 




2?i 


/ o \ ®i) j// 

(a — pei)/ H / 


for all n > no . 


For n G {1,2, • • -,n 0 - 1}, we have ||M^ a,/3) (/; •) - f\\ r > Wr £ +f j f) , where 

= (n + /?)||M< Q ’«(/;-)-/|| r > 0 . 

As a conclusion, we have || Mjf*^\f-,-) — /|| r > , for all n G N, 

where 

C^ } (/) =min [w^\f), W^\f ), . . . , W^Uf), 

*||(a — /3e 1 )/ / + ei(1 ~ ei) n| r |, 


this complete the proof. 


Combining Theorem 3 with Theorem 1, we get the following result. 

Corollary Let 0 < a < (3, R > 1, D R = {z G C : \z\ < R}. Suppose that 
f : D r — > C is analytic in D R . If f is not a polynomial of degree 0 , then for 
any r G [1,1?) we have 

l|M^(/;-)-/|| r x n G N, 

where ||/|| r = maa;{|/(.z)|; |z| < r} and the constants in the equivalence depend 
on f , r and a, (3 but it is independent of n. 

Theorem 4 Let 0 < a < (3, R > 1, D R = {z G C : |z| < R}. Suppose 
that f : D r — » C is analytic in D R . Also, let 1 < r < r\ < R and p G N be 
fixed. If f is not a polynomial of degree <p—l, then we have 

||(M(^)(/;.)) W -/ (p) ||,x^, n G N, 

where ||/|| r = TOaa;{|/(, 2 )|; |z| < r} and the constants in the equivalence depend 
on f, r, ri, p, a and [3, but it is independent of n. 


Proof Taking into account that the upper estimate in Theorem 1 , it remains 
to prove the lower estimate only. Denoting by T the circle of radius 7*1 > r and 
center 0 , by the Cauchy’s formula, it follows that for all |,z| < r and n G N, we 
have 


(/;*))(**> - fV>(z) 


p\ r - f(v) 

2 -; (v-z)p+ 1 


10 
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Keeping the notation there for z), for all n € N, we have 

= ^ | + Z -^Af"{ z ) + (n + P)Ht P) (/ ;*)} • 

by using Cauchy’s formula, for all v £ T we get 

z))V> - fM(z) = ( L - (3z)f\z) + ^-^/"(*) } iP) 

n + p M 2 


+ Pi f (n + ^H^Xfw) 

2ni Jr ( v ~ z) p+1 

passing now to || • || r and denoting e\ (z) = z, it follows 

-)) (p) - f ip) > [(« - /fei )/' + ei(1 ~ Cl) rl ^ 

r n + p L 2 

Pi f (n + 0)Hi a ’ P Xf;v) d 
2m J r ( v — •) p + 1 

r- 

Since for any \z\ < r and v £ T, we have \v — z\ > r\ — r, so, 

p! f {n + p)Hj' l3) (f-v) ^ < p\_ _ 2nr 1 (n + •)|| ri 

2m Jy ( v — -)p +1 — 27t (ri — r)P +1 

r 



thus, by the inequality (5), we can get lim^oo ^ f r ^ n+f3 J v X^ P+ i^’ v ^ dv = 0. 

Taking into account the function / is analytic in Dr, by following ex- 
actly the lines in Gal [5], seeing also the book Gal [6, pp. 77-78 ], we have 
[(a-p ei )f+^p^f"]^ >0, 

r 

In continuation, reasoning exactly as in the proof of Theorem 3, we can get 
the desired conclusion. 
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Abstract 

Here we study some important properties of right multidimensional 
Riemann-Liouville fractional integral operator, such as of continuity and 
boundedness. 
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1 Motivation 

From [1] we have 

Theorem 1 Let r > 0, F € (a, b), and 

r-b 

G(s) = / (t — s) r_1 F (t) dt, 

J S 

all s £ [a, b ]. Then G £ AC ([a, b ]) (absolutely continuous functions) for r > 1, 
and G £ C ([a, b]), only for r £ (0, 1) . 

2 Main Results 

We give 

Theorem 2 Let f € Loo ([<L b] x [c, d]), 01,02 > 0. Consider the function 

F(x i,x 2 )=f f (h - an)" 1-1 (t 2 - x 2 )°‘ 2 ~ 1 f (ti,t 2 )dt 1 dt 2 , (1) 
J X 1 J X 2 
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where x±,bi G [a, b\, a’2,62 
Then F is continuous 

Proof. (I) Let ai,aj, 
with 02 < CL2 < 62 ■ 

We observe that 



G [c, d\ : x 1 < b\, x 2 < 6 2 . 
on [a, bi] x [c, b 2 ] ■ 

b\ G [a, b] with ai < aj < 61, and 02,0? 

P(ai,a 2 ) - F{d[,a*2) = 

- ai)“ 1_1 O2 - a 2 ) a2 ~ 1 f (t 1 ,t 2 )dt 1 dt 2 - 

- a *) ai_1 (f 2 _ a^) 02-1 / (ti, i 2 ) dtidt 2 = 

- ai) Ql 1 (t 2 ^ a 2 )“ 2-1 / (ti,t 2 ) dtidt2+ 

- ai) Ql 1 (^2 — «2) Q2 1 / (^1,^2) dtidt 2 + 

- ai)“ 1_1 (t 2 - a 2 ) Q2_1 / (£1, i 2 ) dt\dt 2 + 

- ai) ai_1 (t 2 - a-2) a2_1 / (£1 j £2) dtidt 2 - 
-ai) ai_1 (t 2 - al ) 012-1 f (t l ,t 2 ) dtidt 2 = 

■ - a 2 )“ 2 " 1 - (£1 - at ) 01 " 1 (t 2 - a;) 02 " 1 ' 

- «i ) ai ' (f 2 - a2 )“ 2_1 / (£1, £2) dM*2+ 

- ai) Ql 1 (^2 — 0 ’ 2) a2 1 f {ti, ^2) dt\dt 2 + 

- ai)“ 1_1 (*2 ^ a2) a2_1 / (£1, £2) dtidt 2 . 

I(al,a*) = 

(£2 - a 2 ) a2 ” 1 - (£1 - a^ 1 " 1 (i 2 - a;) Q2 - 


2 


& 2 G [c,d\ 

( 2 ) 


( 3 ) 

f (ti,t 2 ) dtidt 2 

( 4 ) 


1 1 dt\dt 2 - 

( 5 ) 
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Thus 


I(a* 1 ,a* 2 ) + 


\F(a 1: a 2 ) - F(al,a 2 )\ < 

{bi - a±) ai - (ai - ai) Ql \ (a 2 - a 2 ) c 


a i 


a 2 


(aj - ai) ai (a 2 - a 2 )“ 2 « - ai) ai f ( b 2 - a 2 )“ 2 - ( a 2 - a 2 ) 


+ 

CM, i Ot 2 Oi 1 

Hence, by the last inequality, it holds 


a 2 


S := lim \F {a\,a 2 ) ~ F (a* 1 ,a 2 )\ < 

( a l , a 2 )~ K a l ’ a 2) 


(ai,a2)^(oj,a2) 


/ 




lim I(a\,a 2 ) 

( a li fl 2 ) K a l , a 2 ) 


=: p. 


J 


* \&2— 1 


dt 2 . 


\(ai,a 2 )^(aJ,o*) 

If a i = a 2 = 1, then p = 0, proving <1 = 0. 

If aq = 1, a 2 > 0 we get 

I{al,a* 2 ) = {b 1 -a\) P (t 2 - a,)* 2 " 1 - (t 2 - a*) 

Jal 

Assume a 2 > 1, then a 2 — 1 > 0. Hence 

/(o^aj) = ( 6 i - aj) J ({t 2 - a 2 )“ 2-1 - {t 2 - a^) 02-1 ) dt 2 

(b 2 — a 2 )“ 2 — (a 2 — a 2 )“ 2 \ (fc 2 - a^)“ 2 


= (6i - at) 
Clearly, then 


a 2 


a 2 


lim I (al,a 2 ) = 0. 
(a i ,a2)— ^ *(<q ,^2) 


(a. J ,0.5 ) — > (a.i ,0.2) 

Similarly and symmetrically, we obtain that 

lim I (al,a 2 ) = 0 

( a l i a 2 ) * ( a i , a 2 ) 

or 

( a l i a 2 ^)~ *( a l ’ a2 ) 

for the case of a 2 = 1, a\ > 1. 


OO * 


( 6 ) 

( 7 ) 

( 8 ) 
( 9 ) 

( 10 ) 
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If a-\ = 1, and 0 < a 2 < 1, then a 2 — 1 < 0. Hence 

I{al,a* 2 ) = {b 1 -a\) T \(t 2 - a*)^ 1 - {t 2 - a^ 1 ' 
J a% ^ 


(61-0I) 


O 2 - a* 2 ) a2 ( (b 2 - a 2 ) a2 - {a* 2 - a 2 )“ 2 


Clearly, then 


lim I (oj, a 2 ) = 0. 


Similarly and symmetrically, we derive that 


lim I (a^, a 2 ) = 0, 

a? — >a i 


for the case of a 2 = 1, 0 < a\ < 1. 
Case now of a.\,a 2 > 1, then 


I{a\,a* 2 ) = 


I I (^ 1_ai ^ ai 1 ( i 2 -a 2 )“ 2 1 -(t 1 -al) ai 1 {t 2 -a 2 )° 12 1 ^jdt 1 dt 2 = 


Oi - ai) Ql - (aj - ai) ai \ ( {b 2 - a 2 )“ 2 - ( a 2 - a 2 )“ 2 


(6i ^ «!) ai (b 2 - a* 2 ) a2 


That is 


lim I (al,a 2 ) = 0. 
(a^a^)— >(ai,a2) 


(ai ,a2)— ^ *(yi ,«2 ) 

Case now of 0 < cci, a 2 < 1, then 


I i a l,a 2 ) = 


I I (^ 1-a *) Ql 1 (^2 — a 2 ) a2 1 - (ti - ai)“* 1 (t 2 — a 2 ) a2 1 ^jdt 1 dt 2 = 


(bi - a ?)* 1 {b 2 - a * 2 ) a2 


{bi - ai) ai - (a\ - ai) ai \ f (b 2 - a 2 )“ 2 - (a 2 - a 2 )“ 2 
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Hence, when 0 < ai,a 2 < 1, we get 


We observe that 


lim I (a*, a 2 ) = 0. 

(a*,°1|)— >(ai,a2) 

{a i ,a2)— ,a1;) 


7K,a^)< J* (aj, a*) := 


f f (h ~ ai) ai 1 (t 2 - a 2 )“ 2 1 - (t 2 - a* 2 ) a2 1 dhdt 2 

J ftj ** C&2 

+ f f (t2-at)“ 2-1 (ti - ai)" 1 ^ 1 - (ti - at)“ 1-1 dtidt 2 . (18) 

«/ flj «/ 0^2 


Next we treat the case of ai > 1, 0 < a 2 < 1. 
Therefore it holds 


I*(at,at)= f f (ti — ai) Ql 1 f(i 2 - a ^)“ 2 1 - (t 2 - a 2 )“ 2 ^ dU 

+ [ f {t 2 - al) 012-1 Uti - ai) ai ~ l - (ti - a* l ) <Xl ~ 1 '\ dtidt 2 = 

J J ' 

/ (& 1 -q 1 ) ai -(at-ai) ai \ /(^a|T _ (k - aiV + (a£ - a-iT 
\ ol\ ) \ a 2 a 2 ol 2 


(b 2 - a 2 )° 2 / (6i - ai) Ql (at - ai) Ql (6i - at) 


Clearly then ( a\ > 1, 0 < a 2 < 1) 


lim / (at, a 2 ) = 0. 
(^1,^2) — >( a i > a 2 ) 
or 

( a i ^sl) - K ai J a2 ) 


Finally, we prove the case of a 2 > 1 and 0 < ot\ < 1. We have that 

/* «a*) = [ bl f 2 (t, - a^- 1 Ut 2 - a 2 ) a2_1 - (t 2 - a S)" 2 ” 1 ) dt,dt 2 

+ [ [ (t 2 — o. 2 ) az l ((ti — at)^ _1 — (ti — ai)“ 1-1 ) dt±dt 2 = (21) 

J J a,2 ' ' 


(&i - a,r ~ K - ai) ai 


(b 2 ~a*r , {b 2 -a 2 r i a 2 — a 2 ) a2 


(62 - a 2 ) 2 ( (61 - ai) 1 (at - ai) 1 (&i - at) 
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Clearly then (a? > 1 , 0 < a\ < 1 ) 


lim J(a*,a2)=0. 

(a-l ,0-2 ) — ; *( a l, a 2) 

or 

( a i ,a^)^-(ai,a 2 ) 


( 22 ) 


We proved p = 0 , and 6 = 0 in all cases of this section. 

The case of ai > a\ and a 2 > a^, as symmetric to the already treated one 
of a i < a\ and a 2 < a \ 1 is omitted. 

(II) The remaining cases are: let ai,al,bi £ [a, &]; 0,2,0,2,62 G [c, d], we can 
have 


(II-J Oi > a\ and 02 <02, 
or 

(II 2 ) ai < al and 02 > o^. 


( 23 ) 


Notice that the subcases (Hi) and (II2) are symmetric, and treated the same 
way. As such we treat only the case (II2). 

We observe again that 



F{ai,a 2 ) - F (0^,03) = 


( 24 ) 


f f {ti — ai) Ql 1 (t 2 -a 2 )°‘ 2 1 / dMt 2 - 

J CL\ J CL2 

j f (h - o*) ai_1 (t 2 - Oa)" 2-1 / {t 1 ,t 2 )dt 1 dt 2 = 

J a* J a* 

(ti - oi) ai_1 (t 2 - a 2 )“ 2_1 / dtidt 2 + 

n 02 

(ti - ai) 01 ' 1 (t 2 - a 2 )“ 2-1 / dt 1 dt 2 - 

] 2 

(ti - a *) ai_1 (t 2 - 02)“ 2-1 / (ti, t 2 ) dtidt 2 - 

2 

f f (h - o*) ai_1 (t 2 - as)" 2-1 / (ti,t 2 )dtidt 2 = 

J ( 2 ^ J &2 

((*i - ai) ai_1 (*2 - aa)" 2 ^ 1 - (ti - a*) 0 ^ 1 (t 2 - ai)) 02-1 ) / {t u t 2 )dt 1 dt2 
+ [ f (h - ai)“ 1_1 {t 2 ^ a 2 ) a2_1 / (*i, * 2 ) dtidt 2 - (26) 

J ai J a 2 

n a 2 

(ti - a*)“ 1-1 (t 2 - a 2 ) a2_1 / (ti, t 2 ) dt 1 dt 2 . 

X 


*1 “2 

n t>2 

2 

rb 1 nb2 


( 25 ) 
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Call 


I ( a{,a 2 ) := 


b i rb2 


\(h - ai r~ x (t 2 - a 2 )“ 2-1 - (h - atr- 1 (t 2 - a*) 02 " 1 
Hence, we have 

1 ^( 01 , 02 ) - F{<A,a* 2 )\ < 


dti dU • 


(27) 




CKl 


a 2 


a i 


Oi 2 


Therefore it holds 


6 := lim \F (ai,a 2 ) — F (a,i,a 2 )\ < 

|ai — a*|— >o, 

|a 2 — a? I— i >0 


( \ 

lim i(a*,a 2 ) 

ai—a^ | — >0, 

V|<*2-aj|-80 ) 


=: 0 . 


(29) 


We will prove that 0 = 0, hence 5 = 0, in all possible cases. 
If a± = a 2 = 1, then / (a*, a 2 ) = 0, hence 0 = 0. 

If cki = 1, a 2 > 0 we get 


/ (a*, a 2 ) = (&i - a);) f (t 2 - a 2 )“ 2 1 - (f 2 - a^) 

*7 a? 


xa 2 -l 


(ft 2 


(30) 


Assume ck 2 > 1, then a 2 — 1 > 0. Hence 

r&2 


I (al,a 2 ) = (6i - a;[) / ((£ 2 - 1 - (t 2 - a 2 )° !2 ^ dt 2 


= (0i - %) 

Clearly, then 


(02 - a*r (a 2 - a*r (02 - a 2 ) c 


CK 2 


CK2 


CK 2 


lim / (a)j, a 2 ) = 0, 
|a 2 — aj I — >0, 


(31) 

(32) 


hence 0 = 0. 

Let the case now of ck 2 = 1, cki > 1. Then 


I{al,a 2 ) = (0 2 - a 2 ) I |(ti-ai) ai 1 ~ (h - a* x ) 


)“i-i 


dt\ 



(33) 
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Then 0 = 0. 

If a-\ = 1, and 0 < a 2 < 1, then a 2 — 1 < 0. Hence 

I ( a\,a 2 ) = (6i - aj) J (( t 2 - a 2 ) a2_1 - (t 2 - a?;) 02-1 ) dt 2 = 

{h a:) i (b2-a 2 r {b 2 -air ^a 2 -air \ 

\ ol 2 a 2 a 2 J 

hence 9 = 0. 

Let now a 2 = 1, 0 < an < 1. Then 

I(ai,a 2 ) = (b 2 - a 2 ) J ((fi - a 2 ) ai ~‘ - (t, - ai)" 1-1 ) clti 

— (f>2 — a 2 ) { {hl - ° :)l ” - {b ' - a ' r + W - ° ir 1 , 
ol\ ot\ ai 


hence 9 = 0. 

We observe that: 

rb i nb<2 


n o 2 

(H - ai)“ 1_1 ( t 2 - a 2 )“ 2-1 - (t 2 - a?i)“ 2_1 dtidt 2 

2 

+ [ f (t 2 -« 2 ) a2_1 (H - ai) Ql_1 - (ti - at)“ 1_1 dtidt 2 =: J (a\,a 2 ) . 
J aX J an 


I {a\,a 2 ) < J ( a\,a 2 ) . 


Case of a\, a 2 > 1. Then 

/»6i /»62 


J(a* l ,a 2 )= f j (ti — ai) ai 1 ((t 2 - a* 2 ) a2 1 - {t 2 - a 2 )“ 2 dtidt 2 

J a\ J a <2 ' ' 

+ [ bl f 2 (h - a^- 1 ((ti - a,)* 1 - 1 - (ti - a^r 1 ” 1 ) dtidt 2 - (38) 

J J a 2 ' ' 


-a.r 


-aO-W 

' (62 - a ^)“ 2 

(02 - air 

(• b 2 - a 2 ) 

CKl 


y 1 

a 2 

Oi 2 

Oi 2 

2 — a 2 j 

(a 2 

-cy 

f (0i ^ ai)" 1 

(at - ai r 

( bi - a\ ] 

a 2 


a 2 y 

l «i 

Oil 

Oi\ 


hence 0 = 0. 

Case of 0 < ai, a 2 < 1, then 

/»6i pb2 


J(al,a 2 )= j f (t± — ai) Ql 1 f(f 2 - a 2 )“ 2 1 - {t 2 - a^)" 2 
J ai <7 02 


384 


George Anastassiou 377-387 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 



- a* 2 ) a2 1 ^(£i - a*) Ql 1 - (£i - ai) ai ^ dt\dt 2 = (40) 


K 

-^r\\ 

■ (02 - a 2 r 

to 

1 

P 

to * 
to 



«i )\ 

0:2 

CC 2 

" a 2 J 

(a 2 

-a* 2 r\ 

\{bi~ a \r 

(0i-a!) ai 

(of - ai) Ql | 

a 2 J 

l OL\ 

OL l 

ai J 


(41) 


hence 0 = 0. 

Next case of a± > 1, 0 < a 2 < 1. We observe that 

J{a\,a 2 )=( f (£i — ai) 01 ^ 1 ((t 2 — a 2 ) a2 ~ 1 — (t 2 - a^) 02-1 ') dt\dt 2 
J J a,2 ' ' 

( 42 ) 

+ f ( (t 2 - a^)" 2-1 f(£i - ai)“ 1-1 - (£i - af )“ 1_1 ) dhdt 2 = 

J a\ J a<z ' ' 


(bi- ai ) ai (at~ ai ) c 


O! 1 


«i 


(b 2 -a 2 ) a2 ( 62-05)“ 2 , (a 2 -a^) c 


(62 - ^)“ 2 (02 - «^) C 


«2 


Q!2 


0:2 

(61 - ai) c 
Q(l 


0(2 

(af - aiT 

Oi\ 


0(2 


(61 -af) c 


(43) 


0(1 


hence 0 = 0. 

Finally, we prove the case of ot 2 > 1 and 0 < ai < 1. In that case it holds 



(45) 


hence 0 = 0. 

We have proved that 6 = 0, in all possible subcases of (II 2 ). 

We have proved that F is a continuous function over [a, 61] x [c, b 2 ] . m 
Now we can state: 
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Theorem 3 Let f € Loo (iliU [ a i, b i]j , OLi > 0, i = 1 , k € N. Consider the 
function 

rb* k 

F(x i,...,Xk)= ■■■ - x i) ai ~ l f (ti,...,t k )dti...dt k , (46) 

J Xx j Xk l— l 

where ai < Xi < b* < bi, i = 1, k. 

Then F is continuous on Ili=i [ a i,b*] ■ 


Remark 4 In the setting of Theorem 3: Consider the right multidimensional 
Riemann-Liouville fractional integral of order a = (ai, ...,ak) , a-i > 0, i = 


rbt k 


r ° i r°k ~ 

/ •• / 11 {U~Xi) a ' f(ti,...,tk)dt 1 ...dt k , 

Jx 1 J Xk 


(7“ A ( x ) = 1 

[ - J ntirK)^ ./*> ^ 

(47) 

where < x^ < b* < bi, i = 1 where b* = (6*, b^), x = {x\, ...,x k ), F 
is the gamma function. 

By Theorem 3 we get that (^Iff fj is a continuous function for every x £ 

nli bt] . 

We notice that 


(# /) (*) 


~n?= 1 r(a i 


r bl fe N 

(U - Xi) 011-1 dt\...dtk 


1 Xx J Xk i = i 

k / „b\ 


n: ; =l rK).f = n^ 


n / (ti-Xi) 01 * 1 dt i)\\f Woo = 


TT 


0* - Xi) c 


n 

\i= 1 


(K-x,r 
r (c^ + 1) 


That is 


(4 q * /) (*)| < (n 


In particular we get 


0* ~Xi) a ' 

r(a l + l) 

(l£f) (&*) 


= o, 


and 




(bi-air 

r (a { + 1) 


< 


n 


(48) 

(49) 

(50) 

(51) 

(52) 


That is /?« f is a bounded linear operator, which here is also a positive operator. 


10 
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Dynamics of a difference equation with maximum 

Taixiang Sun Guangwang Su* 

College of Information and Statistics, Guangxi Univresity of Finance and Economics 
Nanning, Guangxi 530003, P.R. China 


Abstract The purpose of this work is to investigate the convergence of the solutions 
of the following max-type difference equation 

z n = max{ — n = 0,1,2,--- , 

Z n -s Z n - t 

where s,t 6 {1,2,3, • • • } with s / t, a n G (0, 1) is an s-periodic sequence, {P n }n=o 
is a constant sequence satisfying P n G (0, 1] for every n > 0. We show that if 
{z n }n=-r ( r = max{s, t}) is a positive solution of the above equation with the initial 
conditions Z- r , Z- r+1 , ■ ■ ■ ,z- 1 G (0,+oo), then lim™—^ z n = 1 or {z 2sn +k}n=o 
is eventually monotone for every 0 < k < 2s — 1. Further, we show that if P n 

is a periodic sequence, s = 1 and t is even, then lim n >0O z n = 1 or {z n }+=_ t is 

eventually periodic with period 2. 

AMS Subject Classification: 39A10; 39A11. 

Keywords: max-type equation, positive solution, eventual periodicity, nronotonic- 
ity, periodic sequence. 


1. Introduction 


The max operator arises naturally in certain models in automatic control theory (see [6,7]). In 
the recent years, there has been a lot of interest in studying the convergence and boundedness of 
max-type difference equations (see [1,3,5,8-11]). In [2], Chen studied the second order max-type 
difference equation 

1 A.. 

( 1 . 1 ) 


z n+1 = max{ — , — — }, n = 0,1,2,' 


Zn Zn—1 

and showed that every positive solution of (1.1) is eventually periodic with period 2 when 
{A n }+=Q is a periodic sequence with period k > 2 and A n G (0, 1) for all n > 0. 

In [4] , the authors studied the following non-autononrous max-type difference equation with 
two delays 


z n = nrax{ ■ 


fn 


c n—m Z, 


A 

T~ 


}, n = 0,1,2,' 


* Project Supported by NNSF of China (11461003) 
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where a, f3 £ K, {A n })^ is a sequence of positive real numbers with a finite limit and m, r £ 
N = {1, 2, 3, • • • } with m / r. 

In this paper, we study the periodicity, the boundedness and the convergence of the following 
max-type difference equation 

z n = max{— n = 0,1,2,--- , (1.2) 

z n-s z n -t 

where s,t £ N with s / t, a n £ (0, 1) is an s-periodic sequence, {P n }(^ is a constant sequence 
satisfying P n £ (0, 1] for every n > 0. 

2. Some Propositions 


In the following, suppose that {z n }^^_ r is a positive solution of (1.2). To obtain the main 
results of this paper, we need the following propositions. 

Proposition 2.1 (i) z n z n - s > 1 for all n > 0. 

(ii) For any n>r,z n < max{z„_ 2s , P n z° a T s L t } ■ 

(iii) If z n = P n /z%L t > 1 / z n — s for some n > r, then z n > z n - 2s - If z n = 1 / z n - s for some 
n > s, then z n < z n - 2s . 

Proof (i) Since z n > l/z n - s for any n > 0, we have z n z n - s > 1. 

(ii) According to (i), we get that for every n > r, 


„ p 

< z n—2s r n~ n —s—t \ ^ t D a n i 

Zn = max { , } < max{z n _ 2 s, P n z n -s-t}- 

Z n -sZ n -2s Z n _ s _ t Z n _ t 

(iii) If z n = P n /z^ t > 1 / z n - s for some n > r, then by (i) we obtain that 

r z n z n z n ™ t P n - s 

1 < z n z n -s = max{- , } 

~n—2s Z n _t_ s Z n _j. 

< max{-^-,P n P n - 8 }=^-. 

Zn—2s Zn—2s 

Which implies z n > z n -i s ■ If z n = 1 / z n - s for some n > s, then by (i) we obtain that 

Zn—2s 


Zn — 


Zn—sZn—2s 


— Z n —2 S' 


The proof is complete. 
Define 


U n = max{z n _i, z n -2, ■ ■ ■ , z n - s - r } (n > r). 


(2.1) 


According to Proposition 2.1 (i), we get max{z n _i, z n - s -i} > 1, from which it follows U n > 1 
for any n > r. 

Proposition 2.2 (i) Let U n be as in (2.1). Then z n < U n for any n > r and {U n }^JP r is a 
decreasing sequence. 

(ii) There exist constants R > R! > 0 such that R 1 < z n < R for any n > —r. 

Proof (i) If z n — s —t < 1, then z!H™ s _ t < 1. If z n — s —t > 1, then z^ s _ t < z n - s -t ■ According to 
Proposition 2.1 (ii), we have that for any n > r, 


z n < max{z n _ 2s , z^ls-t) < max{z n _i, z n - 2 , ■■■ , z n - s - r } = U n . 
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Further, we get 

U n+1 — max{z n , z n — i, , z n - s — r - m} ' U n . 

(ii) Let R = max{C/ r , z r - 1 , • • • , z- r j and R' = min{l/C/ r , z r ~i, • • ■ , z- r j. Then R' < z n < R 
for any n > — r. The proof is complete. 

Now we assume lim n >00 U n = U and lirn inf n >0O U n = u. According to Proposition 2.2 

(i), we obtain the following corollary. 

Corollary 2.3 There exists a sequence 1 < ni < n 2 < ■ ■ ■ < n k < ■ ■ ■ such that z Hk > U and 
n k + i ~n k <s + r. 

Proposition 2.4 The following statements hold: 

(i) U = lirn sup n — >co z n . 

(ii) Assume that U > 1. Then {n : U < z n = P n /z^" t } is a finite set. Further, there exists 
JVgN such that: 

i) z N+ 2ks > u and z N+2ks = l/zj\r+(2fc-i)s for any k > 0, and z N+2k s is decreasing. 

ii) linifc — >00 z N+( 2 fc-i)s = u = 1/ U . 

Proof (i) According to (2.1), we see that U n is a subsequence of z n . Thus U < limsup n >0O z n . 

Further, since z n < U n for all n > r, we obtain 


lim sup z n < lim sup U n = U. 

n — >oo n — >oo 


(h) if {n : U < z n = Pn/^n-t } i s an infinite set, then there exists a sequence t <n\ <n 2 < 
■ ■ ■ < n k < ■ ■ ■ such that 


U ft Zn k 


P 

r n k 

OLn k 

^rik—t 


< P z ank < z ank 

— r n k ^ nk -t-s — n k -t-s * 


Without loss of generality, suppose that lirrifc >00 z nk -t~ s = u\ and lirri/ c a nk = a < 1. Thus 

we obtain U = lirri/ c yoo z nk < < U a < U since U > 1. A contradiction. 

It follows from the above that there exists Ms N such that if n > M and z n > U, then z n = 
l/z n -s • By Corollary 2.3 we see that there exists a sequence 1 < m < n 2 < ■ ■ ■ < n k < ■ ■ ■ such 

that z Hk > U and lirrp 0 yoo z Hk = U . Without loss of generality, suppose that n k = 2 sr k +r > M 

with 0 < r < 2s for all k G N. Then z nk = 1 / z nk - s . Write N = 2sri + r. By Proposition 2.1 
(iii), we see that for any k > 0, 


ZN+-2ks > U and = ZN+ 2ks > ZN+2(k+l)s 

Z N+2ks - s 


1 


Let %j~ 


+oc such that ^ 


^ k 


u and Zi k - S 


u\. Then 


— = lim = lim z N+(2k _ l)s >u= lim z ik > lim = — > — 

U k — >00 Zj\[-\-2ks * — >OQ « — KX) k — >00 Zi k — S U\ U 


this implies lim*, ,00 z^ + ^ 2k _i^ s = u = l/U. The proof is complete. 

Proposition 2.5 Let N, p, q 6 N with q > 2 such that 

(i) {z N+2ks }^= 0 is monotone. 

(ii) z N+2s{p+x)+t = P N+ 2s(p+X)+t/ z T+2 2 s(p+\) +t > 1 / z N+2s(p+\)+t-s f OT every A € {0, qr}. 
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(iii) zjv+ 2 s(p+A)+t = l/z N+ 2s(p + \)+t-s for every 1 < A < q - 1. 

Then z N+2s(p+X)+t = z N+2s{p+x+V)+t for every 0 < A < q - 2. 

Proof There are two cases to be considered. 

Case 1 {z N+2s k}k=o is decreasing. In this case, we claim that z N+2s(p+ \)+t-s = 1 / z N+ 2 s( P + X -i)+t 
for any 1 < A < q — 1. Since, otherwise, if for some 1 < A < q — 1, 

^ PN-\-2s(p-\-X)-\-t — s i j ^ 

z N+2s(p+\)+t-s — ^a N+2a ( p+ x )+t-s > L / z N+2s(p+\-l)+t.i 
Z N+2s(p+\)-s 


then by Proposition 2.1 (iii) it follows that 

Pn + 2sp+t 


This implies 


z 


a iV+2s(p+A)+t — 
N+2s(p+\) 


> 


PN+2sp+t ^ . 

&N+2sp+t Z N+2sp+t — •2'A7-|-2s(p+A — l)+t 

N+2sp 


Z 


1 


Z 


“iV+2s(p+A)+t-s 

A r +2s(p+A )— s 


ZN+2s(p+\)+t—s PN-{-2s(p+\)+t—s 


1 > P 


— r N+2sp+t^N+2s(p+\)+t-s > Z N+2s(p+\) Z N+2s(p+X)-s — 


a N+2s(p+X)+t a N+2s(p+X)+t-s 


A contradiction. From the above claim it follows that 

i 

z N+2s(p+X)+t z N+2s{p+X— l)+t — z 'N+2s(p+\)+t • 

ZN+2s(p+\)+t—s 

Thus z N+2s (p + x-i)+t = z N+2s ( p+X)+t for every 1 < A < q — 1. 

Case 2 {zN+2ks}k^o is increasing. In this case, it follows from Proposition 2.1 (iii) that 

PN+2s(p+q)+t ^ PN+2s(p+q)+t _ ^ 

“JV+2s(p+q-l)+t — a N+2s(p+q)+t z N+2s(p+q)+t ^ ~N+2s{p+q— l)+t 

Z N+2s(p+q- 1 ) Z N+2s(p+q) 


min{z7Y_|_2 s (p_)_q_2)+0 

ZN +2s(p+q— l)+t— s 
ZN+2s(p+q—2)+t. — ^4V+2s(p+q— l)+t 


a N+2s(p+q-l)+t-s 

~N+2s(p+q—l)—s 
Pn + 2s(p+q— l)+t — s 


since 


Pn +2 s(p+q)+t.PN +2s(p+q— l)+i — s 


1 anrl «JV+2s(p+ 9 -l)+t «JV+2 s (p+q-l)+t-s 

- 1 dI1U Z N+2s(p+q-l) Z N+2s(p+q-l)-s 


> 1, 


we have 


ZN+2s{p+q—l)+t AV+2s(p+g— 2)+i • 

In a similar fashion, we may obtain that z^ + 2s ( p+q _i) +t = zn + 2s ( p+X ) +t for any 0 < A < q — 2. 
The proof is complete. 

Proposition 2.6 If there exists such that {zN+2ks}k=o is monotone, then {zN+t+ 2 ks}^=Q 

is eventually monotone. 

Proof If there exists AAN such that 


ZN+2ks+t f / z n -\- 2sk-\-t— s for all h P K 
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or 


z N+2ks+t — PN+2ks+t/ z pj-^ks ^ 1/ z N+2ks+t— s fo r all & — K-i 
then by Proposition 2.1 (iii) we obtain that 27 v+ 2 fcs+t < z N+2(k-i)s+t for ah k > K (or zjv+2fcs+t > 
z N+2 (k-i)s+t for all k> K). Thus {zN+t+2ks}t=K is monotone. 

If there exists a sequence 1 < p\ < q\ < p 2 < q 2 < • • • < Pk < Qk < • • • such that 

Pn + 2rs+t 1 r / . 

z N+ 2 rs+t = a N+2rs+t > for every pi < r < cp 

Z N+2rs z N+2rs+t—s 


and 

z N+2 rs+t = for every qi < r < p i+1 , 

Z N -\-2r s+t— s 

then by Proposition 2.1 (iii) and Proposition 2.5 it follows that z^ + 2{r-i)s+t < z N+ 2 rs+t for 
every Pi < r < qi and z N+2 {r-\)s+t = z N+2rs+t for every q t < r < p i+1 , this follows that 
{zN+t.+2rs}t^p 1 is increasing. The proof is complete. 


3. Main Results 


In section, we state the main results of this paper. 

Theorem 3.1 Let {z n }^^_ r be a positive solution of (1.2). Then lim n ¥00 z n = 1 or {z2ns+k}n=o 

is eventually monotone for every 0 < k < 2s — 1. 

Proof If U = limsup n >00 z n = 1, then let %k — > +00 such that z lk — > u = liminf n >00 z n 

and Zi k - S — * u\ . Thus 

, , 1 1 1 

1 > u = lim zp > lim = — > — = 1. 

k — >00 k — >00 Z{ k — S U \ U 

Which implies lim n >00 z n = 1. Now assume that JJ = lim sup n z n > 1. 

First we suppose that gcd (s,t) = 1. Then by Proposition 2.4 (iii) we see that there exists 
IV £ N such that the following statements hold: 

(1) z N+ 2 n S z N +( 2 n-i)s = 1 for any n > 0. 

(2) ZN+ 2 ns is decreasing (n > 0) and lim „ — ,00 zn+ 2 us = U. x N+ ^ 2n -i)s is increasing (n > 0) 
and lim r) ^ 00 z 7V+ ( 2n _i) s = u = 1/U. 

Using Proposition 2.6 repeatedly, it follows that for every 1 < i < s — 1, {zN+2ns+it}n=o anc i 
{ z N+(2n-i)s+it\n=o are eventually monotone. Since gcd(s,f) = 1, it follows that for every j £ 
{0, 1, 2, • • • ,s — l} there exist some 0 < ij < s — 1 and integer A j such that ijt = A jS+j and ijt — 
s = (A j - 1 )s + j. Thus {z N +2ns+\ jS +j}n=o and { z N+2ns+(\ j -i)s+j}n=o are eventually monotone 
for every j £ {0, 1, 2, • • ■ , s — 1}, which implies that {z2ns+k}n=o i s eventually monotone for 
every 0 < k < 2s — 1. 

If gcd (s,t) = d > 1, then we consider the max-type equation 

z n = nrax{ — 1 — , a™ L n = 0,1,2, , (3.1) 

z n-ds 1 z n -dt 1 

where s = ds \ and t = dt\ with gcd(si,fi) = 1. Write y' n = z n d+i for every 0 < i < d — 1 and 
n = 0, 1, 2, • • • . Then (3.1) reduces to the equations 

Vn = max{ , . i Pnd ^2 ... }> 0 < i < d — 1, n = 0, 1,2, - - - . (3.2) 

Vn- Sl {y l n -tX nd+t 
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By an analogous way as in the above, we obtain that for every 0 < i < d 
equation 


y'n = max{l /y\_ 


P 


nd-\-i 


n—s i ’ 


[Vn- 


tl 




}• 


1 , y l n is a solution of 


Then {j/ 2 sin+fc}n=o eventually monotone for every 0 < k < 2s\ — 1. Thus for every 0 < k < 
2s — 1, {z 2 ns+k}n=o eventually monotone. The proof is complete. 

Theorem 3.2 Assume that s = 1, and t is even, and P n is a periodic sequence. Let {z n }2=-t 

be a positive solution of (1.2). Then lim n >0O z n = 1 or {z n }+=_ t is eventually periodic with 

period 2 . 


Proof If U = limsup n >OQ z n = 1, then using arguments similar to ones developed in the proof 

of Theorem 3.1 we can obtain lim n >00 z n = 1. Now assume that U = limsup n >oc z n > 1. 

According to Proposition 2.4 (iii) and Theorem 3.1, we see that there exists N £ N such 
that the following statements hold: 

(1) z N+2n ZN+ 2 n-i = 1 for any n > 0. 

(2) ZN+ 2 n is decreasing (n > 0) and lim n >00 zn+ 2 u = U. ZN+ 2 n-i is increasing (n > 0) and 

lim n — >00 z N+2n -i = u = 1/U. 

We claim that zjv+ 2 n+i = l/£jv+ 2 n eventually. In fact, if there exist 1 < k\ < k 2 < ■ ■ ■ < 
ki < ■ ■ ■ such that 

PN J r2ki J r 1 

z N+2ki+l Qn+2 fcj+1 ’ 

Z N+2ki + l-t 

then by taking a subsequence we may assume that Pv+ 2 fe. ( +i and ajv+ 2 fc;+i are constant se- 
quences since P n and a n are periodic sequences. Thus 2 jv+ 2 fcj+i is decreasing since 
is increasing. A contradiction. Which implies that {z n }n=-t eventually periodic with period 
2. The proof is complete. 

Example 3.3 Assume that s = 1 and t is odd. Let P n = P G (0, 1) and a n = a G (0, 1) for any 
n > 0. Then there exists a positive solution {z n }^ = _ t of (1.2) which is not eventually periodic 
such that lim n >00 z n / 1 . 

Proof Choose the initial values z-t, z\-t, • • • , Z-\ € (0, + 00 ) satisfying 


z-t < z 2 -t < ■ ■ ■ < z-i < Z-t/P, Z- t <P 2/(1 a \ z k - t = l/z k - t - 1 k € {1,3, • • • , f — 2}. 


in ow we 


uxxwvv 1 ^ ~ZK~\-\. ^xxv^. ~ ZK ^ "ZK~Z 

1 < z-t IP and z-t < P 2 /( 1_a ), we have Z-\ 

r 1 P , 1 1 

z 0 = max{ , — } = < = 

z-1 z°L t Z- 1 Z -3 

= maxjz-!, Pz%} = Pz a _ t > z 

Zo Z i_ t 


By 


z-i < z-tlf 


z 1 = max , 

z 0 zf_ t 


— 1 • 


r 1 P X J 

= maxi — , j = maxi - 

^ 71 rlT 


^2 . , Q 

z 2—t 

= max{ 


1 1 


1 1 

= < = z 0 . 


Pz°L t ' z%_ t s Pz°L t z 1 2 _i 


2:3 


— , = nrax{zi, Pz^—t } = max{P2“ t , P^-tl = P~2-t > — = ^l- 

z 2 ^3_t ^2 


IP 1 P 1 1 1 

2:4 = max{ , — } = max{— , — } = — = < = z 2 - 

^3 z2_ t PzU z2_ t Pz%_ t Z 3 zi 
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Assume that there exists some m G N such that 

(1) z 2 k - 1 < z 2k+1 and z 2k+ 2 < z 2k for any (-t + l)/2 <k<m.. 

(2) z 2 k+\ = Pz 2k _ t for any 0 < k < m and z 2k + 2 Z 2 k+i = 1 for any (— t + l)/2 < k < m. 
Then 

1 P 

Z 2m +3 = max{ , — } = max{z 2 m+l , Pz 2m+2 -t} 

z 2m+2 Z 2m+3 _ t 

= ma x{P4_j, Pz 2m+ 2 -t} = Pz 2 m+ 2 -t > P Z 2m -t = Z 2 m+l- 

r 1 P l r 1 P i 

^ 2 m +4 = max{- } = max{— — } 

Z2m+3 z 2m+ 4_ t r Z2m+ 2 - t ~2m+4-t 

1 _ 1 1 

— D a — < — — Z2m+2- 

^ Z 2m+2-t. z 2m+3 z 2m+l 

Therefore z 2k -\ < z 2k +i and Z 2 k +2 < for any k > (—t+ l)/2, which implies that {z n }^ = _ t is 

not eventually periodic. Since z 2n + \ = Pz 2n _ t (n £ N), we obtain lim n >00 z n ^ 1. The proof 

is complete. 
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Abstract 

In this paper we introduce a class Q™’ b k Co(a) of concave functions by 
using the generalized Srivastava-Attiya operator. Also, we get distortion 
bounds for this class. 
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1 Introduction 

Let A denote the class of analytic functions in the unit disk 

U = {z€C:\z\ <1} 


that have the form 

OO 

f{z) = z + ^a n z n . (1) 

n— 2 

Further, by S we shall denote the class of all functions in A which are univalent 
in U. 

The study of operators plays an important role in Geometric Function The- 
ory in Complex Analysis and its related fields. Many derivative and integral 
operators can be written in terms of convolution of certain analytic functions. 
For functions 

OO 

fj( z ) = b’ = 1 ’ 2 ) 

n=0 
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analytic in U, we define the Hadamard product of /i and fa as 

OO 

(/i * fa) (z) = ^2 a n ,i a n ^z n = (fa * fa) (z) (z € U). (2) 

n — 0 


In terms of the Hadamard product (or convolution), the Dziok-Srivastava lin- 
ear convolution operator involving the generalized hypergeometric function was 
introduced and studied systematically by Dziok and Srivastava [9], [10] and 
(subsequently) by many other authors (see, for details, [11] and [20]). 

We recall here a general Hurwitz-Lerch Zeta function &(z, s, a) defined in 
[19] by 


$( 2 ,s,a) 


E 

n= 2 


(n + a) s 


(a € C \ Zg ; s e C, when \z\ < 1; Re(s) > 1 when \z\ = l) where, as usual, Zfa := 
Z\N, and N := {1,2,3,.. .}). Several interesting properties and characteristics 
of the Hurwitz-Lerch Zeta function $( 2 ,s,a) can be found in [8], and the refer- 
ences stated there in (see also [16], [21], [22]). Srivastava and Attiya [21] (also 
see [4], [12]) introduced and investigated the linear operator. 


% ■ A -> A 

defined in terms of the Hadamard product by 

Sgf (z) = (Gg * f) (z), (zeU; b£ C\Z„ ; fi € C; / € A) (3) 
where, for convenience, 

Gg(z):=(l + b)' t [*(z,n,b)-b-' i ] (z e U). (4) 

We recall here the following relationships which follow easily by using (1), (3) 
and (4) 

OO / -. _|_ 7 \ M 

Q bf ( Z )= Z + J2 anzH - ( 5 ) 

Motivated essentially by the Srivastava- Attiya operator, Murugusundaramoor- 
thy [17] introduced the generalized integral operator A"’ 6 A given by 

OO 

/(*) = « + E C ™( & ’ k)a n z n (6) 

n = 2 


where 


$ n = C^(6,Ai,fc) = 


1 + 6 


m\(n + k — 2)! 

(, k — 2 )!(n + m — 1)! 


( 7 ) 


and (throughout this paper unless otherwise mentioned) the parameters /r, b are 
constrained as b € C\Zq; /.t € C, k > 2 and m > — 1. It is of interest to note that 
Qq ’*( is the Srivastava-Attiya operator and 9 is the well-known Choi-Saigo- 


Srivastava operator (see [15]). Suitably specializing the parameters m,k,n and 
6 in fa'faf, f(z) we can get various integral operators introduced by Alexander 
[1] and Bernardi [5], Libera and Livingston [13], [14]. 
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2 Preliminaries 


Conformal maps of the unit disk onto convex domains are a classical topic. Re- 
cently Avkhadiev and Wirths [2] discovered that conformal maps onto concave 
domains (the complements of convex closed sets) have some novel properties. 

A function / : U — > C is said to belong to the family Co (a) if f satisfies the 
following conditions: 


• f is analytic in U with the standard normalization /( 0) = /'( 0) — 1 = 0. 
In addition it satisfies /( 1) = oo. 

• / maps U conformally onto a set whose complement with respect to C is 
convex. 

• The opening angle of f(U) at oo is less than or equal to na, a € (1, 2], 

The class Co (a) is referred to as the class of concave univalent functions and 
for a detailed discussion about concave functions, we refer to Avkhadiev et al. 
[3], Cruz and Ponmrerenke [7] and references there in. 

In particular, the inequality 

i?e ( 1 + w ) <0 {zGU) 


is used - sometimes also as a definition - for concave functions / € Co G (see e.g. 
[18] and others). 

Blrowmik et al. [6] showed that an analytic function / maps U onto a concave 
domain of angle ira, if and only if RePf(z) > 0, where 


PfW 


2 r «+n+* 1 j"{z) 

a — 1 2 1 — z f'( z ) 


Definition 1 Let f(z) € A and a € (1,2] . Then f(z) £ Q™’ b Co(a) 

if 


Re- 


ct — l 


a + 1 1 + z 
2 1-z 


-1-z-k 






> 0 


(z£ 


if and only 
U). 


3 Main results 

Theorem 2 If f(z) £ A satisfies the inequality 

OO 

Y. [(« - 1 )n + 2n 2 ] \C™(b,n,k)\\a n \ < 3 - a, 

n = 2 

for some a £ (1, 2], n £ N, then f(z) £ S™[ ) fc Co(Q:). 
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Proof. We want to prove that 
Re— 



a + 1 1 + z 


// - 

1 

2 1-z 

As 

5tf/(*)' 

T 


> 0. 


By using the fact that 


Re— > - lio — 11 < 1, 
w 2 


it is enough to show that |w| < 1. 


1 


w a — 1 


a + ll + z _ g'{z) 


where 


and 


2 1-z g(z) 

/ f °° 

g(z) = z ($S™£ /(*)) = z < 1 + ^ k ) na nZ 


n— 1 


n—2 


g'(z) = l + ^C™(b,/j,,k)n 2 a n z n \ 


( 8 ) 


(9) 


( 10 ) 


Using (9) and (10), in (8) we obtain 


a— 1 

2(1— z)z 

i+E C" 

L n—2 

2 (b,fi,k)na n 

. z "- 1 


2 

(a+l)(l+z)z | 

. 1+ Z C™(b,n,k)- 

\ n — 2 

rtO n 2 n-1 ^ 

\-2(l-z)z\ 

1+ Z C™(b,/j,,k)n 2 a ri z ri - 1 ^\ 
K n — 2 J 


\w\ < 


Using triangle inequality and letting z -A —1, then 


M < 


a — 1 


( 


1 + E Cn{b,V,k)\a n \n 

n—2 

oo 

1 - E C^(b,n,k)\a n \n 2 


The last expression is bounded by 1, if 


1 + E C™(b,ii,k)\a n \n 

n—2 < z 


a — 1 


1 - E C™{b,(j,,k)\a n \n 2 

n—2 

Finally, we can easily see that 

oo 

y [(a — 1 )n + 2 n 2 ] C™(b, n, k)\a n \ < 3 — a. 


(ID 
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4 Distortion Bounds 


Theorem 3 If f(z) € 9"yCo(a), then 


3 — a 
2(3 + a) 


*r < 


O m,k 


/(* 


< * + 


3 — a 
2(3 + a) 


kl 2 . 


Proof. From the Theorem 2, we have 

OO OO 

2(3 + /r, fc)|a n | < ^ [(a - l)n + 2n 2 ] C'™(6,/x,fe)|a, l | < 3 - a, 


n—2 


n—2 


That is 


(S 2 ( 3 + “) 


According to (11) we obtain 

OO 

l^/WI < M + ^cnM,fc)MI4 


n—2 

oo 




< * 


n—2 

3 — a . 
’ 2(3 + a) 1 


On the other hand, we have 

OO 

l 9 ™b7<X)l > l-l - 


> 


n=2 

oo 

n=2 

3 ct . . 9 


> 2 - 


2(3 + a) 1 


This completes the proof. ■ 

Theorem 4 If f(z) € S™j fc C 0 (a), then 
(3 — a) m + 1 


2 - 


2(3 + a) fc(fe — 1) 


2 + 6 \ ^ I 1 2 | /•/ \ i , i I, (3 — o) 771 + 1 

TTfcJ l"l ~ l-^( Z )l ~ l^l + 2 (3 + a) fc(fc- 1) 


2 + 6 
1 + 6 


Proof. According to the Theorem 2 we get that 


2(3+a) 


1 + 6 
2 + 6 


k(k- 1) 


777 , - 


pE®”! - E l)n + 2n 2 ] C™(6,/7, fe)|o„| < 3 


—a. 
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Thus we get 


5Zki < 


(3 — a) to + 1 
2(3 + a) k(k - 1) 




Next from (1), we have 

OO 

\f(z)\ < M + ^KIM' 


n—2 

oo 


< \z\+J2\a n \\z\ 2 

n—2 

(3 — a) m + 1 


< z\ 


2(3 + a) k(k — 1) 
The other assertion can be proved as follows 

OO 

\m\ > 

n—2 

oo 

> M - ^Z\an\\z\ 2 

n—2 

(3 — a) to + 1 


> 


2(3 + a) k(k — 1) 


This completes the proof. ■ 

Theorem 5 If f(z) € Qj l ' 2 b Co(a), then 


m 


(2 + by 

U+v 


Z - 


(3 — a) 
2(3 + a) 




\z\ 2 <\f(z)\<\z\ + 


(3 — a) 
2(3 + a) 


/2 + &y 

U + bj 


Proof. According to the Theorem 2 we get that 

OO OO 

2(3 + a)y^C*(b, /x, 2)|q ra | < ^ [(q - l)n + 2n 2 ] C™(b, /x, k)\a n \ < 3 - a, 


n—2 

or, equivalently 


n= 2 


2(3 + q) 



1 )n + 2n 2 ] C™(b, /x, k)\a n \ < 3 — a. 


Thus we get 


- 

n—2 


(3 -a) 
2(3 + a) 
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Next from (1), we have 

\m\ 

< 

OO 

w + Eww 


< 

n—2 

OO 

|2| + ^]|a„||z| 


< 

n—2 

14+ ( ?~“l 



1 1 2(3 + a) 

The other assertion can 

be proved as follows 

\m\ 

> 

OO 

M - 


> 

n—2 

OO 

M - 


> 

n—2 

| 2 | ( f"“\ 



1 1 2(3 + a) 


2 + b\ 
1 + b) 


2 + b\ 
1 + b) 






Theorem 6 If f(z) G Q^ k Co(a), then 


\z~ 


(3 -a) 
2(3 To) 


(fc — 2)!(n + to — 1)! 


\z\ 2 <\f(z)\<\z\ + 


m\(n + k — 2)! 

Proof. According to the Theorem 2 we get that 
m\(n + k — 2)! 


(3- «) 
2(3 + a) 


(k — 2 )!(n + rn — 1)! 


m!(n + A: — 2)! 


2(3+a) 


(A — 2)!(n + m — 1)! 
Thus we get 

OO 

- 

n—2 

Next from (1), we have 


< ^2 [(a - l)n + 2n 2 ] C™(b,n,k)\a n \ < 3-a. 


n—2 


n— 2 


( 3 -«) 
2(3 + a) 


(A; — 2)!(n + m — 1)! 


m!(n + A — 2)! 


l/(+)| < M + JOKIN' 


< |z| + ^|a„||;z 

n—2 

(3-a) 


< * + 


2(3 + a) 


(A — 2)!(n + m — 1)! 


m!(n + k — 2)! 
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The other assertion can be proved as follows 


OO 


\m\ > 

M - 5Z l a "H 2 


n— 2 

> 

oo 

M - 


n— 2 

> 

, , (3 - a) 


11 2(3 + a) 


n 


2 


( k — 2)!(n + to — 
m\{n + k — 2)! 


1)! 
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On the zeros of eigenfunctions of discontinuous 
Sturm-Liouville problems 


K. Aydemir a and O. Sh. Mukhtarov 6 

“Faculty of Education, Giresun University, 28100 Giresun, Turkey 
^Department of Mathematics, Faculty of Science, 

Gaziosmanpa§a University, 60250 Tokat, Turkey 
e-mail: kadriyeaydemr@gmail.com, omukhtarov@yahoo.com 

Abstract : In this paper, we prove analogues of the classical Sturm comparison and oscillation 
theorems for Sturm-Liouville problem together with boundary -transmission conditions on two 
disjoint intervals. We present a new version for Sturm’s comparison and oscillation theorems. 
The obtained results generalizes the recently obtained oscillation and comparison theorems for 
regular Sturm-Liouville problem which contained transmission conditions. 

Keywords : Sturm-Liouville problems, transmission conditions, Sturm comparison and oscil- 
lation theorems. 


1 Introduction 

The oscillation theory for the solutions of differential equations is one of the traditional trends 
in the qualitative theory of differential equations. Its essence is to establish conditions for the 
existence of oscillating (nonoscillating) solutions, to study the laws of distribution of the zeros, 
to obtain estimates of the distance between the consecutive zeros and of the number of zeros 
in a given interval. The relationship between the oscillatory and other fundamental properties 
of the solutions of Sturm-Liouville type differential equations are of central importance in the 
theory of boundary value problems There are substantial literature on this subject. Many 
authors have expounded on various aspects of this theory, see [1, 9, 10] and the references cited 
therein. A considerable number of studies have been made on the oscillation and nonoscillation 
for a long time. Those results can be found in [14, 15] and the references contained therein. 
While the extensions and generalizations have much intrinsic interest, we believe their continued 
relevance is due in no small part to their important connection with problems of physical origin. 
Particularly the connections with the minimization problems of the calculus of variations and 
optimal control as well as the spectral theory of differential operators are important. Since the 
second order equations have applications in various problems in physics, biology, and economics 
(see for example [1, 5, 13], and the references cited therein) there is a permanent interest in 
obtaining new sufficient conditions for the oscillation or nonoscillation of solutions of various 
types of second order equations. In this study we investigated same aspects of comparison and 
oscillation properties for one discontinuous eigenvalue problem which consists of Sturm-Liouville 
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equation, 

Ly ■■= -y"(x) + q(x)y(x) = X y(x) (1.1) 

to hold on two disjoint intervals (—1,0) and (0,1) , where discontinuity in y and y' at the 
interior singular point x = 0 are prescribed by transmission conditions 

y(0~) = Sy(0+), y'(0-) = ]y'(0+), ( 1 . 2 ) 

together with the boundary conditions 

y{-\) = y(l) = 0 (1.3) 

where the potential q(x) is real-valued, continuous on [— 1,0)U € (0,1] and has a finite limits 
q(c- f) = lim q(x ) ; A is a complex eigenparameter; 5 ^ 0 any real number. Since var- 

ious type transmission problems appear frequently in various fields of physics and technics, 
Sturm-Liouville problems with transmission conditions have been an important research topic 
in mathematical physics [2, 8, 11]. For the earlier developments about Sturm comparison and 
oscillation theory, we refer to [4, 5, 6, 9, 14, 15] and for recent developments, we refer to 
[1, 3, 7, 13, 16, 17], 

2 Comparison Theorem for discontinuous Sturm-Liouville 
problems 

At first we shall extend and generalize the classical Sturm-liouville comparison theorem. 
Theorem 2.1. Let y = y\{x) be solution of the equation 

Liy := —y" + qi(x)y = 0 (2.1) 

satisfying transmission conditions at the point of interaction x = 0 given by 

1/(0-) = Sy(0+), 2 /( 0 —) = ^2/(0+) (2.2) 

and let y = 2/2 (x) be the solution of the equation 

L 2 y ■■= - y " + q 2 {x)y = 0 (2.3) 

satisfying the same transmission conditions (2.2) where 5 ^ 0 any real number if qi(x) > q 2 {x) 
on [— 1,0)U € (0, 1], then between any two consecutive zeros 0 / 2/1 (x) there is at least one zero 
ofy 2 {x). 

Proof. Let X\ and x 2 with x\ < x 2 be consecutive zeroes of y\. Suppose, it possible, that y 2 
does not have a zero on (x 1 ,x 2 ). Lagrange’s identity (see, [12]) gives 

2 / 2 L 12/1 - y\L 2 y 2 = { 2 / 22/1 - 2 / 12 / 2 } + {qi(x) - q 2 {x)}yiy 2 (2.4) 

2 


418 


K. Aydemir et al 417-423 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO. 3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Hence 


d 

dx 


{y'iV-2 - 2 / 22 / 1 } = Ui (x) - q2{x)}yiy 2 


( 2 . 5 ) 


Case 1 . Let aq € [— 1 , 0 ), X2 € ( 0 , 1 ] and S > 0 . Integrating on both sides of the equation ( 2 . 9 ) 
over [#1,0) and ( 0 , 3 +] and then adding we get 

lim (2/12/2 - 2/22/1) iSr 1 + lim (2 /i2/2- 2/22/i) IS+e 2 

6! — > 0 62 — * 0 

ei > 0 e 2 > 0 

0— ei X 2 

lim / {q\(x) - q2(x)}yiy 2 dx + lim / {qi(x) - q 2 (x)}yiy 2 dx ( 2 . 6 ) 

0 J e o -> 0 J 


£1 — >0 

d > 0 

Since yi(aq) = 2/1(212) = 0 we get 


£2 — ► 0 
e 2 > 0 


0 + 62 


lim W(y 1 ,y 2 -, 0 - £1) - lim IU(yi,i/2; 0 + £ 2 ) - 2/1(211)2/2(2:1) + 2/1 (212)2/2(212) 

£1 * 0 £2 — > 0 

£1 > 0 £2 > 0 


0— ei X 2 

= lim / {qi(x) - q 2 (x)}y 1 y 2 dx + lim / {q\{x) - q^jy^dx ( 2 . 7 ) 

£1 — > 0 J £2 — > 0 J 

n Xl n 0+62 

£1 > 0 £2 > 0 

Using the transmission conditions we obtain 

0-61 

~y'i(xi)y 2 (xi) + y[{x 2 )y 2 (x 2 ) = lim / {qi{x) - q 2 {x)}yiy 2 dx 

£1 — > 0 J 

Xl 

£1 > 0 


lim 

£2-^0 
£2 > 0 


Ui(x) - q 2 {x)}yiy 2 dx 


( 2 . 8 ) 


0+62 


In this case with no restriction we can assume that y\{x) > 0 and y 2 (x) > 0 over (aq, 0) U ( 0 , 0 : 2 ) ■ 
These conditions ensure that the integral on the right in (2.8) is positive. O 11 the left, since 
yi(x) > 0 by assumption, the function is increasing at the point X\. Hence y\ [x \ ) > 0(it cannot 
vanish, because then it would follow from the uniqueness theorem for the solutions of (2.1) that 
yi(x) = 0, which is impossible). Similarly, y[ (x 2 ) < 0. Thus, the left-hand side of the equation 
(2.8) is less or equal to zero, which is a contradiction. 

Case 2. Let X\ € [—1,0), x 2 € (0,1] and <5 < 0. In this case with no restriction it can be 
assumed that, yi(x) > 0 over (sq, 0), yi(x) < 0 over (0, x 2 ), 1 / 2 ( 2 :) > 0 over (aq, 0) and y 2 (x) < 0 
over (0, aq) • Since y± (aq) = 0 and y i(aq) > 0 over (aq,0) 2 / 1 ( 2 +) > 0. Further, since 2 / 2 ( 212 ) = 0 
and 1 / 2 ( 212 ) < 0 immediately to left of x 2 , y 2 (x) < 0. Hence, the left-hand side of (2.8) is is less 
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or equal zero, but the right-hand side is positive which shows that (2.8) is impossible. 

Case 3. Let ( xi,x 2 ) C [—1,0). Integrating on both sides of the equation (2.5) from X\ to X 2 , 
we get 

£2 

{y[y 2 - y'2yi)\xl = J i<n( x ) - Q2(x)}ymdx ( 2 . 9 ) 

Xl 

Then with no restriction it can be assumed that yi(x) > 0 and y 2 (x) > 0 over ( Xi,x 2 )• These 
conditions ensure that the integral on the right in (2.9) is positive. However, on the left, we 
have yi(xi) = y\(x 2 ) = 0 with y[(x i) > 0 and y[(x 2 ) < 0. The left-hand side therefore becomes 

^(^ 2 ) 272 (^ 2 ) - y[{xi)y 2 {xi) < 0 

which presents us with a contradiction: right-hand side > 0 and left-hand side < 0. Thus 
y 2 (x) = 0 (at least once) between the zeros of yi(x). Since the conditions describing y\(x) are 
given, we conclude that 2 / 2 ( 2 :) must change sign between x = x\ and x = X 2 - 
Case 4. Let (aq, X 2 ) C (0,1]. This case is totaly similar to the previous case. □ 

3 On the zeros of eigenfunctions 

In this section we examine the number of zeros of eigenfunctions. 

Lemma 3.1. There is an unique solution y(x, A) of the equation (1-1) satisfying the initial 
conditions 


y(x 0 , A) = a(A), y'(x 0 , A) = /3(A) (3.1) 

and the transmission conditions ( 1.2 ) where a(A),/3(A) are given entire functions of A € C and 
Xq € [ — 1, 0)U(0, 1] . Moreover, y(x, A) is entire function of X £ C for each fixed x £ [ — 1, 0)U(0, 1] . 

Proof. The proof is totally similar to [?] and therefore is omitted. □ 

Theorem 3.2. Let (j){x , X\) = \ X f L be solution of the equation (1.1), for 

[ < p 2 \x , Ai j, x £ (U, 1J 

A = Ai satisfying the initial conditions 

</ > i(— 1) Ai) = a, </>((— 1, Ai) = /3 (3.2) 


and the transmission conditions 

<t> 2(0 + , Ai) = -0i(O , Ai), 02(O + , Ai) = <501(0 ,Ai) 


(3.3) 


Vi(x, A 2 ), 
<P2(X, A 2 ), 

fying the initial conditions 


and ip(x, A 2 ) = 


x £ [-1,0) 
x £ (0,1] 


be solution of the equation (1.1), for A = A 2 satis- 


<Pi(-l, A 2 ) = a, \ 2 ) = 0 


(3.4) 


4 


420 


K. Aydemir et al 417-423 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO. 3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


and the transmission conditions 

^2(0 + , A 2 ) = -</> 2 (0 5 A 2 ), ip' 2 (0 + , A 2 1) = (0 ,Ai). (3.5) 

where 5, ft, 6 any real numbers with a 2 + (3 2 ^ 0, 6 ^ 0. Suppose that </>(x, Ai) has a zeros in 
[—1,0) U (0,1] and let X\{x\ ^ —1) be zero of the function </>(x, Ai), nearest to x = —1. If 
A 2 > Ai then <p(x 2 ,A 2 ) has at least one zero in [— l,aq). 

Proof. From the well-known Lagrange’s identity (see, for example, [12]) we have 


in the interval (0, 1). 


fL 

dx 


{fWi ~ <M = {A2 


d_ 

dx 


{ 4 > 2P2 ~ — {A2 


Ai }0m 

(3.6) 

Al}02^2 

(3.7) 


Case 1. Let aq > 0 and 5 > 0. Integrating on both sides of the equation (3.11) from —1 to aq, 
we get 


lim (</i>i<yJi ^ ¥ 7 i0i)l- 1 ei + lim (0 2 ^ 2 - p' 2 h)\o+e 2 
£i -> 0 e 2 -> 0 

£1 > 0 e 2 > 0 


O-ei 


= lim {A 2 — Ai } / fiipi dx + lim {A 2 — Ai } / (\> 2 Pidx (3.8) 

ei — > 0 J en — > 0 J 


0+e 2 


ei — > 0 f { e 2 — > 0 

£1 > 0 e 2 > 0 

Since —1) = 0 by (3.2) and (3.4) we get 

lim W (</>i, yq; 0 — ei) — lim W(<j> 2 , 0 + e 2 ) + </> 2 (aq, Ai)<£ 2 (aq, A 2 ) 

£1 — > 0 e 2 — > 0 

€1 > 0 e 2 > 0 


O-ei 


= lim {A 2 — Ai} / lim {A 2 — Ai } / f> 2 Pidx 

£i -> 0 J e 2 — > 0 J 

- 1 „ 0+e 2 

e 2 > 0 


ei -0 

€l > 0 

Using the transmission conditions we obtain 


(3.9) 


0 Cl 


02 (aq, Ai)^ 2 (xi,A 2 ) = lim {A 2 — Ai } / fipidx 

e 1 — ► 0 J 


£1 -0 
ei > 0 


XI 

+ lim {A 2 — Ai } / </> 2 <p 2 dx 

Co — > 0 J 


£2 — > 0 

£2 > 0 


(3.10) 


0+62 
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With no restriction it can be assumed that <p(x,X\) < 0 and ip( x ,A 2 ) < 0 in [— l,aq). These 
conditions ensure that the integral on the right in (3.10) is positive. Since 4> 2 (x\,Xi) = 0 and 
<p 2 (x, Ai) > 0 immediately to the left of x\ by assumption, the function is increasing at the point 
X\. Hence 4>' 2 {x i,Ai) > 0(it cannot vanish, because then it would follow from the uniqueness 
theorem for the solutions of (2.1) that <p 2 ( 2 :, Ai) = 0, which is impossible). Thus, the left-hand 
side of the equation (3.10) is less or equal to zero, but the right-hand side is positive, which is 
a contradiction. 

Case 2. Let X\ > 0 and S < 0. In this case with no restriction it can be assumed that 
4>(x,Xi) > 0 and ip(x, A 2 ) < 0 in [—1,0) but <f>(x, Ai) < 0 and <p(x, A 2 ) > 0 in (0,#i]. As in the 
previous case, these conditions ensure that the integral on the right of (3.10) is negative, but 
left hand side of (3.10) is positive or is equal to zero, i.e. the equality (3.10)is impossible. 

Case 3. Let x\ € [—1,0). Integrating on both sides of the equation (2.5) from a to aq, we get 

ii 

- ‘p'lfiiW-i = JlX 2 - X\}4>\ip\dx (3-11) 

-1 

Since 4>\{x, Ai) = 0 by using the initial conditions (pi(— 1, Ai) = 0, <p'i(— 1, Ai) = 0 we get 

Xl 

<j>'i(xi)ipi(xi) = [{M-X^dx (3.12) 

-1 

Let Xi < 0. Without loss of generality, we can put <p(x,X\) > 0 and <p(x, X 2 ) > 0 in [— l,aq). 
Since, by assumption, (f>i(x, Ai) > 0 and tpi(x, A 2 ) > 0 in [— l,aq) and A 2 > Ai, the right-hand 
side of the equality (3.12) is positive. However, on the left-hand side, since <p i(aq, Ai) = 0 and 
4>\(x, Ai) > 0 immediately to the left of xp, the function (pi(x,Xi) is decreasing in the vicinity 
of the point aq. Therefore, (p'i(xi, Ai) < 0(it cannot vanish, because then it would follow from 
the uniqueness theorem for the solutions of (1.1) that (pi(x, Ai) = 0, which is impossible). The 
left-hand side therefore becomes 

4>i{xi,Xi)ipi(xi,Xi) < 0 

which presents us with a contradiction: right-hand side > 0 and left-hand side < 0. The proof 
is complete. □ 

Now we are ready to establish the main result. 

Theorem 3.3. Let ipi(x) and ip 2 (x) be two eigenfunction corresponding to the eigenvalues Ai 
and X 2 of the problem (1.1)- (1.3) and let X 2 > Ai. Then if ipi(x) has m zeros in [— 1, 0) U (0, 1] , 
ip 2 (x) has not fewer than m zeros in the same two-interval [—1,0) U (0, 1]. Moreover, n — th 
zero of ip 2 (x) is less than the n — th zero of ipi (x ) . 

Proof. Let x \ , x ) , • . • , x' rn with x\ < x 2 <,... < x' m be zeros of the eigenfunctions ipi(x). By 
virtue of the Theorem 3.2 ip 2 (x) has at least one zero in [— 1,^). Moreover, by applying the 
Theorem 2.1 to the solutions ipi and ip 2 we see that ip 2 (x) has at least one zero in each of 
the intervals (x'i,x 2 ), (x' 2 ,x ' 3 ), ..., (x' m _ 1 , x' m ). Consequently the number of zeros of ip 2 (x) is not 
fewer than the number of zeros ip\(x) and n — th zero of ip 2 (x) is less than n — th zero of ip\(x). 
The proof is complete. □ 
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Fuzzy stability of an additive-quadratic functional equation 
in matrix fuzzy normed spaces 
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Abstract. A mapping / : X x X — > Y is called additive-quadratic if / satisfies the system of equations 

f f{x + y,z) = f(x,z) + 

\ f(x, y + z) + f{x, y- z) = 2 f(x, y) + 2 f(x, z ). 

In this paper, using the fixed point method, we prove the Hyers-Ulam stability in matrix fuzzy normed spaces 
associated to the following additive-quadratic functional equation 

f(x + y,z + w) + f(x + y, z - w) = 2 f(x, z) + 2 f(x, w) + 2 f(y, z) + 2 f(y, w) 

for all x, y, z, w € X. 


1. Introduction and preliminaries 

A definition of fuzzy norm on a vector space, to construct a fuzzy vector topological structure, 
introduced by Katsaras [15]. During the last four decades some mathematicians have defined 
fuzzy norms on a vector space from various points of view [13, 16, 32], In particular, Bag and 
Samanta [1], following Cheng and Mordeson [6], presented an idea of a fuzzy norm in such a 
manner the corresponding fuzzy metric is of Kramosil and Michalek type [6]. They established 
a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated some 
properties of fuzzy normed spaces [2], 

We use the definition of fuzzy normed spaces given in [1, 19, 21] to investigate a fuzzy version 
of the Hyers-Ulam stability of an additive-quadratic additive functional equation in the fuzzy 
normed vector space setting. 

Definition 1.1. Let X be a real vector space. A function N : X x M — > [0, 1] is called a fuzzy 
norm on X if for all x, y G X and all s,teR, 

(N\) N(x, t) = 0 for t ^ 0; 

(IV2) x = 0 if and only if N(x,t) = 1 for all t > 0; 

(A3) N(cx,t ) = N(x, if 0 

(A 4 ) N(x + y,s + t. ^ min {N(x,s),N(y,t)}; 

°2010 Mathematics Subject Classification: 47H10; 47L25; 46S40; 39B52; 39B72. 

'’Keywords: additive-quadratic functional equation; matrix fuzzy normed space; fixed point; Hyers-Ulam 
stability. 

‘Corresponding author. 

°E-mail : 1 j . shokri@urmia . ac . ir , “baakOhanyang . ac . kr 
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(N 5 ) N(x,.) is a non-decreasing function o/M and lim^oo N(x, t) = 1; 

(Nq) for i/O, N(x , .) is continuous on M. 

The pair (X, N) is called a fuzzy normed vector space. To see more properties and examples 
of fuzzy normed vector spaces, we refer to [19, 20]. 

Definition 1.2. Let (A, A) be a fuzzy normed vector space. A sequence {x n } in X is said 
to be convergent or converge if there exists an x G X such that lim^oo N(x n — x,t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by 
N - lim n _ 5 . 0O x n = x. 


Definition 1.3. Let (X,N) be a fuzzy normed vector space. A sequence {x n } in X is called 
a Cauchy sequence if for each e > 0 and each t > 0, there exists an no G N such that for all 
n ^ no and all p > 0, we have N(x n+P — x n , t) > 1 — e. 


It is well known that every convergent sequence in a fuzzy normed vector space is a Cauchy 
sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete 
and the fuzzy normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >■ Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq G X if for each sequence {x n } converging to xo in X , the sequence 
{/(in)} converges f(x o). If / : X — > Y continuous at each x G X, then / : X Y is said to 
be continuous on X (see [2]). 

We will use the following notations: 

M n (X) is the set of all n x n - matrices in A; 

e.j G Afp n (C) is that the jth component is 1 and the other components are zero; 

Eij G M n ( C) is that the (i , /{-component is 1 and the other components are zero; 

Eij M n (X) is that the (i,j {-component is x and the other components are zero. 

For x G M n (X), y G M k (X), 


x ®y 


x 0 \ 

0 y )' 


Let (A', || • ||) be a normed space. Note that (A, {|| • || n }) is a matrix normed space if and only 
if ( M n (X ), || • || n ) is a normed space for each positive integer n and ||AxII||fc ^ ||A|| ||i?|| ||x|| n 
holds for A G M/ C)fl (C),x = (xij) G M n (X) and B G M n>k ( C), and that (A, {||.|| n }) is a matrix 
Banach space if and only if A is a Banach space and (A, {|| • || n }) is a matrix normed space. 

A matrix normed space (A, {|| • || n }) is called an L°° -matrix normed space if ||x © y\\ n +k = 
max{||x|| n , ||y||fc} holds for all x G M n ( A) and all y G M k ( A). 

Let E. F be vector spaces. For a given mapping h : E F and a given positive integer n, 
define h n : M n (E) -t M n (F) by 

hn([xij}) = [h(xij)\ 


for all [xij\ G M n (E). 

Throughout this paper, let (A, { || • || n }) be a matrix normed space and (Y,{|| • || n }) be a 
matrix Banach space. 

We introduce the concept of a matrix fuzzy normed space. 
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Definition 1.4. Let (X,N) be a fuzzy normed space. 

(1) (X, N) is called a matrix fuzzy normed space if for each positive integer n, (M n (X), N n ) 

is a fuzzy normed space and Nk(AxB , t ) ^ N n pjppjjj j f or allt > 0, A G Mfc jn (R), x = 

[xij] G M n (X) and B G M nj fc(R) with ||A|| / 0.||5|| / 0. 

(2) (X, {X n }) is called a matrix fuzzy Banach space if (X, N) is a fuzzy Banach space and 
(X, {X n }) is a matrix fuzzy normed space. 

Example 1.5. Let (X, {|| • || n }) be a matrix normed space. Let N n (x,t ) := for allt > 0 

and x = [xij\ G M n {X). Then 

N , (AxB t) = i > t = mm 

k{ ’ J t + \\AxB || fc " t + ||A||.||x|| n .||B|| + ||x|| n 

for all t > 0, A & Mk, n (R),x = [xij\ G M n (X) and B G M nj fc(R) with ||X||.||S|| / 0. So, 
(X, {X n }) is a matrix fuzzy normed space. 

The abstract characterization given for linear spaces of bounded Hilbert space operators in 
terms of matricially normed spaces [29] implies that quotients, mapping spaces, and various 
tensor product of operator spaces may again be regarded as operator spaces. Owing in part 
to this result, the theory of operator spaces have an increasingly significant effect on operator 
algebra theory (see [10]). 

The proof given in [29] appealed to the theory of ordered operator spaces [7]. Effros and 
Ruan [11] showed that one can give a purely metric proof of this important theorem by using 
a technique of Pisier [26] and Effors [9]. 

The study of stability problems have been formulated by Ulam [31] in 1940: Under what 
condition does there exist a homomorphism near an approximate homomorphism? In the 
following year, Hyers [14] answered affirmatively the question of Ulam for Banach spaces, 
which was stated that if e > 0 and / : X — > Y is a mapping with X a normed space and Y is 
a Banach space such that 

\\f{x + y) - f{x) - f(y)\\ < e (1.1) 

for all i,|;GX, then there exists a unique additive map T : X — > Y such that 

II f(x + y) - f(x) - f(y ) || ^ e 

for all x G X. A generalized version of the theorem of Hyers for approximately linear mappings 
presented by Rassias [27] in 1978 by considering the case when (1.1) is unbounded. 

In 2003, Cadariu and Radu applied the fixed point method to the investigation of the Jensen 
functional equation [3] . They could present a short and a simple proof (different of the “direct 
method”, initiated by Hyers in 1941) for the Hyers-Ulam stability of the Jensen functional 
equation [3] and forthe quadratic functional equation [4], See [12, 22, 23, 24, 28, 30] for more 
information on functional equations. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 
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(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x ) for all x,y £ X; 

(3) d(x, y) ^ d(x, z) + d(z, y) for all x,y, z £ X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.6. [8] Let (fl, d ) be a complete generalized metric space and J : LI — X be a strictly 

contractive mapping with Lipschitz constant 0 < L < 1. Then for each given x £ either 

d(J n x, J n+1 x) = oo 

for all nonnegative n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn ^ no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set A = {y £ : d(J n °x,y) < oo}; 

(4) d(y,y*) ^ j=zd(y, Jy) for all y £ A. 

Definition 1.7. A mapping f : X x X — x Y is called additive-quadratic if f satisfies the 
system of equations 

f f(x + y,z) = f(x,z) + f(y,z), . . 

1 /(*, V + z) + f(x, y~z) = 2f(x, y) + 2 f(x, z). 

When X = Y = M, the function / : K x M — > M given by f(x, y) := cxy 2 is a solution of (1.2). 
In particular, letting x = y, we get a cubic function g : M — > M given by g(x) := f(x, x) = cx 3 . 
For a mapping / : I x I -> 1', consider the functional equation: 

f(x + y,z + w) + f(x + y,z~w) = 2f(x, z) + 2f(x, w) + 2 f(y, z) + 2 f(y, w ). (1.3) 

for all x,y,z,w £ X. The solution of (1.3) was discussed in [25]. 

In this paper, by using the fixed point method, we prove the Hyers-Ulam stability of the 
additive-quadratic functional equation (1.3) in matrix fuzzy normed spaces. 

2. Fuzzy stability of the additive-quadratic functional equation (1.3) 

In this section, using the fixed point method, we prove the Hyers-Ulam stability of the 
additive-quadratic functional equation (1.3) in matrix fuzzy normed space. 

We need the following lemma. 

Lemma 2.1. [17, Lemma 2.1] Let (X,{N n }) be a matrix fuzzy normed space. 

(1) N n {Eki <S) x,t) = N(x, t ) for all t > 0 and x £ X . 

(2) for all [ Xij \ £ M n (X) and t = Ya,j=\ Uj, 

N(xki,t ) ^ N([xij],t) ^ mm{N(xij,tij) : i,j = 1,2, • • • ,n}, 

N(x k i,t ) ^ N([xij],t) ^ min N ^Xij , : i,j = 1,2, ••• ,nj 

(3) lim^oo x n = x if and only if lim^oo x ijn = x for x n = [xi jn ],x = [ x^ \ £ M k (X) 
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Proof. (1) Since E^i <8> x = e k xei and ||e£|| = ||e/|| = l,N n (Eki ®x,t) ^ N(x,t). Since 
ek{E ki <g> x)e* = x,N n (E k i® x,t) < N(x,t). So N(E kl <g> x, i)=N(x,t). 

(2) N(xki,t) = Af(efc[xjj]e^, f) ^ lV n = N n ([xij],t). 

n 

N n ([xij\,t) = N n (^ ^ Eij ® Xij,t^J ^ mm{N n (Eij <g> Xij,tij) :i,j = 1,2,--- ,n} 
ij = 1 

= min{7V(xY J ,t,; J ) : i, j = 1,2, • • • ,n}, 

where t = Yh,j= i So > N n ([a;y], i) ^ min{lV(xjj, 4j) : i, j = 1, 2, • • • , n}. 

(3) By N(x k i,t ) ^ Af n ([x^],t) ^ min{iV(xjj, 4,) : i,j = 1,2, • • • ,ra}, we obtain the result. 

This completes the proof. □ 


For a mapping f : X —}Y, define Z?/ : — > F and Df n : M n (X 4 ) — » M n (Y) by 

Df(a, 6, c, d ) := f(a + b,c + d) + f(a + 6, c — d) 

~ 2/(a, c) - 2/(a, d) - 2/(6, c) - 2/(6, d), 

-^/n [l/ij]) := /n^[Xy] + [t/ij], [zjj] + + /n^D^y] + [Z/ij]) [^ij] — 

— 2fn([ x ij]> — ^fn([Xij], [u>ij]^j ~ 2 fn{\yi.j], — 2 fni^Dij], 


for all a,b,c,d £ X and all x = [xij],y = [yij], z = [zij],w = [ Wij ] G M n (X). 


Theorem 2.2. Let f : X — >• Y, with f(x, 0) = 0, be a mapping for which there exists a function 
ip : X 4 — > [0, oo) such that 


N n ^ fn ( [Xij ] , [yij ] , [Zij ] , [Wij\ ) , t 


> 


t + Td,j= i v{ x ij,yij, Wij) 


(2.1) 


for all t > 0 and all x = [xij\, y = [yij], z = [zij],w = [ \ G M n (X). If there exists an a < 1 
such that 

, , , [ a b c d\ . . 

<p(a,&,c,d)<8aip^-,-,-,-J (2.2) 

for all a, b,c,d G X , then there exists a unique additive-quadratic mapping T :Ixl4f 
such that 


Ef n (fn ([*Tij], [yij]) T n ([Xjj], [yij]) , t) 


8(1 — a)t 

8(1 - a)t + n 2 Y!i,j = l P(xij,Xij,yij, yij) 


(2.3) 


for all t > 0 and x = [xij],y = [y^] G M n (X). 
Proof. Putting n = 1 in (2.1), we have 


N(Df(x,y,z,w),t) ^ 


t 

t + ip(x, y, z,w) 


for all t > 0 and x, y,z,w G X. 


(2.4) 
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Letting x = y and z = w in (2.4), we obtain 

N(f(2x, 2 z) - 8 f(x, z),t ) ^ 

and also 


t 


N ( lf( 2x ’ 2z ) ~ f(x,z), l ) ^ 


t + ip(x, X, z, z) 
t 


(2.5) 


8/ t + (p(x, x, z, z) 
for all t > 0 and x,z G X. Also it can be written as 


N ( lf( 2 x ’ 2 y ) - ffay), l ) > 


t 


8 J t + ip{x,x,y,y) 

for all f > 0 and x, y G X. 

By considering the set of 

:= {g : X Y}, 

we introduce the generalized metric on fl as following: 

t 


(2.6) 


d(g, h ) = inf < k G M + : N(g(x, y) - h(x, y), kt) ^ 


,Vx,y G X, Vi > 0 


t + ip(x,x,y,y)' 

where, as usual inf0 = +oo. It is easy to show that (fl, d) is complete (see [5, 18]). 
Now we define J : £1 fl by 

Jg{x,y ) ■= gH 2 x , 2 y) 

for all x, y G X. 

Let g,h G be given such that d(g, h) = c. Then 

t. 


X(g{x,y ) - h(x,y),ct ) ^ 


t + y?(2x,2x,2y,2y) 


N ( 2x i 2 y) - ^ M 2x, 2y), ^ 

N ( ^S'(2ai, 2y) - ^h(2x, 2 y), ^ 

X ( lg(2x,2y) - \h(2x,2y),act ) ^ 


t 


t + ip(2x,2x,2y,2y) 
t 

t + 8a«p(x,x,y,y) 
t 

t + (p(x,x,y,y) 


d(Jg , Jh ) ^ ac 


for all x, y G X. Hence we get that 
d(Jg, Jh) ^ ad(g, h) 

for all g,h G 12. It follows from (2.6) that d(f, J f) ^ |. 

By Theorem 1.6, there exists a mapping T : X — £ Y satisfying the following: 

(1) T is a fixed point of J, i.e., T(2x,2y) = 8 T(x,y) for all x G X. The mapping T is a 
unique fixed point of J in the set X = {g G ft : d(f,g ) < oo}. 

(2) d(J k f,T ) -A- 0 as k — * oo. This implies the inequality A" — lim*.-^ ^f(2 k x,2 k y) = 
T(x. y) for all i,j/£ A. 
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(3) d(f,T) ^ Jf), which implies the inequality 

y- T »«8(T hry 

By (2.2) and (2.4), 

N X ’ 2 y ’ 2 2,2 W 0 ^ t + <p(2 k x,2 k y,2 k z,2 k w) 


(2.7) 




n 


for all x,y,z,w € X and t > 0. Since lim*.^ gkt+sk^^y^ 
t > 0, 


8 k t + 8 k a k <p{x, y, z, w ) 

' = 1 for all x , y, z,w G X and 


N{DT(x,y,z,w),t) = 1 

for all x,y, z,w G X and t > 0. Therefore 

T(x + y,z + w) + T(x + y,z — w) = 2 T(x, z) + 2T(x, w ) + 2T(y, z) + 2T(y, w). 

for all x, y,z,w G X. Then, the mapping T : X X X -t h is additive-quadratic. 

It follows from Lemma 2.1 and (2.7) that 


N n (^fn{[ x ij]i[yij]) T n ([Xij\,[yij\),t'j ^ { x ij lVij) T(xij,yij), n ^ \ " *>■?" — 1 ) 2 , ■ ■ ■ 


^ min 




8(1 — a)t 

8(1 - a)t + n 2 cp(xij,Xij, yij,yij) 

8(1 — a)t 

8(1 - a)t + n 2 YJi,j= l t P(xij,x ij ,yij,y ij ) 


■hj = 1,2, ••• , n 


for all ,t = [xjj] G M n (X). Therefore, we conclude that T : X x X — >■ Y" is the unique mapping 
satisfying (2.3). □ 


Corollary 2.3. Let p, 9 be positive real numbers p < 1. Let f : X x X — > Y , with f(x, 0) = 0, 
be a mapping satisfying 


X n {D f n ([Xij ], [yij], [ Zij ], [Wij]),t) 


t 

t + Et j= i ^(IMI P + hij\\ p + \\^\\ p + IK'lb 


(2.8) 


for all x = [xij\,y = [yij],z = \zif\,w = [ugj\ G M n (X) and t > 0. Then T(x,y) := N — 
lim^oo ^f(2 k x,2 k y) exists for each x,y & X and defines an additive- quadratic mapping T : 
IxIaY such that 


Nn i^fn ([S'ij]) [l/ij]) Tn ([®ij]) [j/ij ] ) > ^ 




2(2 - 2 p )t 


2(2-2P)t + n 2 j:i. i e(\\x ij \\P + \\y ij \\P) 


for all x = [xij\,y = [y^] G M n (X) and t > 0. 


Proof. Putting ip (a, b, c, z) := 0 ^2=i(IMI p + INI P + ll c ll p + ll^ll p ) f° r a,b, c, d € X and letting 
a = 2 P_1 in Theorem 2.2, we obtain the desired result. □ 
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Theorem 2.4. Let f : X x X — > Y , with f(x, 0) = 0, be a mapping for which there exists a 
function p> : X 4 — x [0, oo) satisfying (2.1). If there exists an a < 1 such that 

f a b c d\ a 

for all a, b,c,d G X, then there exists a unique additive-quadratic mapping T 
such that 

8(1 — a)t 


[?/jj]) T n ([aijj], [t/jj]) , t 


> 


8(1 - aft + n 2 a Ya,j = i <P(xij,Xij, Vij,Vij ) 


for all t > 0 and x = [xij],y = [ ytj ] E M n (X). 

Proof. Let (fl, d) be the generalized metric space defined in the proof of Theorem 2.2. Here, 
we define the linear mapping J : fl — > It such that 

Jg(x,y) := 8 s(|, |) 

for all x, y G X. 

It follows from (2.5) that d(f,Jf ) ^ Thus 

d(/,r)< “ 


8(1 - a)' 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let p,6 be positive real numbers with p > 1. Let f : X x X — y Y, with 
f(x, 0) = 0, be a mapping satisfying (2.8). Then T(x, y) := N — lim/ c _ 5 . 00 8 fe /(^, exists for 
all x G X and defines an additive- quadratic mapping T : X x X — > Y such that 

4(2 p - 2 )t 


Nn(^fn ([Xij\, \]Jij]) T n ( [aij j ] , [l/j j ] ) , ^ 


4(2P - 2)4 + n2 • 2P E",-= i^(ll^r + ll^lh 


/or all x = [xij],y = [yij] G M n (X) and t > 0. 

Proof. Putting ip(a,b,c,d ) := #(|M| P + ||6|| p + ||c|| p + ||d|| p ) for all a,b,c,d G X and letting 
a = 2 1 ~ p in Theorem 2.4, we get the desired result. □ 
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Abstract 

In this paper we give the closed form expressions of some two di- 
mensional systems of nonlinear rational partial difference equations of 
second order. We shall use a new method to prove the results by using 
(odd-even) double mathematical induction. As a direct consequences , 
we investigate and drive the explicit solutions of some partial difference 
equations and some (systems of) ordinary difference equations . 
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double mathematical induction. 


1 Introduction 


While the study of (ordinary) difference equations has been widely treated in 
the past , partial difference equations (PAEs) have not received the same 
full attention .Both of ordinary and partial difference equations may be found 
in the study of probability , dynamics and other branches of mathematical 
physics .Moreover, partial difference equations arise in applications involving 
population dynamics with spatial migrations , chemical reactions and finite 
difference schemes . Indeed Laplace and Lagrange considered the solution of 
partial difference equations in their studies of dynamics and probability. 

An example of a partial difference equation is the following well known relation 

Ci”> = C£_T 1) + Cl"- 1 * , 1 < m < n. 


The solution of this equation is the celebrated binomial coefficient function 
Cm,'’ defined by 



n\ 

m\{n — m)\ 


, 0 < m < n. 
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An another example , the following PAEs : 

4 n+1) = 4-i - n 4 n) , 1 < k < n. 

4 n+1) = 4-1 + ^4 n) , 1 < k < n. 

The solutions of these PAEs are the Stirling numbers of the first kind 4"'* 
and the Stirling numbers of the second kind S^ l> respectively . 

Some authors investigate the closed form solutions for certain Partial dif- 
ference equations . 

For instance , Heins m) considered the solution of the partial difference equa- 
tion 

A-n+l,m T X n — l,m 2A 

under some conditions . 

In [[3]] Carlitz has studied a solution of the partial difference equation 


X„ 


X n ,m— 1 A n—l,m -^n .m 2 T 3A n _i t rn—l A n _ 


2 ,ra 


o 


He used a power series expansion related to the Fibonacci numbers . 

For more results about partial difference equations we refer to <im 

ei-imim-iEi)- 

In this paper , we studied the closed form solutions of the following systems 
of partial difference equations 

®A n ,m T (3X njm X n — 2,m— 2 l,m— 1 X-n— 2,m— 2 0 (i) 

lY n ,m “1“ foYn^rnYn— 2,m— 2 a„_ 

l,m— 1 -Y n — 2,m— 2 0 (2) 

where n,m G No , No = N(J{0} ,a,/3, 7, 5 G {1, —1} and the initial values 
A ni o,A n -i,Ao >m ,A_i im , Y ni0 ,Yn-i,Yo,m,&nd Y_ 1>rn are real numbers . 

As a direct consequence , we can drive the explicit solutions of a family of 
partial difference equations in the following form 

(%X n , m T f3X n , rn X n _2 j m— 2 X n — 1 X n _2 t m—2 0 


where n,m G N 0 , N 0 = Pf U{0} ,a, /3 G {1,-1} and the initial values 
X n fl,X n -i,X 0jm , ,and A_ 1>m are real numbers . 

Moreover , we can derive the exact solution for the following systems of ordi- 
nary difference equations 

cnX n + j3X n X n _2Y n -i — X n —2 = 0 

7 Y n + 5Y n Y n _ 2X n -\ — Y n - 2 = 0 

where n G No , No = N[J{0} ,«,/?, 7 ,5 G {1,-1} and the initial values 
A" 0 ,A_i,lo,and Y_\ are real numbers . 


2 Forms of Solutions 


In this section we shall give explicit forms of solutions of the system (TO)- pi) 
for particular values of a, (3,^,5 G {1, —1} . We can rewrite system (jTj) A([2]) in 
the following form 


X 


n,m 


X n —2,m—2 


a + (3X n _2 ,m— 2 ^ 71 — 1,171—1 


Y — 

1 n..in. 


Y n —2,m—2 


7 + SY n - 2 ,m— 2 X n - 

1,771—1 


(3) 
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2.1 Form of Solutions when (a,/3) = (7, £) = (1,-1) 

In this case we have the system 


y 3Cn— 2,m— 2 

-^n,m ~ 7j 77 77 5 

^-n— 2,m— 2 * n— X,m— 1 


Y = 

1 n.m. 


In— 2, m—2 


1 In— 2,m— 2-^-n— l,m — 1 


(4) 


Theorem 1. Let {A7,, ra , ln,™}nm=-fc be a solution of system Q with 
initial conditions 

X n,Ch X n _ 1 ) ^0,m; l,mj ln,0; In,— 1 > 4 0,m> 1—1, m 

where n, m G N 0 , N 0 = N[J{ 0 } . Suppose X_i, m _ 2 lb,m-i 7 ^ 1 ,^n- 2 ,-il re -i,o 7 ^ 
1 ,F_i m - 2 ^o,m-i 7 ^ 1 ,T T j- 2 ) -iX 71 _i )0 7 ^ 1 . Then, the form of solutions of sys- 
tem (Jll) ,for 7i, m > 1 and n > m , are as follows: 


X n ,m < 


Y — 

1 n,m 


m — 2 

m — l + (2Hl)Yn-ra,0Tn-m-l,-l 

m 

even. 

, \ — l + (2fc+2) V n _ mj oln_77 l _i j _i ’ 

k=0 

m — 1 

1 I 1 (2/c)V n _ m _l ) _ 1 ^2 — 771,0 

m 

odd ; 

^ 1 \ l-(2k-\-l)Xn-m-l,-lYn-m,0 ’ 
k=0 

m—2 

TT — l + (2fc+l)y n _ m ,0^’n-m-l,-l 

m 

even] 

, l + (2/c+2) Y^ — rn^O^n — m — 1, — 1 5 

AC=0 


m— 1 
2 


In— m— 1,-1 1 1 } 

k = 0 


i-(2fc)r n — m — 1 , — 1 X n — m ,0 
(2/c+i)y n — m — 1 , — 1 X n _ m ^ 0 ^ 


m octet; 


(5) 


( 6 ) 


Xm,n * 


Y = < 

- 1 m,n 


I r 1 (2/c) V_ i )n _ m _ 1 Yo^ti— m 

m 

odd ; 

1 A A 1— (2/c+l) V_i in _ m _iyb,n-m ’ 
k=0 

TT — l+(2k+l)Xo,n-mY-l,n-m-l 

A A -l + (2fc+2)Xo )n — m^-l,n— m — 1 ’ 
k= 0 

m 

even 

m — 1 
2 

TT 1 (2fc)y_i, n _ m _iX 0 , n — m 

A A l-( 2 Hl)y’-l,n-m- 1 ^ 0 ,n-m ’ 
k= 0 

m 

odd ; 


m — 2 
2 


Yn FT - 1 +( 2 fc+ 1 )^0,n-mX-l, ra - m -l 
0’”-™ Ai -l+(2fc+2)y 0 , n _ m A'_i, 7l _ m _ 1 ’ m 


(7) 


( 8 ) 


fc =0 


Proof. We shall use the principle of (odd-even) double mathematical induc- 
tion . Firstly , we shall prove that the relations (|5|)-([8]) hold for ( n,m ) = (1,1). 
From equations in system Qwe can see 


1-1 

2 


7’"V 


1 - (2k)X_ lt _ 1 Y 0>0 


Y\,i = 


1 - x _ lj _ 1 y 0)0 

1 - T_i,_iX 0 ,o 


a .7q A — (2tc + 1 )^l_ 1 ,- 1 1o,o 


1-1 

2 


v TT 1 — ( 2 fc ) y _ i _ iXo,o 


fc=o A - (2tc + 1)1-! ,-iA7,o 
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Now , we shall prove that the relations ([5])- ([8]) hold for (n,m) = (2,2). 


* 2,2 = 


X , 


0,0 


X , 


0,0 


= X , 


1 - X 0 fl Y ltl 1 - X 0 | 0 ( I = ^ fe ) "° M 1 - 2 Xo , 0 F _ 1 ,_ 1 - 

-1 + (2 k + l)A 7 "o,oh'-i ) _i 


1 - Xo.olhp-l 


2-2 

2 


Ao.n 


k = 0 


-1 + (2k + 2)A"o,oh'_i j _i 


^2,2 = 


In 


0,0 


Yr 


0,0 


1 - Ip, 0 ^- 1 ,-! 

1 - Y 0 t 0 x ltl 1 - y 0 ,o( 1 _^-V 00 ) * 0Ml - 2 V-W 


= Yc 


5 »«n 


k = 0 


-1 + (2k + 1)F 0 ,oAAi,-i 
-1 + (2k + 2)y 0 ,o^-i,-i 


Moreover ,We shall prove that the relations (|5|-([8]) hold for (n,m) = (1,2) 
and (n, m) = (2, 1). 


Ah , 2 = 


A _ 


1,0 


Y \ .2 = 


A 2> 1 = 


1 - A_ 1)0 r 0 ,i 


A'-.ofl 


1 - ( 2 fc ) A _ 1 , oFo , 1 
fc L =^ 1 _ ( 2 ^ + 0^0,1 


_ v TT 1 ~~ (2/c)y r _i j oA 0 ,i 


A 0 ,_i 


1 - *0,-!*!, 


1,0 


fc= p 1 — (2fc + l)y_i, 0 A 0) i 


Y TT 1 _ (2/c)A 0 _ihi,o 

Aoi llThr 


Y 2fl = 


k = 0 

* 0,-1 


1 — (2k + l)Ao ) _i*i o 


1 - F 0 ,-iAh, 0 

Now suppose that the relations ([5])-(|8| hold for rri — 1 and m — 2 with 
neN. So we have , 


An,l — A n _2,-1 JP Z 


1 — (2A))A n _2,-l*n-l,0 


Ah-2,-1 


jt 1 — (2 k + l)A n — 2 ,_ iF n — 1,0 1 — A n _2,-iF n - 


k = 0 


1,0 


*;,i = 


Yr 


n - 2,-1 


1 — 2,-1 A n _ 


1,0 


Ah , 2 — X„- 2 ,o( 


1 — Xn_ o n Y 


n— 2,0-* n— 3,— 1 


1 — 2A„_ 2) o*h-3,-i ' 


*n, 2 — *n-2,o( 


1 — *n— 2,0 A^n— 3,-1 

1 — 2Y n -2, 0 A n _ 3 ,-l 


) 
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Now we try to prove that relations (§-(§ hold for m = 1 with n + 


X 


ra+2,1 


X n ,_! 




ra+2,1 


1 X n) _iXiH 1-1,0 

jV 1 

1 Xi,— l-Xn+1,0 


_ jr tt 1 — (2/c)X n _iXi+i,o 

n '- 1 ^l-{2k + l)X n ,. 1 Y n+1 , 0 


k = 0 


l-i 

2 


n +r 


1 — (2/c)X r)j _iX n _)_i i o 


k = o 


1 — (2 k + l)X rii _ 1 X n+1]C 


Now we try to prove that relations (|5])-(j8]) hold for m = 2 with n + 2. 

y X n 0 X n 0 

A n+2 ,2 = 7 7 ^x 7 = : - , Yn-i-! : 


1 X n)0 Xi+i,i i X ni Q{ 1Yni _ iXnQ> 

1 — (2 k + l)X n0 Xi-i,-i 


2-2 

2 


_ X n)0 (l — Y n _i _iX n)0 ) _ -pi- 1 — 

1 - 2X n _, _!X n n “ n,0 -W73 


X 


X 


k=0 

2-2 

2 


1 — (2fc + 2)X nj oXi-i,-i 


ra + 2,2 


ra ,0 


1 — Xi,0-^ra+l,l k=Q 


Xi,0 JJ , _ 


1 — {2k + l)X n ,0^ra-l,-l 


1 — (2 k + 2)Xi,o-X n _i i _i 


Finally , we suppose that relations ©-© hold for 7i, m £ N . We shall 
prove that relations ([5])-(|8]) hold for n, m + 2 6 N . 

From Qwe have 

y 

V- _ ^ n—2,m / n \ 

A n ,rra+2 — 7 77 77 l y J 


1 _ y y 

y '-n—2,m 1 n— l,m+l 


There are four cases : 

(1) If n > rn + 2 and m even 


X 


x„_ 


n,m+ 2 


n— 2,m 


1 Xn— 2,mYn— l,m+l 


m — 2 
2 

X n — m —2fi ]^[ 

k=0 


1 (2fc+ l)^X n _ m _ 2,0 Vn—m— 3,-1 

1 (2fc+2)X n _ m _2,0^n-m-3,-l 


m — 2 
2 

1 2,0 n 

k=0 


1 (2fc-|- l)X n - m -2,oX n - m -3 ; -i ~\ /y I I 1 (2fe)y n — m— 3,-1 X n —m— 2,0 

1— (2fc+2)X n _ m _2,o^n-m-3,-i '' n—m— 3,-1 11 1— ( 2 /c+l)y n _ m _ 3 ) _iX n _ m _ 2 ,o 

k=0 


m—2 

2 

X n —m— 2,0 rr 

k = 0 


1 (2fc+ l)^X n _ m _ 2,0 Vn — m — 3,-1 

1 (2fc+ 2)X n _ m _ 2 , 0 yn-m-3,-l 


1 - 


X n — m — 2, 0 Vn — m — 3, — 1 
1 (m+ 1) Xn—m — 2,oY n — m — 3,-1 


m 

2 


Xu— m — 2,0 


n 


fc =0 


1 — {2k + l)X n 

—m— 2,0^ ra— rra— 3,— 1 

1 — {2k + 2)X n _ m _ 2j oXi— rra— 3,-1 
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(2) If n > m + 2 and m odd 


X, 


X„_ 


n,m+ 2 


n— 2,m 


1 X n—O mYr* — 


n—2,m * 71—1,771+1 


m — 1 
2 

X n _ m _3 i _i n 
k = 0 


1 (2A:)X n _ m _3 ) _i 1+ 

— m — 2,0 

1 (2fc+l)X n _ m _3 j _iy n _ m _2,0 


m— 1 
2 

k=0 


1— (2L)Xn_ m -3,-i1"n 

— m — 2,0 \ / 'y/' 

l-(2fc+l)-Y„_ m _ 3 ,_iF„_ m _ 2 ,o 1 1 1 n-m-2,0 


m—1 

2 

n 

k = 0 


1— (2k+l)Y n 

— m — 2, oX 

n — m — 3,-1 \ 

1 — (2fc + 2)Y„_ m _2,0 J Yn-m-3,-l ' 


m — 1 
2 

Xn—m—3, — 1 U 
k=0 


1 (2Jz)X n — m-3,-l^n — m — 2,0 
1 (2fc+l)X n _ m _3 j _iy n _ m -2,0 


-^n — m — 3 . — 1 Y n — 


1 * n — m — 2,0 


1 (77l+l)-X n _ m — 3,_ ±Y n — m _ 2,0 


= X 


n—m— 3,-1 


m+l 

2 

n 


1 (2fc)X„_ m _ 3) _ 1 l n-m_2,0 


+ i — (2/c + i)x n _ m _ 3 _ 1 y n _ m _ 2 ,o 


k = 0 


(3) If n < rn + 2 and m even 

By symmetry , using ([ 7 ]) and ([8]) , we can prove it like part (1) . 

(4) If n < rn + 2 and m odd 

By symmetry , using ([?]) and ([8]) , we can prove it like part (2) .. 


Y r 


Vn- 


n,ra+ 2 


n—2,m 


1 -^n— 2,m -^"n— l,77i+l 

We can do that by the same way in proving equation (J9]) 


□ 


Proposition 1. We have the following properties for the solutions of 
system Q : 


(1) 

If 

m 

even and X n 

,— 771,0 “ 

= 0 , then X n>m = 

= 0 


(2) 

If 

m 

odd and X n _ 

-m, 0 

- 0 , then Y n m 


-771—1,-1 • 

( 3 ) 

If 

m 

even and Y n . 

- rn , 0 — 

= 0 , then Y, hm = 

0 . 


( 4 ) 

If 

m 

odd and Y n _ 

m, 0 

0 , then X H} m 

X n . 

-771—1,-1 

( 5 ) 

If 

m 

even and X n 

—m—1, 

_i = 0 , then Y n . 

m 

^n— 771,0 

(6) 

If 

m 

odd and X n _ 

-771—1,- 

-l — 0, then X n . m = 

0 . 

( 7 ) 

If 

m 

even and Y n _ 

-771—1,- 

_i = 0 , then X n 

m 

Y 

n — 77i,0 

(8) 

If 

m 

odd and Y n _ 

771—1,— 

i=0, then Y n , m 

= 0 
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Proposition 2. We have the following properties for the solutions of 
system Q : 


(1) 

If 

m 

even and A 0 . n _ m - 

= 0 , then A m>n = 

= 0 


(2) 

If 

m 

odd and A 0 , n _ m = 

= 0 , then Y m , n = 

F_ 

1,77—771—1 • 

(3) 

If 

771 

even and W,n-m = 

-- 0 , then Y m , n = 

0 . 


(4) 

If 

771 

odd and Y 0>n _ m = 

0 , then X m ^n 

X_ 

-1,77—777—1 

(5) 

If 

m 

even and A"_i jn _ m 

-i = 0, then Y m 

,71 ~ 

- V 

1 0,77—rn 

(6) 

If 

771 

odd and X_ 1:n _ m _ 

i = 0, then X m j 

7 

0 . 

(V 

If 

m 

even and 

_i = 0 , then X m 

,77 ~ 

_ y 

0,77—771 

(8) 

If 

771 

odd and Y_ l n _ m _ 

i=0, then Y rn>n 

= 0 . 


Remark 1. If we take into account the one dimensional case of system 
Q we have a partial difference equation in the form 


X 


n,m 


X-n—2,m—2 


1 -^-n— 2,m-2-^n— l,m—l 


( 10 ) 


We can see that the closed form solution of equation(flo| is given ,from theo- 
rem ([TJ) , hy the following corollary . 


Corollary 2. Let {A^ m }^ m= _ fc he a solution of equation (10) with initial 
conditions X n 0 , X n _i, X 0 m , X_y m , where n,m G N 0 , N 0 = N(J{0} . Suppose 
X_i im _ 2 A " 0 m _i yf 1 ,X n - 2 ,-iX n -ifi 7 ^ 1 . Then, the form of solutions of 
equation ( 10 ) ,for n, m > 1 and n> m , are as follows: 


X 


71,771 


X 


771,77 


( 








m — 2 


X n— 777,0 

yj —l+(2k+l)X n -m,oXn-m-l,-l 

, l J r(2k J r 2)X n .-m,oX ri - rn -i i -i 5 

k= 0 

m 

even. 

Y 

^ 77-777—1,- 

1 T 1 (2fc) X n — m — 1, — lXn — m,0 

m 

odd ; 

A A 1 — (2k-\-l)X n -m-l,-lXn- rrii 0 5 
k= 0 

Y 

^ — 1,77— 171- 

m — 1 

1 I 1 (2k)X— l,ri — m — 1^0,n — m 

m 

odd ; 

1 — (2Hl)^-l,n-m-1^0,n-m ’ 

k= 0 

Xq ,77—777 

1 r 1 + (2ZC+ 1)^0,71 — 771^—1,71 — 771 — 1 

1 — l + (2/c+2)Xo,n — m,X— l,n — m — 1 5 

m 

even. 


Proposition 3. We have the following properties for the solutions of 
equation Q: 
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(1) 

If 

771 

even and X n _ m 0 = 

= 0 , then X n m = 

-- 0 . 

(2) 

If 

m 

odd and X n _ mfi = 

0 , then X n , m 

Y 

yv n—' 

(3) 

If 

771 

even and X n _ m _y 

_i=0, then X U) 

m - 

(4) 

If 

m 

odd and 

i=0, then X njTn 

= 0 

(5) 

If 

m 

even and X 0n _ m = 

- 0 , then X m n 

= 0 . 

(6) 

If 

771 

odd and X 0:n _ m = 

0 , then X m>n = 

X- lt 

(V 

If 

m 

even and AAi jn _ m . 

_i=0, then X m 

,n - 

(8) 

If 

m 

odd and X_ hn _ m _ 

i=0, then X rnn 

= 0 


Remark 2. If we put n — m in system (|4|) we have a system of ordinary 
difference equations in the following form 


X„ = 


X n - 2 


i-x n _ 2 y n _i’ 


K = 


Y n _ 


n— 2 


1 — Y n - 2X n -\ 


( 11 ) 


Corollary 3. Let {X n ,Y n }™ = _ k be a solution of system (11) with initial 
conditions X 0 , X_i,Y 0 ,Y_i . Suppose X_{Y 0 ^ 1 ,andY_iX 0 / I Then, the 
form of solutions of system (11) ,for n > 1 are as follows: 


n — 2 
2 


v TT — l+(2fc+l).Yo1'-i 

A 0 II Z| 


X n — 


k = 0 

n — 1 
2 


i+(2fc+2)x 0 y_ 1 ’ n ’ even 


y TT l-(2fc).Y-iT' 0 ii 

11 i-(2fc+i)x_ir 0 ’ n ’ 


n — 2 
2 


-i+(2fc+i)y 0 x_ 1 


W = 


lo El -l+(2fc+2)l r 0 -Y-i ’ n ’ et,en 

fc =0 


k=0 


n — 1 
2 


y i TT 1 ~( 2 fc ) y ’-i A 'o n odd 
i- 1 || i_(2fc+i)y_ 1 x 0 ’ ’ u 


k=0 


Remark 3. If we put X = Y in system (|IIj) we get an ordinary difference 
equation in the form 

( 12 ) 

-L — A„,_2A n _i 

We can see that the closed form solution of equation (JX2J) is given ,from corol- 
lary^ , by the following 


n — 2 
2 


Xo n r 


X„ = 1 


k = 0 

n — 1 
2 


1 -T- (2 /c-|- 1 ) Xo X— i 

— — ' — — - T) PVPT)’ 

l+{2k+2)X 0 X- 1 ’ L ’ 


y TT l-(2fc)X_iA" 0 jj. 

11 l-(2fe+l)X_iX 0 ’ 11 


k = 0 


where n G N , and X_iX 0 7^ —1 .We can easy see that if n even ("or oddj and 
X 0 = 0 then X n = 0(X n = X_\). Also if n even (or odd) and X_i = 0 then 
X n = X 0 (X n = 0). 
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2.2 Form of Solutions when (o, ( 3 ) = (1, 1)&(7, £) = (1, —1) 

In this case we have the system 


-X-n.m. 


Xn— 2,m— 2 


1+X n 

— 2,m— 2^ n— l,m— 1 


Y = 

1 n,m 


Y n —2,m—2 


1 Y n — 2,m— 2-^-n— X,m— 1 


(13) 


Theorem 4. Let {A+ m , ^n,m}^° TO= _fe be a solution of system (13) with 
initial conditions X nfi , X n _ 1: A 0>m , X_ hm , Y nXh Y n _ 1; Y 0>m , Y_ 1>m where n, m E 
N 0 , N 0 = N(J{0} . Suppose X_i im _ 2 Fo, m -i + -1 ,X n _ 2 ,-iW-i,o 7 ^ - 1 - 
F_i jm _ 2 A 7 "o !m _i 7 ^ 1 ,Tn- 2 ,-i^n-i,o 7 ^ 1 ■ Then, the form of solutions of system 
( 13 ) ,for n, m > 1 and n > m , are as follows: 




Y 


m + 1 ) 


m odd ; 

(1+ X n — m— 1 , — 1 ^n — m,o) ^ 

■l)^;_ m ,o(-l + A;_ m / n _ ra _i r i)L m even ; 


ra+1 

( 1) ^ — m — 1, — 1 


y = 

1 n,m 


m + 1 5 


m odd; 

m,o(l H - m,0^m— m—1,—1 ) 2 5 ^ CVCTl , 


l.n — m— 1 


V" 


ra +1 5 


_ m odd; 

( 1 + ^ 

< l) 2 -^-0,n— m( 1 “h -^0,74— mY— l,n— m— l) 2 5 ^ CVCTl , 


m+l 

( 1) ^ l,n — m — 1 


y = 


m+l > 


^ m odd; 

( l+^-l,n-m-1^0,n-m) ^ 

+),n— m(l + f 0,n— m .X — l,n — m — 1 ) 2 j ^ even, 


Proof. We can prove the theorem by odd-even double mathematical induc- 
tion as in theorem ([Tj) . □ 

Remark 4. We can see that both of proposition (JTJ) and proposition (J2]) 
hold for the solutions of system (13) included in theorem Q . 


Remark 5. If we put n = m in system 
difference equations in the following form 


X n - 2 

n i + x : n _ 2 y n _!’ 


Y n = 


we have a system of ordinary 
Yn ~ 2 (14) 


1 — W_ 2 X n _i 


We can drive the formulas for solutions from theorem Q in the following corol- 
lary . 


Corollary 5. Let {X n ,Y n }% 3 __ k be a solution of system (14) with initial 
conditions Xq, A_i, 1+ Y_\ . Suppose A_i Y 0 ^ — 1 y and Y_\X 0 + 1 Then, 
the form of solutions of system (14) ,for n > 1 are as follows: 


A'_i 


X n = 


(l+A-iYb) 


n+1 


; n, odd 


(-1) 2 A 0 (— 1 + A 0 T_i) 2 ; n, even 


Y n = 


n+1 

— n, odd 

(-1+V-iXo) 2^ 

+o(l + Y)X- 1 ) 2 ; n, even 
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2.3 Form of Solutions when (a, (3) = (1, 1)&(7, £) = (— 1, 1) 

In this case we have the system 


v X n —2,m—2 

An ’ m — 1 i Y V ’ 

-L i -A-n— 2,m— 2 n— l,m— 1 


Y = 

1 n m 


Yn—2,m—2 


‘1 H“ 2,m— 2-^-n— l,m— 1 


(15) 


Theorem 6 . Let {X ntTn , T„, m }^ 0 m= _ A . be a solution of system ( 15 ) with 
initial conditions X nj0 , X n _i, X 0iTn , X_i jm , T n> -i, F 0 , m , T_i, m where n, m E 
No , No — N(J{ 0 } . Suppose X_i }rn _ 2 Yo,m-l 7 ^ ~~ 1 )^n- 2 ,-l^n-l ,0 7 “ — 1 J 
y_i )m _ 2 ^o,m-i 7 ^ 1 ,T „-2 _iX n _i i0 7 ^ 1 . Then, the form of solutions of system 
( 15 ) ,for n, 77 i > 1 and n > m , are as follows: 


m — 1 

^ ^r, m = 4 K + 1; 

(1+ X n — m— 1, — 1 ^n — m,o) ^ ( 1H" — m — — 1 — m.,0 ) ^ 


X-n.m < 


y = 

1 n.m 


m — 2 

( 1 ) ^ X n — m,0 ( l~h^n — m,oYn — m — 1 , — l) 

m +2 5 

( — m.oYn — m — 1 , — l) ^ 

m +1 

( 1 ) 4 -Xn — m — 1 , — 1 

m +1 

( 1 + X n — m— 1 , — l^n — m,o) 4 (l - ! - X n — m— 1 , — 1 ^n — m,o) 

rri m 

( 1 ) X n — m,0 ( 1 + X n — m, 0 ^ 7 i — m — 1 , — 1 ) 


/ m — 1 m— 1 

( 1) 4 ^n — m — 1, — 1 ( 1+ 2Yn-m-l , — lXn — m,o) 4 

( 1 + ^71 — 771 — 1 , — 1 -Xn — 771 , 0 ) ^ 

(-l)^F n - m ,0(-l + Fn-m, oA+_ m _ 1 ,_ 1 ) I2 f a 

•(1 + ^n-m,0^n-m-l,-l) 4 j 

m+1 m+1 

( 1) 4 ^n — m — 1, — 1 ( l+2y n - m -i,-iX n -m,o) 4 

m+1 1 

( 1+ Y n — m — 1 , — 1 -Xn— m,o) ^ 

(-i)?y n _ m , 0 (-i + y n _ m>1 0 x n _ m _ 1 ,_ 1 )f 

• (1 + Y n —771, 0 X n 

—771— 1,-1 ) 4 5 


777 = 4/1 + 2; 
tfpft, 777 = 4/1+3; 


777 = 4/1 + 4; 
777 = 4/1 + 1; 

777 = 4/1 + 2; 
777 = 4/1 + 3; 

777 = 4/1 + 4; 


m — 1 

( 1) ^ ^— 1,77 — 777 — 1 


m = 4i^ + 1; 




. .a +3 m — 1 

(1+ -X_ 1 ,77 — m — 1 ^0,77 — m ) 4 ( 1+ l,7i— m — 1^0,71 — m) 
m — 2 m 

( — 1) 4 ^0,71 — m{— 1+^0, 7i — mX— l,7i — m — l) /) /X I O- 

m+2 i i - 

( 1+ 2Xo,7i-m^-l,n-m-l ) 4 

m+1 

(-1) 4 X — 1,71 — m — 1 _ /I 7>- . O. 

7^+1 m+T ~ i "l — ^ V O, 

( 1+ X— 1 7 i — m — 1^0, 7i — m) 4 (1+ l,7i — m — 1^0,71 — m) 4 

m m 

( 1) -X(),n— m( 1 + Xq ^n — mX'—l ,n—m — l ) ^ 

, T 71 * 

( — 1+2Xq , n — mX— l,7i — m — l) " 4 " 


y = 

- 1 777.77, 


m — 1 m — 1 

( 1) 4 ^ / — l,7i— m— 1 ( 1+2Y-1 ,ti — m-1^0,71 — m) 4 

? 

( 1 + ^ / — l, 7 i— m— 1 ^ 0 ,n— m) ^ 

f v m +2 . s m — 2 

v 1) 4 To, n _)n( 1 + 1 0,n— — l,n— m— 1 ) 4 

•(1 + fo,n-m-^-l,n-m-l) 4 > 

m +1 m +1 

( 1 ) ^ ^ / — l, 7 i— m — 1 ( 1 + 2Y— 1.77 — m — 1 ^ 0,71 — m) ^ 

1 ’ 

( 1 + l, 7 i — m — 1 -^ 0 , 7 i — m) ^ 

(-i)f y 0 „(-i + y 0 , n _ m x_ 1 ^_ m _ 1 )T 

•(1 + io,n-m^-l,n-m-l) 4 j 


777 = 4/1 + 4; 
777 = 4/1 + 1; 

777 = 4/1 + 2; 
777 = 4/1 + 3; 

777 = 4/1 + 4; 
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where k = 0,1, 2, 3. 


Proof. We can prove the theorem by piecewise double mathematical induc- 
tion as in theorem ([Tj) . □ 

Pro pos ition 4. We have the following properties for the solutions of 
system (15) : 


(1) If m even and X n _ mX) = 0 , then X n/rn = 0 . 

(2) If m odd and X n _ mfi = 0 , then Y n>m = ±Y n _ m _i_i . 

(3) If m even and Y n _ mj0 = 0 , then Y n , m = 0 . 

(4) If m odd and Y n _ mfi = 0 , then X Hjm = X n _ m _ X -\ ■ 

(5) If m even and X n _ m _ x _ x = 0 , then Y n , m = ±Y n _ mfi . 

(6) If m odd and = 0, then X nm = 0 . 

(7) If m even and Y n _ m _ i_i = 0 , then X n _ m = ±X n _ mfi . 

(8) If m odd and = 0, then Y n . rn = 0 . 

Pro pos ition 5. We have the following properties for the solutions of 
system (15) : 


(1) If m even and X 0;n - m = 0 , then X m>n = 0 . 

(2) Ifm odd and W 0 ,n-m = 0 , then Y m , n = ±Y_ • 

(3 ) If m even and lo,n-m = 0 , then Y m ^ n = 0 . 

(4) Ifm odd and Y 0 , n _ m = 0 , then X m , n = X_ l . n _ rn _ x . 

(5) Ifm even and X_ l ^ n _ m _ 1 = 0 , then Y m ^ n = ±F 0 , n -m ■ 

(6) Ifm odd and X_i^ n _ m _i = 0, then X mn = 0 . 

(7) Ifm even and YL = 0 , then X m , n = ±X 0 , n - m 

(8) Ifm odd and Y_ = 0, then Y m ^ n = 0 . 


Remark 6. If we put n = m in system ( 15 ) we have a system of ordinary 
difference equations in the following form 


X n _ 2 

n 1 + X n _ 2 Y n _! ’ 


Y n = 


Y 


n — 2 


— 1 + Y n _2X n _i 


(16) 


We can drive the formulas for solutions from theorem (|6]) in the following corol- 
lary . 
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Corollary 7. Let {X n , Y n }™ = _ k be a solution of system (16) with initial 
conditions X 0 , X_i, Y 0 , V_i . Suppose X_iY 0 —1 ,a nd Y_\X (i ^ 1 Then, 
the form of solutions of system (16) ,for n > 1 are as follows: 


X n = 




(-l)^X-! 

n +3 n — 1 ? 

(l+X_iYopr(-l+X_iY 0 )~*~' 

(_!) — A- 0 (-1+.YqY-i)? 

re+2 5 

(-l+2X 0 Y_i)Tr 

n+1 

( 1) ^ X— ! 

n+1 n+T" 5 

(- 1+X_ 1 Y 0 ) -T- (1+X_ 1 Y 0 ) -r- 

(-IjfXol-l+XoY,!)? 

(— 1+2X 0 Y_i) 2 ’ 


n = 4/1 + 1; 
n = 4 K + 2; 
n = 4/1 + 3; 
n = 4/1 + 4; 




/ 




n — 1 1 

(_l)^y_ l( _l + 2y_iXo)- 


(-i+y_iX 0 ) 


rr + 1 
',-2 


n+2 


(-l)^Fo(-l + +o^-i)^(l + YoX.jH 

n+1 n+1 

(-l+Y_iX 0 )^ ’ 

(-l)tl'o(-l + y 0 X_ 1 )?(l + YoX.^ 


n = 4 K + 1; 
n = 4 K + 2; 

= 4/1 + 3; 
n = 4/1 + 4; 


where k = 0, 1, 2, 3 
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TWO-DIMENSIONAL CHLODOWSKY VARIANT OF 
g-BERNSTEIN-SCHURER-STANCU OPERATORS 

MEHMET ALI OZARSLAN AND TUBA VEDI 


Abstract. In this paper, two-dimensional Chlodowsky variant g-based Bernstein- 
Schurer-Stancu operators are introduced. Korovkin-type approximation theo- 
rems in different function spaces are studied. The error of approximation by 
using full modulus of continuity and partial modulus of continuities are given. 
Moreover, we introduce a generalization of our operators and investigate its 
approximation in more general weighted space. 


1. Introduction 


It was Chlodowsky [3] 
ators as 

C n (f;x) 


who introduced the classical Bernstein-Chlodowsky oper- 



where the function / is defined on [0, oo) and {&„} is a positive increasing sequence 

with b n — > oo and — — » 0 as n — » oo. 
n 

In 2008, the g-analogue of Chlodowsky operators were introduced and investigated 
by Karsh and Gupta [8] as 


n +P / r. 1 

Cn{f;q-,x ) = '52f(j-A 

k = 0 ' ‘ 

where { b n } has the same property of Bernstein-Chlodowsky operators. 

On the other hand, the g-Bernstein-Schurer operators were defined by Muraru [9], 
for fixed p € No and for all x G [0, 1], by 


n + p 
k 


n 


On 


0 < x < b n 


( 1 . 1 ) 


n+p 


k - 0 



n+p 

k 


n-\-p—k— 1 

n 

s = 0 


(l- g s x). 


Note that the case q — > 1” in (1.1) reduces to the operators considered by Schurer 
[12]. Then, some properties of the q-Bernstein-Schurer operators were given in [13]. 
In 2013, the q-analogue of Bernstein-Schurer-Stancu operators S%’Jj : C [0, 1 + p] — » 
C [0, 1] were introduced by Agrawal, et al in [4] by 


n+p 

(i.2) s&fl (/;«;*) = £/ 

k = 0 


[k\ 


+ P 


n+p 

k 


n+p— /c— 1 

n (1 - q s 

s—0 


Key words and phrases. ^-Bernstein operators, Chlodowsky operators, Chlodowsky variant of 
^-Bernstein-Schurer-Stancu operators, weighted space, modulus of continuity. 

2010 AMS Math. Subject Classification. Primary 41A10, 41A25; Secondary 41A36. 
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where a and /? are non-negative numbers which satisfy 0 < a < ft and also p is a 
non-negative integer. Notice that, if we choose a = ft = 0 in (1.2), S^fip 3 ^ ( f',q;x ) 
reduces to the classical g-Bernstein operator [10]. 

Recently, C'hlodowsky variant of g-Bernstein-Schurer-Stancu operators were intro- 
duced by the authors in [14] as 


n+p 

(1.3) (/;«;*):=£/ 


k = 0 


/ [k] + a 

V M + P 



n+p 

k 



where n € N, p G No := {0} UN, 0 < a < ft, 0 < x < b n and 0 < g < 1. If 
a = /3 = p = Oin (1.3), we get the operators C n (f;q;x) and if q — > 1“ and 
a = (3 = p = Oin (1.3), we get the operators C n (/; x). 

In 2009, Buyiikyazici [1] defined the two-dimensional g-Bernstein-Clrlodowsky poly- 
nomials as 


k= 0 j — 0 



bl 


~Pn 


— I n fc . 


Pr, 


where k,n,q n (u) 


n 

k 


n—k—l 


u k n (i 

s=0 


g® ) and investigated its approximation prop- 


erties on the rectangular unbounded domain. 

On the other hand, Buyiikyazici and Sliarma [2] defined the two-dimensional q- 
Bernstein-Chlodowsky-Durrmeyer operators on the rectangular unbounded domain 
and derived the Korovkin type approximation properties. They also computed the 
order of convergence by means of the modulus of continuity and then examined the 
weighted approximation properties for these operators. 

In the present paper we consider the two dimensional Chlodowsky variant of q- 
Bernstein-Schurer-Stancu operators. Some of the results about the operators Ciijf 1 (/; g; x) 
defined in (1.3) will be useful in our investigations. For instance, the first three mo- 
ments first three moments of the operator C^p 13 ^ (/; g; x) are as follows [14]: 


Lemma 1.1. Let C^p 13 ' 1 ( f~,q;x ) defined. Then the first few moments of the oper- 
ators are, 


(*) C ( nJ 3) (1; g; x) = 1, 




(m) Cn,p (t 2 ; g ; x )=~ { [n + p- 1] [n + p\ qx 2 

m + P) 


+ (2a + 1) [n + p] b n x + a 2 b 2 } . 

Before proceeding further let us recall that the some basic definitions of g-calculus. 
The g-integer of k € R is [7] 


( (l-q k ) /(1-q), q?l 

\ k , q = 1, 
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the (/-factorial is defined by 


[k]'- = 


[k] Q [k- 1L...[1L, As = 1, 2, 3 


1 


k = 0 


and (/-binomial coefficients are defined by 


Ng ! 


J 4 


[n — As] ! [As] ' 


The organization of the paper as follows: 

In section two, the two dimensional Chlodowsky variant of ( 7 -Bernstein-Schurer- 
Stancu operators is established and the first few moments of the operator is given. 
In section three, some Korovkin-type theorems in different function spaces are stud- 
ied. In section four, we obtain the order of convergence of the Chlodowsky variant 
of q-Bernstein-Schurer-Stancu operators by means of the first modulus of continuity 
and partial modulus of continuity. In section five, we study the generalization of 
the two-dimensional Chlodowsky variant of q-Bernstein-Schurer-Stancu operators 
and seek its approximation properties in more general weighted space. 


2. Construction of the operators 
Let {a„} and {b m } be increasing sequences of real numbers satisfying 

lim a n = lim b m = 00 . 

n— > 00 m— > 00 

Let, D anj b m denotes 

(2.1) D a n ,b m = {(x,y) '■ 0 < x < a n , 0 < y < b m j . 

For (x,y) £ -D a „, 6 m ) we construct the two dimensional Chlodowsky variant of q- 
Bernstein-Schurer-Stancu operators as 


ct ml (/; In, q m ; X, y) 


1,p 

n-\-p m-\-p 


(2.2) := £ £ / I 


M. 


k — 0 j = 0 


n \q n + P ’H gm +/3 


$ 


fc,n,g„ 


X I 

— $ 


n + p 
k 




n-\-p—k— 1 


n “ q n Z )• 


where n G N, p € No := {0}UN, 0 < a < /3. &k,n,q n (z) = 

L J <Zn s =o 

We also let 0 < q n < 1 (n € N) for the positivity of the operators. It is easy to 
show that d& P) (f;q n ,q m ',x,y) is a linear and positive operator. 

Now, we start by giving the following lemma which will be used throughout the 
paper. 

Lemma 2.1. Let C^m}p{f',qn,qm',x,y) be given in (2.2). Then the first few mo- 
ments of the operators are, 

(i) Cn,m,p (1? Qri , qm', X, y ) = 1, 


(aa\ m( a ’P) 

) K ~'n,m,p 


(fT,q n ,q m ',x,y) 


\ n +p]q n X + aa n 

+ p 
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(m) c4“m,p ( h ; q n , q m ; X , y ) 


[m +p] Qm y + ab m 

[™]q m + P 


(iv) Cn,m,p (t± A ^2? Qm Qm\ X , y^j 


1 -^{[n + p- 1 ] qn [n + p \ qri q n x 2 + { 2 a + l )[ n + p \ qn a n x + a 2 alj 


(N gm + P) 


{ [ m + p - l] 9m [to + q m y 2 + (2a + 1) [to + p] gm + a 2 b 2 m } 


Proof. Using Lemma 1.1 and the linearity of the operators, the proof is easily 
obtained. □ 


3. Korovkin-type approximation theorems 

In this section, Korovkin-type approximation theorems are given for the two 
dimensional Chlodowsky variant of q-Bernstein-Schurer-Stancu operators. For fixed 
v > 0 consider the space C p » which consists of all continuous functions /, satisfying 
the condition 


1/ (x,y)\ < M f p y (x,y ) , (x,y) G [0,oo) x [0,oo) := K+ and p(x,y) = 1 + x 2 +y 2 . 


Clearly, C p v is a linear normed space with the following norm 


sup 

0<x,y<oo 


I / ( x , y ) I 
P v ( x , y ) ' 


The following theorem will be used in the investigation of approximation properties 
of C^p 13 ^ (/; q n , q m \ x, y) in the weighted spaces. 

Theorem 3.1. Let the numbers A and B be any fixed positive real numbers. Let 
Da,b = {(x,y) : 0 < x < A, 0 < y < B}, q := {q n } with 0 < q n < 1, lim q n = 1 

n — »oo 

and {a n } and {b m } be increasing sequences of positive real numbers that satisfy 
the following properties: 

lim a n = lim b m = oo and lim ” = lim j — = 0. 

n— > oo m— > oo n— > oo m —> oo |?7Zjg 

For all f G C(Da,b ), we have 


lim max 

n,ro->oo (x,y)eD AJ 3 


CnTm.p (/; Qn, Qm\ X , y ) - f { x , y ) 


= 0. 
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Proof. Using Lemma 2.1, we get 


{tr,q n ,q m p,-)-x 

c^£\{t 2 \q n ,qm\-,-)-y 


Ci a ^i{l-,qn,qm-,-,-) - 1 
< A 


C(D a .b) 


C(D Ay B) 

[ n +P\o 


= 0 


< B 


'C(Da,b ) 

And again using Lemma 2.1 we have 

( t\ + t\\q n , q m ;-, ■) - (x 2 + y 2 ) = 


+ P 

m+ P]q m 


- 1 


+ 


aa„ 


N Sm + p 


- i 


+ P 

Cxb m 


H, m + P 


x \([n+p + 1] [n + p\ q n - 


+ 


(i n } qrl +p) 

(H« +p) 2 ) 


+ (2a + 1) [n + p] a n x + a 2 


TO 


x | (Jm + p + l] qm [to + p\ qm q m - 
Finally, from the above equality we obtain 
(ti + tl\ q n , - (x 2 +y 


(\™\ qm +p) ^ 


y 2 + (2a + 1) [m + p] b m y + a 2 bl 


C(d A ' B ) 


(h„ + p) 

| [n + p + l] qn [ n + p) qn q n - ([n] qn + 


A 2 + (2a + 1) [ti + p] a n A + a 2 cl 2 


ml 


| [to + p + l] 9m [to + p\ qm q m - {[m\ qm + 


B 2 + (2a + 1) [to + p\ q ^ b m B + a 2 b 2 
Therefore, from the hypothesis of the theorem, we have 

C^p(ti]qn,qm]-,-) ~ x II -> 0 

C ( n ^l(t2-,qn,qm-,-,-) ~y\\ ->■ 0 

\ C ^m}p (*1 + th Qn, Qm ! S ') ~ (z 2 + r) 


C(D a , b ) 

C(D a .b) 

C(Da.b) 


0 


when n and to — > oo. 

Hence, the proof is completed by the two dimensional Korovkin theorem. □ 

In studying Korovkin-type weighted approximation, the following theorem plays 
an important role. 
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Theorem 3.2. (See [6] ) There exists a sequence of positive operators T n ^ m , acting 
from C p (M+) to C p (R 2 +) , satisfying the conditions 

lim \\T n m (1; •, •) — 1|| = 0 

n,m — »oo H 

lim \\T nm (ti;-,-)-x\\ =0 

n,m—> oo 1 

lim \\T n m {t^ •, •) — y\\ = 0 

n,m— kx) 1 

lim ||T n , m (t\ ~ {x 2 +y 2 )\\ a = 0 

n,m—KX) 11 c 


and there exists a function f* € C p for which 


lim \\T n ,mf* 


n\> 


i 

4 


where p = 1 + x 2 + y 2 . 


Now, consider the following operator 

r /~i( a >@) 

T n , m (f;qn,qm;X,y)= | 


( f',q n ,q m -,x,y ) , 

f (x,y) , 


(x,y) € £> ani 6 n 
K\ D °n,bn 


Theorem 3.3. Let f € C p (M+). Then for any 7 > 0 

lim ||T„, m (f-,q n ,q m ; •,■)“/ (')llc i+ =0 

n,m—> 00 ^pi+T 

where {a n }, {b m }, {q n } and {q m }have the same conditions as in Theorem 3.1. 


Proof. For all e > 0, there exist sufficiently large positive real numbers A and B 
such that 


(3.1) (1 + x 2 +y 2 )^<e 

when x > A and y > B. 

Let n, m be sufficiently large so that Da,b C Da n ,b m 
||7n >m (/; q n , q m \ ■> •) — / (')llc p i +7 

Cn?m,p (/; y) - f(x, y ) 

< sup „ . ,,,, 

(x,v)€Da,b (1 + x 2 + y 2 ) 

C { n,£} p (/; q n , q m \ x, y) - f(x, y) 

+ SU P txx 

(x,y)eD ariib n\ D A,B (1 + x 2 + y 2 ) 

Vn^m Vn,m' 

By Theorem 3.1, lim y n m = 0 and for the proof of the second term we have 

rt m . — ’ 


< (l + x 2 + y 2 ) 


Cn,m]p (/j Qn 5 Qm': y) 

1 + x 2 + y 2 


\f{x,y)\ 

1 + x 2 + y 2 


Finally, since / € C p (®+), the term is bounded. Furthermore, because 

of the fact that 


C ( n a ^p{f;q n ,q m -,x,y) 


< 


C ( 

^ n,m,p 


/J) (l + t\ +tl;q n ,q m -,x,y) 
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Lemma 2.1, the term ^ C " ’ m ’ l+ x 2 J ' y ^ is bounded for sufficiently large 


and m. Hence, we get by (3.1) that 


y n ,m < e(! + M ) 

Since e > 0 is arbitrary, then lim J/„ m = 0. This completes the proof. □ 

n,m—> oo ’ 

Now, consider the subspace C p of C p which is defined by 

C»:=(/£C„: lim , l/(x .’ i,)l . =o| . 
p Y p x,y —>0 1 + x 2 + y 2 J 

Theorem 3.4. Let the sequences {q n } , {« n } and, {b m } satisfy the same properties 
as in Theorem 3.1. Then for all f £ C p we obtain 

lim ||T n m (/; q n , q m ^k ') ~ f (')llc = °- 

n,m—> oo p 


Proof. For all f £ C p (R+), observe that 


r \f(x,y)\ n 

bm wy — 2 i 2 = °’ 

1 + X z + y z 


>L „+0 ” 


+ °° 1 , ( 

+ In, 


■)+( 


L>lg m + « i 
™]„ m +p 


Therefore, for all e > 0, we can find sufficiently large numbers A and B such that 
(3.2) \.fY,y)\ <e(l+x 2 +y 2 ) 

for x > A and y > B and there exists natural numbers tiq and Too such that 


[ k ]q n + a [j\q m + “ \ ^ / . , ( l k ]q„ + a 

K+P an, K+P K +/? ( 


\j\q m + Q ; 

+ P 


for all n > no and m > mo- 
Hence, for large n and m, we have 

II T n , m ( f;q n ,Qm', -j •) — / (Olio 

. | Cn.m (/; q m ; 2 /) - /Ou y) I 

< sup — 2 T 2 

(x,y)eD A , B l + x 2 + y 2 

\CYL{fiQn,qm-,x,y)~f{x,y)\_ , 

1 nr>2 \ n,2 % n,m 

(.x,y)eD an , bm \D A , B 1 + z +y 

By Theorem 3.1 it is sufficient to show that z" rn — > 0 as n — > oo. 
Using (3.2) and (3.3), we get 

„ „ , \ C n,m(f;qn,qm\X,y))\ 


n.m 1 ^n.m ' 


Z < £ 
* n,m — c 


sup 

(x,y)eD antbm \DA,B 


1 + x 2 + y 2 


— £ H - £ SUp tn,m(^Qrif Qrm 2/) 

(x,y)eD an , brri \D A , B 


= £ 1+ sup t niTn (q n ,q m ;x;y) 

V {x,y)eD an:bm /D A: B 
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where t n , m (q n ,q m \x;y) := — 1+a . 2 + . y 2 — -• 

By Lemma 2.1, it is clear that there exist K independent of n and m such that 

SUp t n ^misin > qmi X , £/) ^ A. 

(x,y)&D arltbm /DA,B 

Therefore, for n > ?ro and m > mo we have 

z n,m < (1 + K ) s - 

This completes the proof. □ 

4. Order of convergence 

In this section, we compute the rate of convergence of the operators in terms of 
the the full modulus of continuity and partial modulus of continuities. 

Let / € Da,b and x > 0. Then the definition of the modulus of continuity of / 
is given by 


(4.1) 


w(/;<5)= max \f(xi,yi) - f(x 2 ,y 2 )\. 

\J (xi-x 2 ) 2 +(yi-y2) 2 <S 
x,y€C(D A ,B) 


It is known that for any S > 0 we know that 


(4.2) \f(x u y\) - f(x 2 , 2/2)1 <u(f,6) 


\J (®i - x 2 ) 2 + (j/i - y-if 


+ 1 


and its partial modulus of continuies are defined by 

w (1) (/;^) = max max \f (ah, y) - f (x 2 , y)\ 


0 <i/<A \x\ — X2|<<5 


w ( “ } (/;5) = max max \f (x, yf) - / (x, y 2 )\ . 

0 < x<B \ y 1 - y 2 \<6 

Also, for any S > 0 we have 

\f(xi,yi) ~ f(x 2 ,y 2 )\ < w (1) (/, <5) + i^ . 

\f(xi,yi) - f(x 2 ,y 2 )\ < w (2) (/, S ) ^ Vl s V ^ + 1^ . 

Theorem 4.1. For any f £ C(Da,b)> the following inequalities 

(4.3) C^ p {f;q n ,q m ;x,y) - f(x,y) <2 w (1) (/; S m ) + w (2) (/; S„) 

(4-4) Cfyf'l (/; q n , q m \ x, y) - f(x, y) < 2w ^/; yjs 2 m + S 2 ^ 

are satisfied where 
(4.5) 


Si := 


1 


[n + P+ l] qn [n + p] qn q n - ([n] ?n + 


A" + (2a + 1) [n + p] a n A + of a 2 
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and 


(4.6) 

Si ■- 


(M gm + p) 

x | [rn+p+i\ qm [m + p] qm q m - + /?) 

Proof. We directly have, 


B 2 + ( 2 o/, -K 1 ) [771 -I- _p] bmB H- a 2 b 2 


A“m,p (/; Qn, qm ; IT, y) - f(x, y) 

[ fc L + a [?]„+« 


i,m,p 
n-\-p m-\-p 

-EE 

fc— 0 jf— 0 


f I L a 

Eh, +/3 B, K +/3 


bm - f(x,y) 


' a. 


*"a 


q n 1 ^ 

V 7 

Un 


'm 


n-\-p m-\-p 

-EE 

A:— 0 jf— 0 


+ “ b'], m + « \ J fc L+ + 

J I r~i , r™i , o u m | J \ ^ _|_^ c 


K +/3 H- +p 


i,y ) 


[k] +a 


$ 


k,n,q n 


x \ ^ / y , 


By linearity and positivity of the operators, we get 


(/; 9n, 9m; IT, y) - f(x, y) 

[kl + a \j] + a 


,P 

n-\-p m-\-p 

^EE 

/c— 0 j— 0 


/ 


[< +/3 n ’ [ml + /J 


-/( 


[ fc ]q„ + <* 

[«],„ + A 


>y) 


x I — I $ 


n+p m+p 

EE 

/c— 0 j = 0 


[fc]„ + a 

/( r 1 , Q Q n,y) - Z+y) 


N,„ + 0 


$ 


k,n,q n 


&n J V bm, 


til 


n+p m+p / 

<EE- (2) /; 

k — 0 j=0 \ 

n+p m+p / 

+ E E w(1) ( /; 

fc— 0 j— 0 \ 

= ^1 + y) + ^2 {x,y) . 


M, m + P 


b m -y 


$ 


k,n,q n 


-W ( + 


[kl 


[«],„ + P 


a n - x 


<J> 


1 \ I y 

k,n,q n [ — I d>j j7Tlj9m I — 
(, n / \ Pm 
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Using Lemma 1.1 and Caucliy-Scliwartz inequality, we have 


Ui (x, y) 

n-\-p m-\-p / 

££- (2) / 

k= 0 j- 0 V 

m+p / 

£ w(2) ( /; 

1=0 V 


til 


M q m + P 


bm-y 


$ 


k,n,q n ( I &j,m,q„ 

tin 


til 


m] qm + P 


b m -y 


<t> 


< c ^ 1 + — 

0m 


v p 

V m l m +P 


- 

1/2 T 

(£) 

J 


Finally, using Lemma 2.1, we get 

(4.7) fii (a;,y) < 2w (2) (/;<5 m ) 


where we choose (5 m as in (4.6). 
In the same way, we obtain 


(4.8) 


^2 (x,y) < 2w (1) (/;£„ 


where S n is given in (4.5). Combining (4.7) and (4.8), we obtain (4.3) . 

Now, by using linearity and the monotonicity of the operators, and taking into 
account (4.1), we have 


Ctml (/; Qn, qm', x, y) - f{x, y) 


n-\-p m-\-p 

^ w I 

k—0 j— 0 


( i k }q n + a 


a n - x ] + 


n-\-p m-\-p 

^££ 

k — 0 j — 0 


f,[ k ln +a „ ti]q m + a 


[nl+p an, [ml+P 


ti ] q m + Q 
, H 9m + P 

b m ) - f(x,y) I $ 


On 


k,n,q n 


X \ ^ 
— $,■ 


l 


n+p m+p 


^ 1 + a £ £ w(/; 


/c— 0 j=0 


/ i k }q n + a 


a n - x\ + 


ti]q m + ^ 

+ P 


bm-y ) 


(4.9) 

*&k,n,q n 


- W f 

Un / V b. u 


Using (4.2) and the Caucliy-Schwartz inequality, we get (4.4). 


□ 


Theorem 4.2. Let f(x,y) have continuous partial derivatives df/dx and df /dy, 
let^ifx ', .) andui 2 (f y ; .) denote the partial modidi ofdf/dx anddf/dy, respectively 
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on Da,b- Then the inequality 


(/; In, q m \ X, y) - f(x, y ) 


< N 


M 


'Pi 


+ P 

l m +P\q m 


A + 


aa n 


+ P 


- i 


B 


\ 

cxb m 

[™L + P , 


+ 2 


c (1) ( df A 
5 n tjJ y I 


+ 2 


r (2) I d f r 

dy 


where S n and S m are the same as in Theorem f.l and 
Da,b ■ 

Proof. By the mean value theorem, we can write 

/ [ k \n+ a til- + « 


< N, 


< M on 


/ I Ll 9 " , o a TTTp 2 T Tjbm I - f{x,y) 


K +P an, [m] q + /T 


= f 


J q n ' ^ L’ J q. 

[ fc L + « 


[«L + P 


y ~f(x,y) + f 


\P\q n + a [?]+' 


[nl + P N+/3 


1 9 ’ 


[/c] 0 +a 


K +/? 


an, 2/ 



+ ' 

d/O^y) , 

+ a \ 

df(ipi,y) 

df(x, y) 

VHn 


ax + 

v K„+/3 a " V 

dx 

dx 


+ l 

(4.10) 

X 


Wqm +a u \ 9f(x,y) ( \j]q m + 1 


M, m + P 


bm - y 


dy 


+ P 


bm-y 


df(x,ip 2 ) df(x,y) 


dy dy 

for any fixed y G [0, B] and a; € [0, A], where 


x < tp 1 < 


[ fc ]q„ + a 

[«],„ +P ( 


and 


y < ip 2 < 


+ « 

M, m + /? 


b 


m • 


456 


OZARSLAN et al 446-461 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


12 M. A. OZARSLAN AND T. VEDI 

Applying the operator ( f;q n ,q m ;x,y ) to (4.10) 


(/; 9n, q m -, X , y) - fix, y) 

d * hk\w«. + (t ) 

n-\-p m+p 

+ EE 

k—0 j — 0 


$ 




/MM 


dfiipx,y) 

dfix, y)' 


+ /3° n X ) 

dx 

dx 


x 4> 


k,n,q n 




n+p m+p 

EE 


9 fix, y) Z' \j]g m + a , \ T IX 


dy t»U\ [ TO E+/ ?5m U j V 6. 


+ I r_l , a^m V 


X $ 


k=0 j=0 \ L1 Q 
X 


M 0m + £ 


d f{x, ip 2 ) dfix,y) 


dy 


dy 


k,n,q n 


CL r 


$ 


0 ,m,q n 


y 


Hence, taking 


< TV and 


< M, we get 


if ; <?n, gw; a:, y) - /(x, y) 


< 


n,m,p 

dfix,y) 


dx 

n+p m+p 

+ EE 

/c— 0 ji— 0 


^n,m}p (^1 %'■> Qm Qm'i 


[k] qn 

+ a 

dfii>i,y) 

dfix,y) 

[»],„ 

+ (3 an X 

dx 

dx 


X $ 


X 

k,n,q n I 1 41 

' a. 


+ 


dfix, y) 


dy 

n+p m+p 

EE 

fc— o j=0 


n+p m+p 


EE 

fc— o j=o 

[j], m + a 


L+ m +« , 

n — rM™ ~ 2 / 
N 0m + /? 


$ 


x $ 


k,n,q n 


ML +£ 


X , , 
— <!>; 


b m - y 


k,n,q„ ^ / -* 3 ,m,q r , 

dr, 


x i ^ 
— $,■ 


dfix,ip 2 ) dfix, y) 


dy 


dy 


457 


OZARSLAN et al 446-461 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


TWO DIMENSIONAL CHLODOWSKY VARIANT OF g-BERNSTEIN-SCHURER-STANCU OPERATORS 


< N 


^n,nf,p (^1 Qni Qm] y) 


n+p m+p 

EE 

k — 0 j—0 


[ fc L + « 


H + P 


a v — x 


<9/0+ y) df(x,y) 


dx 


dx 


X$fc ’ n ^ Uj^’ ro,9m \h m 


M 


C'n.m/p (^2 x m , q n , q m ] x,y) 


lj] ^ +a b y 

df( x,ip 2 ) 

df(x,y) 

H, m + P m 

dy 

dy 


n+p m+p 

+ EE 

fc— o j— o 

x t) $i ’ ro ’ 9m (£" 1 • 

Then using the properties of partial modulus of continuities, we have 
\c^ p (f;qn,qm;x,y) - f(x,y)\ 


< N 


■ + p\ 


[«L +/5 


9 " _1 


A- 


[»L + P , 


■ U ) 


n+p m+p 

(1) C++) EE 

/c — 0 j =0 


[*] 0 „ + « 


K + P 


a n - x 


[ fc l . 


K +£ 


a n - x 


+ 1 $ 


k,n,q n 


■ M 


[m + p\ 


H, ra + P 


- i 


s- 


a 6 „ 


No. + P , 


n+p m+p 

; (2) (+<+)E E 

/c — 0 j =0 


[+ 


N, m +/3 


b m -y 


U]g m +“ J, 

H +/ 3 °' m 2 / 


1 <h 


3,m,q„ 


since 


1 + -*l < 


[ fc L + a 


Mo. + P 


a n - a; 


, 1 ^ -y|< 


[i]„ m + a 


Ng m + /3 


Applying the Cauchy- Schwarz inequality we have 
|Cn Q m,p (/; g m ; x, y) - f(x, y) I 


< N 


\ n + P\q n 


M,„ + P 


- 1 


A - 


(y.d'n 


Wo. + P , 


m fe/[fc] Q + a V 
+ + ) (+ 5 n ) ^ - a; 

Ifebo V M 9n + P ) 


$ 


\fc=l 

n+p 


b m -y 


k,n,q n 


^(f x -, 6 n ) n ^([k] qn +a~ \\ fx 

c / y r 1 , , 1 ®" a- I &k,n,q n I 


1/2 
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Now using Lemma 2.1 and choosing S n and S m as in (4.5) and (4.6), respectively, 
we get 


C£“m,p (/; 9n, q m \ x, y ) - f(x, y) 


( \ n +P\n ( 

< N - Jg " -1 A+ — 
\ [«L+/3 [n], 



+ M 


l m +P] qrn _ 1 B+ ab m A 

H, ra + P H qn +PJ 


+ 2 



Whence the result. 


□ 


5. Generalization of the Two Dimensional of Chlodowsky Variant of 
(j-Bernstein-Schurer-Stancu Operators 

In this section, we introduce generalization of Chlodowsky variant of q-Bernstein- 
Scliurer-Stancu operators. The generalized operators help us to approximate con- 
tinuous functions defined on more general weighted spaces. Note that this kind of 
generalization was considered earlier for the Chlodowsky-Bernstein polynomials [5] . 
For x > 0, consider any continuous function u> (x, y) > 1 and define 

1 + t 2 + s 2 
G f (t, s) = f (t, s) + / . 

W (t, s) 
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Let us consider the generalization of the (f;q n ,q m \x,y) as follows 
(5.1) 

w(x,y ) n-\-p s^m-\-p 

1 +x 2 +y‘ 2 


^n]p (/> Qni Qm] ]j) — 


Y^n+p r _ ( l k ) g„ +a n b'lg m +Q: u \ 

L ‘=o^i=o \[n] qn +P an ' H +r m ) 

( J l '' 


xd> 


k,n,q r 


(t) **.",*. (t) 

f(x,y ) 




, (x, y) £ D antbn 

K: 2 +\D an , bn 


where (x,y) G D a ri b m and {a„} and {b m } have the same properties of two dimen- 
sional of Chlodowsky variant of g-Bernstein-Schurer-Stancu operators. 

Theorem 5.1. For all continuous functions f satisfying \f(x,y)\ < Mfw(x,y), 
x,y > 0, and lim , = 0, we have 

x,y^oo W \ X ->V) 

lim ||L“f (f;qn,q m ;-,-) - /(-,-)IL = 0 

n,m —> oo 1 ' ' ' w 

where p(x, y) = 1 + x 2 + y 2 . 

Proof. Clearly, 

\ L n,p (f\qn,q m ;x,y) - f(x,y)\ 
w(x,y) [?1 


1 + x 2 + y 2 

Y *&k : n,q 


n+pm+p / r n 

£E<V [ 1 

k—0 j — 0 


+£"’ K +/3 


' “ b„ 


$ 


k,n,q n 




thus 


Ki (. f',q n ,qm -/(•,•) 


= sup 


(/; <?n, gmi X,y) — f (x, y) 
w(x, y) 


= sup 


- G/ (ar, y) 


|^n,p (G/5 Qmi %-> ll) G/(x,?/)| 
1 + a; 2 + j/ 2 


Since |/(a:, y)| < Mfw(x,y), then | Gf (x,y)\ < Mjp(x,y) for x,y > 0 and Gf (x,y) 
is continuous function on R 2 ,. Furthermore, from lim J[ x ’ y \ = o, we have 

lim 

x,y—>oo p[X,y) 

Thus, from Theorem 3.4 we get the result. □ 

Finally, note that, taking w(x, y) = l+a ,2 +y 2 , then the operators (/; q n , q m ; x, y) 
reduces ( G f ; q n , q m ; x, y). 
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Abstract 

There are many publications on theoretical analysis of deterministic difference equations 
and stochastic differential equations. However, relatively few theoretical papers are pub- 
lished to consider the positivity of solutions of discrete-time stochastic difference equations 
(DSDEs), and no theoretical papers investigate the global stability of nontrivial solutions 
of DSDEs with nonlinear terms. In this paper, we consider a DSDE model that is a 
generalization of two-dimensional nonlinear models of stochastic predator-prey interac- 
tions, and show the positivity and global stability of the nontrivial solutions by using our 
new discretized version of the Ito formula. In addition, our results are compared with 
those of continuous-time stochastic differential equations and discrete-time deterministic 
difference equations. Numerical simulations are introduced to support the results. 

Key words: Discrete-time stochastic difference equations, Positivity, Global stability. 


1. Introduction 


Many predator-prey models have been studied to describe the dynamics of biological 
systems in which two species interact, one as a predator and the other as a prey. A classic 
predator-prey model is given by 


dx dy 

- =x( r,-a nX -a a y), - 


y(r 2 + (mo; - a 22 y), 


( 1 ) 


where x{t) and y{t) denote the population density of the prey and predator at time t, 
respectively. In the model (1), r± is the intrinsic growth rate of the prey in the absence 
of the predator, —r 2 is the death rate of the predator in the absence of the prey, the 
coefficients a t j (i ^ j ) give the strength of the interaction between the two species, and 
da(i = 1,2) measure the inhibiting effect of environment on the two species. 

In the model (1), the predator consumes the prey with functional response of type 
ai 2 x{t)y{t) . However the rate of prey capture is saturated when the population of the 
prey is relatively large. Such phenomena are described by nonlinear functions including 
Holling types [1-5], Beddington-DeAngelis type [6-8], Crowley-Martin type [9-11], and 
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Ivlev-type of functional responses [12-14], Other types of nonlinear functions have been 
applied to express the Allee effect [15-19], which describes a positive relation between 
the population density and the per capita growth rate of a species. There have been also 
models to take into account of diffusion of species ([15] and [20-22]). 

On the other hand, the population is inevitably affected by environmental noise in 
nature, so that the reproduction rates can change randomly. In order to be more realistic, 
stochastic models should be considered. Stochastic differential equation (SDE) models 
have been increasingly used in a range of application areas, including biology, chemistry, 
mechanics, economics, and finance. The SDE models have been studied to understand 
extinction, stochastic permanence and stationary distributions of the stochastic systems. 
In particular, many authors have taken stochastic perturbation into deterministic predator 
prey models with Beddington-DeAngelis and Holling types of functional responses [23-33] . 
For example, putting noise into the deterministic model (1) gives the SDE model 

dx(t) = x(t){ri — anx(t) — ai 2 y{t)}dt + aix(t)dWi(t), 

dy{t) = y{t){r 2 + a 21 x(t) - a 22 y{t)}dt + a 2 y(t)dW 2 (t), 

which is a special model studied in [25] with zero-time delays. Here the positive coefficients 
a i and o 2 measure the intensity of environmental perturbations on the underlying growth 
rate of the prey and the death rate of the predator, respectively. The processes Wj are 
independent and real valued Wiener processes on a complete probability space (D, T , P). 

In general, the exact solutions of SDEs are not known, so one has to numerically solve 
these SDEs. This leads us to consider and analyze discrete-time stochastic difference 
equations (DSDEs), which can be also viewed as stochastically perturbed versions of 
deterministic difference equations (DDEs) (see [34], [35] and references therein) . There are 
many publications on estimations of the difference between solutions of SDEs and DSDEs. 
The global asymptotic stability of the trivial solution of DSDEs has been also widely 
addressed (see [36], [37], [38] and references therein). However, relatively few theoretical 
studies consider the positivity of solutions of DSDEs that are scalar equations on a finite 
time interval (see [39] references therein). In particular, to the best of our knowledge, 
there is no paper that theoretically deals with the global stability of nontrivial solutions 
of DSDEs. Therefore, to investigate the positivity and global stability, we consider the 
DSDE model for (2) 

4+i = 4 j 1 + h (d + J2 j=1 a ^ x k ~ ^2 j=i a o x i) + h °' 5(T iCk + 1} f (3) 

where 1 < i < 2, k > 0, x l 0 > 0 and 0 < h < 1. Although rq > 0, r 2 < 0 and ay > 0 in 
the SDE model (2) and the DDE model (3) with cq = 0 (see [34] and [35]), we weaken the 
conditions on the parameters and use the following conditions in the DSDE model (3): 
for 1 < i, j < 2 and i ^ j 

■ri G P, an > 0, atj > 0, cq > 0. (4) 

The discrete Wiener processes Hq(A + i): — H+(b c ) are ^°' 5 4+i with a mutually independent 
and identically distributed sequence (4>4)fc4 of the standard normal random variables. 
The solutions of (3) are defined with respect to a complete, filtered probability space 
(f\, Th, {J^kjkLi, P/i), where is the natural hltration generated by the stochastic 

sequence (^,^5*4, he., T k = ••• ,4,4) for k > 1. Therefore (4 ,4)fc4 is 
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adapted to the filtration for any initial vector (xq,Xq), which is supposed to be non- 
random. 

The positivity of solutions of the SDEs (2) is obtained in the infinite time interval 
[0, oo) without boundedness of the noises Wi(t) by using the concept of explosion time 
(see [25] and [40]). However, to the best of our knowledge, there is no method for applying 
the concept of explosion time to DSDEs. Then for obtaining the positivity of solutions of 
the DSDE model (3) in the infinite time interval, we restrict the noises to bounded noises, 
which means that £[.(1 < i < 2,k > 1) are assumed to be doubly truncated standard 
normal random variables with support [— q, q] for a positive constant q 

-<<&<< ( 5 ) 


and the probability density function 


i^(x) 


q(x) {$(0 - $(-?)} 1 if x e [-<r, <t], 

0 if x £ [-<t,y], 


( 6 ) 


where q and <f> are the probability density and cumulative distribution functions of the 
standard normal random variable, respectively. Denoting r/ ? = 2 qq(q) {4>(<r) — $(— < <^)} _1 
gives that for 1 < % < 2 and k > 1 

mi) = o , e ((a) 2 * * ) = i - r k , (7) 


in which the positive value r/ ? can be assumed to be sufficiently close to 0. For example, 
when q = 20, we have 0 < < 10 -85 . The truncation constant q will be hrst used in (12) 

for the positivity of the solutions x\ of the DSDE model (3). 

The paper is organized as follows. Section 2 gives the positivity and boundedness of 
solutions of the model (3). In Section 3, we develop a new discrete Ito formula for (3) by 
using a known discrete Ito formula for DSDEs (see [41], [42] and [43]). The new discrete 
Ito formula is the main tool for Ending conditions for the global stability of solutions of 
(3). Section 4 introduces auxiliary equations, the solutions of which are used for the upper 
bounds of solutions of (3). In Section 5, we present sufficient conditions for extinction 
and non-extinction of solutions of (3). Our results are compared with those for the DDEs 
in [35] and the SDEs in [25] . Section 6 gives simulation results to confirm the theoretical 
analysis obtained in this paper. 


2. Positivity and boundedness of solutions of DSDEs 

In this section, we show the positivity and boundedness of solutions of the DSDE 
model (3) by applying the approach used in the DDE model (3) with o\ = oi = 0 (see 
[34] and [35]). 

Notation 1. For simplicity, we use the symbols a and a for every constant a to denote 

a — a ■ /? 0 ' 5 , a — a - h 

and the symbols Kjj. and xf for a vector = (x\,x%.) to denote 

4 = 4, 4 = x\. 
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Write the model (3) as 
where 



F k, y ( x ) = x(l+h- a u x - a 12 y + o x f£ +1 ) , 
F k, x (y) = y (l + h + a 2 IX - a 22 y + cr 2 ^ +1 ) . 

Note that for a vector Q k ) of real numbers and 

F) £i(r) is strictly increasing on 0 < r < 


in which 


^fc(Cfc) ~ (2 an) 1 (l + fi + y. ^ dij(i ~ y , ®ij(i + a *Cfc+i 


'j=*+i 


Denote that for 1 < i < 2 


( 8 ) 

(9) 


( 10 ) 


x* = y (d + y aijXj + , (ii) 

where <,* is a constant satisfying 

<t* > <b (12) 

Xi < (Shu )^ 1 (l + 'fi - y 1 1 dijXj - cftf*} , (13) 

E i X 

UijXj + ch<t* < 1. (14) 

3 = 1 

The relation (12) will be first used in (69) to find upper solutions of the model (3). The 
initial condition of the model (3) is assumed to satisfy 


(4>®o) e (O.Xi) x (0,x 2 ). (15) 

Remark 1. The definition (11) gives that Xi — ri ~^( <; * and y 2 = df.f (r 2 + 021 X 1 + d 2 y*). 
Letting h in (3) be small, we can choose y* satisfying the two conditions (13) and (14). 
For example, let h = 0.0001, <r* = 20, r\ = 2, r 2 = = 1 and cy = 0.1 (1 < i,j < 2). 

Denoting by R t and L* the right and left-hand sides of (13) and (14), respectively, gives 

(Xi, Ri, L\) = (202, 4699.5, 0.3848), (y 2 , R 2 , L 2 ) = (403,4900.5,0.3518), 

which show that the conditions (13) and (14) are satisfied. 

Theorem 1. Let x\ be the solutions of (3) and Xi be defined in (11). Assume that (5), 
(12), (13), (If) arid (15) hold. Then 

(xl,x 2 k ) e (0,xi) x (0, x 2 ), k > 0. 

Proof. The proof is divided into the following three steps. 

Step 1. We prove the positivity: x\ > 0 for 1 < i < 2. 

Note that for x 0 = (x\,x(f) 
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o < x l o < Xi < (2 da) 1 (l + fi - Y?j=i + 1 0>ijXj - < Vft(x 0 ), 

where the first two inequalities are obtained from (15), the third from (13) and the last 
from (10), (15), (5) and (12). Then using (9) with £ 0 = x 0 and (15), we have the positivity 


x\ 



= 0. 


Step 2. We prove the upper-bound property: x\ < \i for 1 < i < 2. 
Let u G Q h . If fi + ®v x o _ J2j=i+i &ij x o + i(4 < °, then 



Otherwise, we have 0 < x l 0 < f 0 j(x l 0 )(u>) with 


foM) = & a o + 


d~l 
Z^ J = i 


a ij X 0 ■ 

‘ 1 = 


j=i + 1 


'h.r'n + 


Since 0 < / 0 ,;K) < ^o(*o) by (14), we get 


0 < x' 0 < / 0 ,iK)M < b 0 ’()*o)(w) 


and further 


x \H = < F oV<(/o,*K))M = /o,i(*o)( w ) < 


where the first inequality is obtained from (9) with £ 0 = and the last inequality from 
(11) and (15). 

Step 3. We prove the boundedness: {x\,xfy G (0,xi) x (0, y 2 ) for k > 0. 

Since Stepl and 2 give that 

if (4,4) G (0, Xi) x (0, X2 ), then (4,4) G (0,Xi) x (0,x 2 ), 

we can obtain the desired result by both applying mathematical induction and replacing 
(®o, £, *o, Co, Vo, with ( x k , 4 + i> Ck, 4, ^,4 , in Ste P 1 and 2 - Here the 

function f k<i is defined as f k ,i(*l) = (o + ]T”=i _ Ej=i+i 44 + <a 4 +i) ■ D 

Remark 2. For simplicity, from now on we assume that the conditions (5), (12), (13), 
(14) and (15) used in Theorem 1 hold. Then we will not write the conditions explicitly 
in later sections when we need the positivity and boundedness of the solutions x\. 


3. A new discretized version of the Ito formula 

In order to find conditions for the stability of (3), we need a discretized form of the 
Ito formula. Although there are discretized versions of the Ito formula (see [41], [42] and 
[43]), we need to formulate a variant which is suitable for our model (3). The proof of 
our new discrete Ito formula is almost the same as that of the discrete Ito formula in [42] 
and [43]. For the completeness of this paper, we reproduce the proof in the Appendix. 

We write qi(h) = 0(g 2 (h)) (or qi(h) = 0(g 2 (/r)) for h — > 0 to be more precise) if there 
exist positive constants C and h 0 such that \qi(h)\ < C\q 2 (h)l for all h with 0 < h < h 0 . 
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We make the two assumptions about the noise £: First, the noise £ satisfies that for some 
constants M 4 and p with 0 < p < 1 

E(0 = 0, E (£ 2 ) = 1 -p, E (|£| £ ) < Ml (£ = 1, 3). (16) 

Second, the probability density function p of the noise £ exists with the property that for 
some constant M 2 and all sufficiently large |x 

\x\ 3 p(x) < M 2 |a:|~ 1 . (17) 

Using n = rp in (7) and the probability density function p(x) = 'iffx) in (6), one can obtain 
that the truncated standard normal random variables Q, satisfy the two assumptions (16) 
and (17). Let the symbol [R denote the set of all real numbers and C 3 (R) denote the set 
of all functions defined on R that are continuously differentiable up to the order 3. 

Lemma 1. Let Q be a sub a-algebra of tF h . Consider functions 0, p : R — » R satisfying 
that for some 5 > 0, 

(i) p = <f> on [1 — 5, 1 + 5] 

(ii) p G U 3 (R) and \p'"(x)\ < M 3 for some constant M 3 and all x £ R 

(iii) Ir | p(x) — <f>(x)\ dx < M 4 for some constant M 4 

and (f) is almost everywhere continuous. Let f and g be Q -measurable random variables 
satisfying that for some positive constants e and M 5 , 

max{h\f\,h°' 5 \g\} <M 5 h £ . (18) 

Let £ be a Q -independent random variable satisfying (16) and (17). Then the conditional 
expectation of the random variable £> (1 + hf + h°' b gf) with respect to the a-algebra Q 
becomes 

E\<t>(l + hf + h 0 - 5 g£)\g ] 

= 0(1) + 0'(1 )hf + 2-V"(l )hg 2 + hfO (If) + hg 2 0 (h £ ) , 

where the first big O denotes 

2~ 1 p"(l)M 5 h £ + 6 _1 M 3 (M 5 h £ ) 2 {1 + 3(1 - p)} 

and the last denotes 

(M 4 M 5 + M 4 M 2 M 5 S() h £ 

for some positive constant (5 4 less than 5. Here M 4 and M 2 are defined in (16) and (17). 

Proof. See the Appendix. □ 

Remark 3. Differently from the discretized Ito formulas in [43], [41] and [42], onr dis- 
cretized Ito formula in Lemma 1 does not require that the upper bounds of / and g are 
independent of h. Let Q = T\. and 

/ = r, ; + V . a ijX l - V . . a ijX J k , g = a. u £ = ££ +1 (19) 

z Jj = l Z ^ =l 

for the solutions x\ of (3) with 1 < i < 2. Then / and g are JVmeasurable and satisfy 
(18) with e = 0.5 by applying the upper bound — 0(M°' 5 ) of x\ to the definition of /. 
In addition, £ = ££ +1 is an /^.-independent random variable satisfying (16) and (17). 
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Remark 4. In order to construct p in Lemma 1 corresponding to the function 

... / In |x| (|x| > 0), 

^ X > = { o (7=0)' 

we modify the function p used in [37]. Define the function p as follows. 


V{x) = 


In |x| (|x| > e x ), 

—4~ 1 e 4 x 4 + e 2 x 2 — 4 _1 7 + 6 _1 e 6 (a: — e~ 4 ) 3 (x + e -1 ) 3 (|x| < e _1 ). 


Then <fi and p satisfy all the conditions in Lemma 1 with 6 = l — e 1 . 
Notation 2. For simplicity, we use the notations 


E(4) = k-' E (xi) 


( 20 ) 


and 


T 2 

IT] 


ci = a ■ {l + 0(/r°' 5 )} , a v = a ■ (1 — 77J, r ia = r % — 0.5 a 2 

for k > 0, 1 < i < 2, constants a and rp in (7). Here af r] is equal to {07 ■ (1 — 77^) } 2 . 

Remark 5. Since the solutions 4 of (3) are positive by Theorem 1, we can take logarithm 
of (3), which gives 


E In x l k+1 E k = E In x\ T k + E 


In (1 + hf + h°- 5 ge k+1 ) 


Ei, 


( 21 ) 


where / and g are defined in (19). In order to simplify the equation (21), applying T k - 
independence of £*. +1 , J-^-measurability of x\ and Lemma 1 with Remarks 3 and 4 to the 
three expectation terms in (21), respectively, we have 


E{ ln4 +1 ) = hr 4 + hf ~ -hg 2 ■ (1 - rj,) + hfO (h 05 ) + hg 2 0 (h 0 - 5 ) 


1 2 ^i-1 


E l x 

=1 a H x k - 


ir\ 


E 


2 

j=i 


a ij X k 


2 - — J= 

Taking expectation of (22) and adding the result, we obtain 

1 — , j x v — >2 — 

< j=1 a v E ( x l) - 2_^ J= 


E( lnx l k ) = E(lnx l 0 ) + kh |r ic r + ^ ,_ 1 a ijE(x{) - ^ a,ijE(x{ 


( 22 ) 


(23) 


4. Auxiliary equations 

In order to find upper bounds of x\, we consider the auxiliary equations 


■'k+l 


= zl (l + fi + a,jz{ - a u zl + a, ft + i) , zi = x’ a 


(24) 


for 1 < i < 2 and k > 0. Since (24) is the system (3) with a \2 = 0, Theorem 1 with (4) 
gives that for k > 0 

( 4 , 4 ) e( 0,x 1 )x(0, X2 ). (25) 
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Let /3i be the solutions of the equations 


E l JL 

for 1 < i < 2. Note that (22) and (23) with ayi — 0 become 

E (in 4 +1 ) = In z l k + h (r la - a n zl) , 

E (In 4) = E (In z)) + kh { r la - a u E (4) } 

= E (in 4) + khan j/?i — AT 1 ^ q E (4 
due to (20) and /?i = a^Vic- in (26). Similarly, we have 

E (In 4+ 1 ) = ^ 4 + h (r 2a + a 2 i4 - « 22 ^) , 

E (in 4 ) = E (in 4) + kh {r 2a + a 2 i^(4) - a 22 E(zl)} 


fc-i 


= E ( ln 4) + kha 22 < — + —E(z\) -k l ^E (4) 

l a 22 a 22 

Lemma 2. Let 4 /3i 6e the solutions of (24) and, (26), respectively. 

If /3i > 0, then for e > 0 and all sufficiently large k 


* _1 £ J E C) a + '• 


(26) 

(27) 

(28) 

(29) 

(30) 


Proof. Suppose, on the contrary, that the theorem is false, which means that there exist 
a constant s 0 > 0 and an infinite increasing sequence {k m } satisfying both for all k m 


kj Yl'Zo 1 E (*») >/?1 + £ ° 


and for all k with k 4 k r 


v 1 E C) 

Combining (31) and (28), we have 

lim^oo E (ln 4 m ) = -oo. 

Substituting (33) and the boundedness of into (27) gives 


(31) 

(32) 

(33) 


lira ills? , = 

, _ _ r^m -L 


-oo a.s. 


and then 


lim^oo 4 m - i = 0 a.s. 

Thus the dominated convergence theorem with (25) leads to 

lim^oo E(z\ m _ J = 0. 

In order to obtain a contraction we follow the two steps: 
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Step 1. If there exists k = k m — 1 satisfying (32), then the system of (31) and (32) becomes 

E kfyi 1 . . 

n E ( Z s) > k m ((3i+£ 0 ), 

s = 0 

n E ( z l) < (k m ~ 1) (Pi + £o) , 

z J s=0 

which gives 

E( z lm- i) > Pi + £ o, (36) 

and hence there exist finitely many k satisfying (32) clue to (35) and (36). Therefore for 
all sufficiently large k 

k- 1 Y^~ 1 E(z])>p 1 +e 0 . (37) 

Step 2. As (31) implies (35), the equation (37) implies 

lim^oo E(z\) = 0, 

which is contradictory to (37) due to Pi + e 0 > 0 and so the proof is completed. □ 

Lemma 3. Let (z\,z%) and (pi, p 2 ) be the solutions of (24) and (26), respectively. 

(a) Assume r ^ < 0. Then lim^oo z\ — 0 a.s. 

(i) If r ia < 0 and r 2a < 0, then lim^oo z\ = 0 a.s. 

(ii) If v j < 0 and r 2a > 0, then lim*,^ k~ l Y!l=l e ( z l) = a 22 r 2 a- 

(b) Assume ri a > 0. Then lim^oo k^ 1 X^s=o E ( z l) = Pi- 

(i) If r i a > 0 and r 2a + a 2 iPi < 0, then lim/ i .^ oc , zf, — 0 a.s. 

(ii) If r la > 0 and r 2a + a 2 iPi > 0, then lim*,^ k~ l Y) k s Zl E ( z l) = An 

Proof, (a) Since r i a < 0 is equivalent to Pi = af)r la < 0, it follows from (28) and the 
positivity of z) in (25) that if r 1(T < 0, then lim^oo E (In z\) = — oo, and further 

linq.^oo zl — 0 a.s. (38) 

as (33) implies (34). 

(a)-(i) Assume that r i a < 0 and r 2a < 0. 

As (34) implies (35), the equation (38) yields linim-^ E(zl) = 0 and then 

Hindoo E(z\) = 0. (39) 

Combining (39) and (30) with r 2a < 0 and using z) > 0, we have from (30) that 

linifc^oo E (in zl) = -oo. (40) 

Therefore, as (33) implies (34), the equation (40) gives 

linifc-s .00 z\ = 0 a.s. 

(a)-(ii) Assume that r i a < 0 and r 2a > 0. 

Using (zl, af 2 'r 2(T ), (29) and (30) instead of (z\,Pi), (27) and (28) in the proof of Lemma 
2, respectively, and applying (39) to (30), we can obtain that for e > 0 and all sufficiently 
large k 

k~ l ^ E (zl) < aif2 r 2a + e. (41) 

z — 's=0 
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In order to show lim/,.^ oc k 1 X^s=o ^ ( z s) = a 22 r 2 <r > it is enough to prove that for e > 0 
and all sufficiently large k 

~ e < kT x E K) • ( 42 ) 

Suppose that (42) is false, which means that there exist a constant £q > 0 and an infinite 
increasing sequence {k m } satisfying 

a^r 2a -e 0 > k - 1 * E (**) ' ( 43 ) 

Then the boundedness of z\ and (30) imply that for all k rn 

oo> E (lnzj^J > E (ln^o) + k m ha 22 £ o, (44) 

which is a contradiction. Therefore (42) is true and so the proof is completed due to (41) 
and (42). 

(b) Assume r 1(T > 0, which means j3\ = a ll r la > 0. 

In order to show lim^oo k~ l X] s =o ^ ( z l) = it i s enough to prove that for e > 0 and 
all sufficiently large k 

ft - « < V 1 Zfo E W) («) 

due to Lemma 2. Suppose that (45) is false, so that there exist a constant £o > 0 and an 
infinite increasing sequence {k m } such that 

Pi~£o> Kl 1 E ( Z D ■ ( 46 ) 

Then the boundedness of z\ and (28) imply that for all k m 

oo > E (in zl m ) > E (ln^o) + k m ha n £ 0 , (47) 

which is a contradiction. Hence (45) is true and, therefore, Lemma 2 with (45) gives 

lim k -Hx> E{zl) = fa. (48) 

(b)-(i) Assume that r 1(7 > 0 and r 2a + «2i/5i < 0. 

Applying (48) to (30) with both r 2a + a 2 \(3\ < 0 and z\ > 0, we have 

limfc^oo E(lnz%) = -oo. 

Therefore, as (33) implies (34), we can obtain lim^oo zf. = 0 a.s. 

(b)-(ii) Assume that r 1(T > 0 and r 2a + a 2 iPi > 0. 

Following the proof of Lemma 2, we can obtain that 

v 1 E ( 4 ) < ft + £ (49) 

for e > 0 and all sufficiently large k by using (z%,/3 2 ), (29) and (30) instead of (zl,/3i), 
(27) and (28), respectively, and applying (48) and fi 2 = a^ 2 (r 2a + a 2 ij3i) > 0 to (30). 
Similarly, following the proof of (45), we can obtain that 

ft - € < k-' Ytl E ( 4 ) (50) 

for e > 0 and all sufficiently large k by replacing (z\,f3i) and (28) with (z%, f3 2 ) and (30), 
respectively, and applying (48) to (30). Therefore (49) and (50) give the desired result. □ 

10 
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Remark 6. The equations (28) and (30) can be written as 

E(lnzl) = E(\nz l 0 ) + kh j r ia + ^ a ij E(z 3 k ) - a ii E{z l k )^ • 
Substituting (26) to (51) yields 

£(lii 4) = E(\nz'„) + kh a tj {£(4) - ft} - {£(4) - ft} . 


(51) 


(52) 


Applying Lemma 3-(b) and (b)-(ii) to (52) with the notation (20), we have 

lim^oo AT 1 E(\n z l k ) = 0 (53) 

under the condition that min{ri CT , r^ + Y?j = i a ijPj} > 0 for 1 < i < 2. 

Lemma 4. Let x\ and z k be the solutions of (3) and (24), respectively for i — 1,2. 

Then for k > 0 

0 < x k < z l k . 

Proof. Theorem 1 with Remark 2 gives 


0 < x i 


k ■ 


(54) 


Note that 


F ( y ( x ) is nonincreasing in y for x > 0 and k > 0 


(55) 


and 


F kx (y ) is nondecreasing in x for y > 0 and k > 0 


(56) 


by the definition (8). The proof of this lemma is divided into the following two cases. 
Case 1. Let i — 1. 

Using > 0 and (55), we have 


x 


i 

i 



It follows from Remark 2, (24), (25), (10) and (13) that 


(57) 


O<1J<2J<X1< VJ 1 (0,0), 


with which (9) yields 


^0,0 1 


x o ) — -^0,0 ( 


= z 


1 

1 • 


Hence combining (54), (57) and (58) gives 

0 < x\ < z\. 

Assume that for some positive integer k 

0 < x\ < z\. 

Using (54), (60), (25), (10) and (13), we have 

4 > 0, 0 < x\ < z\ < xi < UftO.O) 


(58) 

(59) 


(60) 
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and so 

4+i = F l,A x l) < 44(4) < K 0 (4) = 4+i, 

where the first inequality is obtained from (55) and the second inequality from (9). 
Case 2. Let % — 2. 

Using 4 = 4 < Zq and 0 < 4 < zjj < Xi < U 0 2 (0, 0), we h ave 



due to (56) and (9). Similarly as in Case 1, using mathematical induction and z k <x 2 < 
U fc 2 (0, 0) instead of z\ < x 1 < 4 (0, 0) in Case 1, we can obtain the desired result. □ 

Remark 7. If min{r 1(T , + Y]Z= 1 a ijPj} > 0 for 1 < i < 2, then Lemma 4 and (53) 
imply that for e > 0 and all sufficiently large k 

k~ 1 E(lnx l k ) < e, (62) 

which will be first used in Theorem 4. 


5. Extinction and persistence of the discrete solutions 

In this section, we present several conditions sufficient for the extinction and persis- 
tence (non-extinction) of the solutions x l k of (3). 

Theorem 2. Let x\ and fa be the solutions of (3) and (26), respectively for i = 1, 2. 

(a) If r < 0, then lini/^oc x\. = 0 a.s. 

(b) If r 1 a < 0 and r 2(T < 0, then lim^oo^l = 0 a.s. 

Proof. The proof is followed by combining Lemma 3-(a) and (a)-(i) with Lemma 4. □ 

Remark 8. Since r\ a = 0 gives fa = af)r = 0, we obtain that 

if r la = 0, then lim^oo k~ l Y^Zo E (4) = 0 
by combining Lemma 3-(b) with Lemma 4. Similarly, Lemma 3-(b)-(ii) gives 
if r la = r 2 a = 0, then lim^oo /c _1 Y^Zo E (4) = 0 
since fa = fa -2 ( r 2 a + 021 ^ 1 ) = 0. 

Remark 9. By Theorem 2-(a), we find that if rq < then the prey population will be 
extinct in the future, no matter whether the predator exists. It implies that environmental 
noise plays a very important role in the biological system. 

In order to establish the sufficient condition for the extinction of the predator and the 
persistence of the prey, we will use the following Lemma 5 as well as Lemma 3-(b). 

Using Lemmas 4 and 3-(b) with fa = a^ria we obtain that 

if ri a > 0, then lim AT 1 E ( 4 ) < a+ q a - (63) 
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For finding a lower function of x\, we consider the solution u kj€ of the equation 


Uk+l,e = U k ,e{ 1 + r 1 - ailUk,e ~ a 12 e + CTi^ e+A . +1 ), U 0 ,e = %N e , (64) 

in which e satisfies that for some positive integer N e and all k > N e 

0 <xl<e, (65) 

h - a u e + < 1, (66) 

fii 2 e + di? < di<?*, (67) 


where (65) is possible under the conditions r lr7 > 0 and r 2a + 0 , 21^1 < 0 clue to Lemmas 4 
and 3-(b)-(i). The inequalities (66) and (67) are possible by (14) and (12), respectively. 

Lemma 5. Assume that r lrT > 0 and r 2a + a 2 if3\ < 0. Let e and N e satisfy (65)-(67). 
Let x\ and u k)t be the solutions of (3) and (6f), respectively. Then 

(a) 0 < u Ke < X! for k> 0. 

(b) u k ,e < a:jv e +fc for k > 0. 

(c) If r \ fj - a 12 e > 0, then lim*.^ k~ x Y ^ s =0 E ( u «,*) = a n ( r i<x - ai 2 e)- 

Proof. (a)We proceed by induction on k. 

Since (64) and Theorem 1 with Remark 2 give 

u 0 ,e = XN e , 0 < x l Nf < xi, 

the statement (a) is true for k — 0. 

Assume that for a nonnegative integer k 


0 < u Ke < xi- 


( 68 ) 


Now, in the case of k + 1, the proof of (a) is divided into the following two steps. 

Step 1. We prove the positivity of u k+ i j£ . 

Denoting 

U k = (2«n) 1 (l + f\ — d\ 2 e + di^ e+fc+1 ) 

gives that for k > 0 

0 < Xi < (2hn) -1 (1 + f 1 - di^) < U k , (69) 


where the second inequality is obtained from (13) and the last from (67), (12) and (5). 
Letting 


we have 


G k {x) = x (l + h — a u x - di 2 e + di^ e+fc+1 ) , 
G k (x) is strictly increasing on 0 < x < U k . 


(70) 


Applying (68) and (69) to (70), we have the desired positivity. 
Step 2. We prove that Xi is an upper bound of u k+ i i£ . 

Let u G Q h . If r 1 - auu k:e (u) - a 12 e + di£^ e+fe+1 (u;) < 0, then 

u k+ i j£ (u;) = G k (u k:€ )(uj) < u k , e (uj) < xi, 
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in which (68) gives the last inequality. Otherwise, we have 0 < u k , e {u) < A k(w) with 

A k = «n (n - a 12 e + cri^ g+fc+1 ) . 

Since A*, < Uk by (66), we have 0 < u k , e {u) < A k (uj) < 74 (ca) and then (70) gives 

^fe+i,e(^) Ofc( - Ufc j£ )( ca) Gfc(Afc)(u;) A^(ca) Xi, 

where the last inequality is obtained from (11), (12) and (5). 

(b)We proceed by induction on k. 

The statement (b) is true for k = 0 due to (64). 

Assume that for a nonnegative integer k 

u k ,e < x l Ne+k . (71) 

It follows from (a) in this theorem, (71), Theorem 1, Remark 2 and (69) that 

0 < u k , e < x l Ne+k <Xi< Uk 

and then 

u k+ l,e = Gk(Uk, e ) A Uk(x Ne+k ) = ^N e +k,e( x N e +k) (72) 

due to (70). Combining (55) and (65) also gives 

^N e +k,e( X N e +k) A FN e+ k,x 2 Ne+k ( X N e +k) = x N e+ k+l- (73) 

Therefore, (72) and (73) give the desired result. 


(c) Let 71 = a 11 1 (r la - a 12 e). 

Note that 


E (In u k+ i, e ) = 
E(\nu k , e ) = 

ffi Uk,e + h ( r I ct — a ll u k,e — a 12^) , 

E (ln« 0 , f ) + kh { r ifj - ai 2 e - a u E (w fe)£ )} 

(74) 

= 

E (ln« 0 , f ) + kha n {71 - k~ l E (u s , e )| 

(75) 

as in (27) and (28). Following the proof of Lemma 2, we can obtain that 



k 1 E (u Sj€ ) < 71 + e' 

(76) 


for e' > 0 and all sufficiently large k by replacing (27), (28) and (2^, r 1 (T , /Jl) with (74), 
(75) and (ufc, e ,r 1(T — 012^,71), respectively. 

Similarly, replacing (28) and {z\,j3 1) in (45)-(47) with (75) and (uk, e , 71), respectively, we 
can obtain that for e' > 0 and all sufficiently large k 

^-e'Kk-'YlZlEM, 

with which (76) gives the desired result. □ 

Theorem 3. Let x\ and j3i be the solutions of (3) and (26), respectively for i = 1,2. 

If r i a > 0 and r 2a + a2i/?i < 0, then lim E(x\) = j3\ and lim x\ = 0 a.s. 

k — ^00 k—t 00 

Proof. It follows from Lemma 3-(b)-(i), Lemma 4, Theorem 1 and Remark 2 that 
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linifc^oo X 2 k = 0 a.s. 

Using Lemma 5- (a) and Lemma 4, we obtain that for e > 0 and all sufficiently large k 

0 < Uk,e < ^ Z N e +k' (77) 

Lemma 5-(c) and Lemma 3-(b) give 

linifc-s-oo E (u kje ) = aR 1 ( r i« - Gq 2 e) , lim^oo E (4) = flnho (78) 

where the first and second equalities are valid under the conditions r\ a — a\ 2 e > 0 and 
r ip > 0, respectively. Therefore using (77), (78) and Remark 8, we obtain the desired 
result. □ 

Remark 10. By Theorems 2 and 3, we find that the value r \ a is the threshold between 
the extinction and persistence for the prey population. In addition, although the prey 
population converges to a non-extinction state in the mean when r la > 0 and r 2(T + a 2 i/3i < 
0, the predators dies out when the diffusion coefficient cr 2 is large enough and then 

—T 2 a = —f 2 + 0.5 {a 2 ■ (1 - 7 fc)} 2 


becomes too large. 

Remark 11. We can establish one condition for the extinction of the prey and the 


persistence of the predator as follows. Lemmas 4 and 3-(a)-(ii) yield 

if r 1(T < 0 and r 2a > 0, then lim Au 1 E (xf) < a 22 r 2a ■ (79) 

k-t oo z ^ s=0 v ' 

For finding a lower function of x\, we consider the solution v k , € of the equation 

v k +i,e = VkA 1 + h - a 21 e - a 22 v Ke + ^ 2 ^ e+fc+ i), W,e = 4v e > (80) 

in which e satisfies that for some positive integer N e and all k> N e 

0 < x\ < e, (81) 

t 2 - a 2 ie + a 2 <;* < 1, (82) 

a 2i e + a 2 (, < d 2 y*. (83) 


The inequality (81) is possible under the condition r \ a < 0 clue to Lemma 3-(a). 
Replacing (64)-(67), r\ a > 0, r 2a + a 2 i(3i < 0 and (u k ,e, rq, an, ai 2 , 4) in the proof of 
Lemma 5 with (80)-(83), r i a < 0, r 2a > 0 and (v k ,e,r 2 ,a 22 ,a 2 1,4), we can obtain that 

f~— 1 

Vk,e < x 2 N e +k, lim k ~ l Y] E i v s,e) = a 22 {r 2a - 021 e) , (84) 

if r 2a — a 2 ie > 0. Therefore (79) and (84) give the desired result: 

if r 1(T < 0 and r 2a > 0, then lim^oo (x\, E(x f )) = (0, a 22 r 2(J ) a.s. 
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Now, it remains to establish one condition for persistence of the prey and the predator. 
Define the matrix A and the constants D, L as 


A 


( an a i2 \ f r iA = a ( D A 
021 a 22 J’{r 2a J \D 2 ) ’ 


(85) 


which give 


\A\ — ciua 22 + 012021 > 0, 


-D)\ _ ,_ 1 f r la\ _ | .i-l ( O 22 T 1 a ~~ ^\2^2a \ 

D 2 J \r 2a J yon (r 2a + a 2 if3\) ) 


> 0 


( 86 ) 


under the conditions r lcr > a 22 ai 2 r 2a and r 2a + a 2 i/3i > 0. 

Using (85), the system (23) can be written as the matrix equation 

\e Hu.4i) \ehutI)) \d 2 -e(xI)J 

and multiplying the matrix |7L|7L _1 to (87), we have 

a 22 E{\wx\) - ai 2 E{lnxl) — C\ + kh\A\ {D 1 - E (a^)} , 
a 2 iE(ln xl) + a u E{\nxl) = U 2 + kh\A\ {D 2 — E (a^)} , 

where Ci = a 22 E{\i\x\) — ai 2 E(lnxl) and C 2 = a 2 iE(lnxl) + anU(lna;o)- 

Lemma 6. Let x\ and f3\ be the solutions of (3) and (26), respectively. 

If r ia > cb 22 a\ 2 r 2a and r 2a + a 2 i/3i > 0, then for e > 0 and all sufficiently large k 

E(x\) < Ci + e, 


(87) 


( 88 ) 

(89) 


(90) 


where is defined in (85). 

Proof. Suppose that (90) is false, which means that there exist a constant eo > 0 and an 
infinite increasing sequence { k m } satisfying both for all k rn 

K 1 E >Dl + e °’ ( 91 ) 

and for all k with k A k m 

k~ X E (x]) <Di + e 0 . (92) 

Replace ( z \ , A), (31), (32), (28) and (27) in the proof of Lemma 2 with (x\, Di), (91), (92), 
(88) and (22), respectively, where we apply (22) with i = 1. Then using the boundedness 
of x\ and following the proof for (37), we can obtain that for all sufficiently large k 

k-' Y.)) E (d) > D i + £0- (93) 

Combining (93) and (88) gives 

a 22 E(\i\x l k ) — a,i 2 E(lnx 2 k ) < Ci + kh\A\(— e 0 ). (94) 
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Applying Theorem 1 to (22) with i — 2, we obtain 

sup fc > 0 E(lnx 2 k ) < oo 

and then (94) yields 

linifc^oo E (lna^) = -oo. (95) 

Substituting (95) into (22) with i — 1 and using the boundedness of x\, we obtain 

lim^txjlnx^ = — oo a.s., 

which implies 

lim fc ^.oo — 0 a.s. 

Hence the dominated convergence theorem with Theorem 1 leads to 

lim^oo E{x\)= 0, 

which is contradictory to (93) due to D 1 + e 0 > 0. This completes the proof. □ 

Remark 12. The equation (90) with (87) gives that for e > 0 and all sufficiently large k 

E(\nxfy < E(\uXq) + kha -22 { 0-22 a 2 + D 2 — E(x k )} . (96) 

Following the proof of Lemma 6 with (96), we can obtain that 

if r la > a 22 ai 2 r 2(T and r 2a + a 21 fa > 0, then E{x 2 k ) < af)a 2 x e + D 2 + e' (97) 

for e 1 > 0 and all sufficiently large k by replacing (x\, Df) and (88) in the proof of Lemma 
6 with (xl,a 2 2 a 21 T + D 2 ) and (96), respectively. 

Theorem 4. Let x\ and fa be the solutions of (3) and (26), respectively for i — 1, 2. 

If f ia > affa 12 r 2a and r 2(J + a 2 ifa > 0, then lim*.^ E(x\) = D if 
where Di are defined in (85). 

Proof. Substituting (62) into (89) gives that for e' > 0 and all sufficiently large k 


£' > D 2 - E(xl). 

(98) 

Combining (98) and (97), we have 


linifc-Kxj E(x \ ) = D 2 . 

(99) 


Applying (99) to (89) with (62) yields 

linifc^oo k _1 E (In x\) = lim*,-^ k^Eflnxl) = 0, 
with which (88) gives the desired result lim E(x\) = D 2 . □ 

k — >00 

Remark 13. Let (. Xk,Vk ) be the solutions of DDEs (3) with = er 2 = 0 in [35]. 

(i) If r 1 > 0, r 2 < 0 and r 2 + a 2 iaf)r 1 < 0, then lim fe _ ) . 0O (x fc , y k ) = (a^Vi, 0). 
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(ii) If ri > 0, r 2 < 0 and r 2 + a 2 ia 11 1 ri > 0, then lim fc _ > . 00 (xfc, y k ) = (. D x , D y ), 
where (D x , D y ) is equal to (D i, D 2 ) with g\ — g 2 — 0. 

Note that the sign of r 2 in the DDE model is fixed to r 2 < 0. Adding the noise to the 
DDEs, we have from Theorems 3 and 4 that 

(i) ' If ria > 0 and r 2a + a 2 ia^r la < 0, then lim fc _>oo (E{x\),xfy = (a^r ltT , 0) a.s. 

(ii) ' If r i a > a 22 a l2 r 2a andr 2a + a 21 a^r la > 0, then lim*,^ (E(x\), E(xD) = (D 1 ,D 2 ). 

Hence we demonstrate that the solutions of the DDEs and the DSDEs with small noise 
have similar asymptotic behavior by comparing (i), (ii) and (i)', (ii)', respectively. In 
addition, when comparing r 2 + a^ab/n > 0 in (ii) and r 2a + a 2 iaf 1 1 rio- < 0 in (i)', 
we understand the effect of strong noise, which changes the behavior of the predator 
population from non-extinction into extinction. Therefore the main difference between 
the deterministic and stochastic models is that large stochastic perturbation may result 
in the extinction of the predator population. 

Remark 14. Let (x,y) be the solutions of the SDE model (2), which is a special model 
in [25] with zero time delays. Note that the sign of r 2 in the SDE model is also negative. 

(i) If rq — 0.5 o\ < 0 and r 2 — 0.5<r| < 0, then lim t _ > . 0O (x(i), y(t)) = (0, 0) a.s. 

(ii) If rq — 0.5 of > 0, r 2 — 0.5 of < 0 and (r 2 — OAo^) + G^icq/Cri — 0.5of ) < 0, 
then x is stable in the mean and y goes to extinction: 

Hindoo t _1 f* x(s)ds = a u 'r lcr , lim^oo y(t) = 0 a.s. 

(hi) If r 2 — 0.5<72 < 0 an d (r 2 — 0.5<jf) + a 2 ia 11 1 (r 1 — 0.5of) > 0, then both x and y are 
stable in the mean: 

lim^oo (t -1 f*x(s)ds, E 1 f*y(s)ds'j = (D 1 ,D 2 ) a.s. 

Since r 2 < 0 in the SDE model (2), the sign of r 2 — 0.5 g\ in (2) is also negative, which is 
the reason why the condition r 2 — 0.5(72 < 0 is assumed in (i)-(iii). The three results, (i), 
(ii) and (iii) in this remark, are corresponding to Theorem 2-(b), (i)' and (ii)' in Remark 
13, respectively. Hence, when replacing the stability of (x(t),y(t)) in the mean with the 
stability of (E(x\),E(x\)) : we demonstrate that the sufficient conditions for the almost 
sure global stability of the SDE model (2) also suffice to give the same global stability of 
the DSDE model (3). In this case, note that there is no constraint on the sign of r 2 in 
the DSDE model. Therefore we show that the DSDE model (3) is a good discrete model 
for the corresponding SDE model (2). 


6. Numerical examples 

In this section, we provide some simulations that illustrate the results in Theorems 
1, 2, 3 and 4 with truncation constants (?,?*) = (19.9,20) in (5) and (12). In this case, 
we have 0 < r/ ? < 10” 85 , so that we can ignore the effect of the term when using the 
values of parameters in the following three examples, where the conditions (12)-(14) are 
satisfied. In Figures 1, 2 and 3, the DSDE model (3) is simulated 1000 times at each time 
kh for calculating the expectation values E (x/.) and E (y k ), where Xk and yk denote the 
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solutions x\ and respectively. We compare our results for the DSDE model (3) with 
the results for the DDE model in [35], which is the model (3) with a\ = cr 2 = 0. 

Example 1. Let h = 0.0001, ry = 0.8, r 2 = — 0.1, an = 0.4, a i2 = 0.001, a 2 i = 
0.1, a 22 = 0.3, a\ = 2.5 and o\ = 0.1. Since rr > 0, r 2 < 0 and r 2 + a 2 ia]" 1 1 r 1 > 0, the 
solutions Xk and yk of the DDE model converge to the positive numbers D x and D y in 
Remark 13-(ii), respectively, as displayed in Figure l-(a). However, since r ia < 0 [i — 1, 2), 
the noises have a large effect on the convergence and, as a result, the solutions of the 
stochastically perturbed model (3) go to extinction, which are shown in Figures l-(b) 
and (c), as in Theorem 2-(a) and (b), respectively. Therefore Figures 1 demonstrates the 
important role of noise. 





Figure 1: All the x-axes denote time kh. (a) Curves of the solutions of the DDE model, (b) Two 
realizations of the solutions Xk and yk of the DSDE model, which converge to zero, (c) Expectation 
values of the solutions Xk and yk of the DSDE model, which converge to zero in the mean. 


Example 2. Let h = 0.001, ri = 2 ,r 2 = —2, an = 1.0, ai 2 = 0.4, a 2 i = a 22 = 
0.3, o\ = 0.2 and o\ = 4. Figure 2-(a) shows that the solutions Xk and yk of the DDE 
model converge to a^r 1 and 0, respectively, as in Remark 13- (i) when ?T > 0, r 2 < 0 and 
t 2 + a^aR 1 ?"! < 0. The noises satisfy both r 1(T > 0 and r 2a + a 2 iaf 1 1 r lcr < 0, which are the 
conditions in Theorem 3. Then Figures 2-(b), (c) and (d) show that the stochastically 
perturbed model (3) behaves similarly to the DDE model in the sense that k JJi=o E( x i) 
and yk converge to aR 1 ?"^ and 0, respectively, which confirms Theorem 3. 



O 5 10 O 2.5 5 500 750 IOOO 


Figure 2: All the x-axes denote time kh. (a) Curves of the solutions of the DDE model. Curves in (b) 
and (c) are realizations of the solutions Xk and yk of the DSDE model, respectively, (d) Convergence of 
average of expectation values of Xk to non-zero and convergence of yk to zero in the mean. 


Example 3. Let h = 0.001, r\ = 2.0, r 2 = —0.1, an = 012 = 0.4, a 2i = 1, a 22 = 0.3 and 
a\ = a\ = 0.02, which give that r 1 > 0, r 2 < 0 and r 2 + a^iaR'r'i > 0. Thus Figure 3-(a) 
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shows that the solutions Xk and yk of the DDE model converge to D x and D y in Remark 
13- (ii) , respectively, as displayed in Figure l-(a) in Example 1. However, the condition 
r la > 0 is different from that in Example 1. Realizations of the solutions of the DSDE 
model are given in Figures 3-(b) and (c). Since r lcr > affai 2 r 2a and r 2a + «2i«i7 r ia- > 0, 
Figure 3-(d) shows that the DSDE model behaves similarly to the DDE model in the sense 
that E{xi) and k~ l E(yi) converge to positive D\ and D 2 , respectively, 

which demonstrate Theorem 4. 



Figure 3: All the x-axes denote time kh. (a) Curves of the solutions of the DDE model. Curves in (b) 
and (c) are realizations of the solutions Xk and yk of the DSDE model, respectively. The symbols D\ and 
£>2 in (d) denote Di and D 2 defined in (85). 


7. Conclusion 


In this paper, we have considered a system of discrete-time stochastic difference equa- 
tions for predator-prey interactions and established sufficient conditions for extinction 
and non-extinction of the two species. Our results show that if the positive equilibrium 
point of the deterministic difference system is globally stable, then the stochastic differ- 
ence model will preserve the nice property in mean provided that the noise is sufficiently 
small. It is shown, however, that large noise can change the behavior of the predator 
population from non-extinction into extinction. 

Our new discrete Ito formula has played an important role in the two-dimensional 
DSDE model. In addition we can apply the new formula for the n - dimensional DSDE 
model 


rp 1 rp ' 1 

x k + 1 — x k 


{l + h(r i + J2] =1 a v x k ~ J2 l=l a h x fc) + h °' 5(J iCk+ 1 } 


D = 1 ~ “ — ' 3=1 

for 1 < i < n and k > 0. Therefore it is a further study to establish sufficient conditions 
for the extinction and non-extinction of the n species. 


Appendix 

A.l. The proof of Lemma 1 
By Taylor expansion, 

<p(l + x) = <p(l) + <p'(l)x + 2~ l Lp"(T)x 2 + Q^ 1 ip"'(6)x‘ i (100) 
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with 9 lying between 1 and x. Let x = hf + h°' 5 gf. Since /, g are ^-measurable and £ is 
CL independent with E(£) = 0, we have 

E (x\ Q) — E ( hf\ G) + E (h°- 5 gf\ Q) = hf + h^gE(f) = hf (101) 

and further 

E(x 2 \g) = E((hf) 2 \g)+E(2hfh°- 5 gf\g)+E(hg 2 e\G) 

= ( hf f + hg 2 • (1 - n) 

< hfM 5 h £ + hg 2 • (1 - n) (102) 

due to E(f 2 ) — 1 — fi and (18). Using Lemma l-(ii) gives 

|U(6-V'(^ 3 |£)| (\x 3 \\g) (103) 

and expanding a; 3 = ( hf + h°- 5 gf) 3 yields 

E (\x 3 \\g) < hf {(hf) 2 + 3 hg 2 ■ (1 - g)} + hg 2 M 1 h 05 g 

< hf (M b h £ f {1 + 3(1- ix)} + hg 2 M 1 M A h £ (104) 

because of (18) and (16). Inserting (101)-(104) into (100), we have 

E(<p(l + x)\g) (105) 

= </?(!) + < p'(l)hf + 2 l Lp" (l)hg 2 ■ (1 — fi) + hfOi (. h £ ) + hg~Oo, (It) , (106) 


in which the two big O notations denote 

O x (h £ ) = ip" (1) M 5 h £ + 6 _1 M 3 (M 5 h £ ) 2 {1 + 3(1 — /i)} , 

0 2 (h e ) = MiM 5 h £ . 

Now it remains to show 


E((j>{ 1 + hf + h°- 5 gf) -<p(l + hf + h°- 5 gf) | g) = hg 2 0 (h £ ) . 

Let Ci = 1 + hf and c 2 = h°' 5 g. Then the disintegration formula for conditional expecta- 
tions with respect to Q gives 


E (l + hf + y/hgi) - <p (l + hf + Vhgf 


= / {(j) (c! + C 2 x) - (f (Ci + c 2 x)}p(x) dx 
Jr 


(107) 


due to Lemma l-(iii) and the fact that f,g are (/-measurable, £ is G -independent, f is 
almost everywhere continuous and ip is also continuous (see Theorem 5.4 in [44] for the 
disintegration formula). Let Us — [1 — S, 1 + 5] and s = C\ + c 2 x. Then (107) becomes 

[ {<l>(8)-<p(s)}p(- — — ) rr (108) 

Jr-Us V C 2 J l c 2 1 

because of Lemma l-(i). Here p is the probabilty density function of £. 
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Lemma l-(iii) gives that 


'R-U s 

< 


(0(s) - <^(s)}p 


( S ~ C A 

ds 

l C 2 ) 

N 


^ |0(s) -^(s)||^rj sup Ip (- — . 

R-U s M J s$U s l V c 2 / \ c 2\ 

- Mi|C2|2 zH^t) Ihr 

= M 4 ^sup{ P (^M) ^ 

Since there exists some <5 0 such that for s ^ Us and all sufficiently small h > 0 
|s — 1 — hf | > | s — 1 1 — h\f\ > 6 — M§li e > do > 0, 
letting y — (s — 1 — hf)/(h 05 g ) yields 

ii \s ~ 1 - hf | h 0 

lf/| = > 


and further 


sup < p 


h ° 5 \g\ 

s — 1 — hf\ 1 


M b h £ 


s£u s l V /?a5 3 / | g j 3 

Hence it follows from (17), (109) and (110) that 

p(y ) If/ 1' 1 


= sup 


p(f/) If/I" 

\s- 1 — hf\ 


sup 

stUf \s - 1 - hf\ 


< M -2 Slip 


If/I 


-1 


m \s-i-hf\ 


3 < 

°0 


which gives 


{</>(«) - <^(s)}p 


'R-Us 


( S ~ C A 

ds 

l C 2 J 

M 


< hg 2 • M 4 M 2 ^h £ . 

hn 


(109) 


( 110 ) 


(111) 


Therefore using (105), (108) and (111), we obtain the desired result. 
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WEIGHTED SUPERPOSITION OPERATORS FROM ZYGMUND 
SPACES TO //-BLOCH SPACES 


ZHI JIE JIANG, TING WANG, JUAN LIU, TING LUO, TING SONG 


Abstract. Let B = {z £ C : \z\ < 1} be the open unit disk in the complex plane C 
and /7(D) the space of all analytic functions on D. Let ip be an entire function on C 
and u £ 77(D). The boundedness and compactness of the operators S u ,ip : / i— / > u ■ p o f 
from Zygmund spaces to //-Bloch spaces are characterized. 


1. INTRODUCTION 

Let D = {z £ C : \z\ < 1} be the open unit disk in the complex plane C, ff(O) the 
space of all analytic functions on D and if°°(0) the space of bounded analytic functions. 
Let <p be a complex- valued function on C and u £ H (D) . We introduce a class of nonlinear 
operators by 

S u ,<pf = u ' V o f, D). 

This operator can be regarded as a generalization of the superposition operator S v f — ipof 
and the multiplication operator M u f = u ■ f. 

Suppose that X and Y are two metric spaces of analytic functions on D. Note that if X 
contains the linear functions and S v maps X into Y, then <p must be an entire function. In 
recent years, the following natural questions of the superposition operators are considered. 

(a) When does <p induce a superposition operator from X into Y7 

(b) When is a superposition operator from X into Y bounded? 

(c) When is a superposition operator from X into Y compact? 

Although analogous concepts also make sense in the context of real- valued functions and 
their theory has a long history (see [2]), the study of such natural questions on analytic 
function spaces has only begun fairly recently. The operators S v that map Bergman 
spaces into area Nevanlinna classes were characterized in [6], which have been extended 
by other authors to some other analytic function spaces, where it is remarkable the works 
of Vukotic et. al. in [1], [4] and [5]. It must be mentioned that the authors of [4] gave 
a very interesting geometric construction of simple connected domain in several analytic 
function spaces. This technique has been used by many authors; in particular, Xu used 
it to study the superposition operators from a-Bloch spaces into /3-Bloclr spaces in [20] 
and Xiong used it to characterize the superposition operators from Q p spaces into a-Bloch 
spaces with 0 < a < 1 in [18]. It should be noted that quite recently, Castillo et.al. 
and Ramos Fernandez have studied the superposition operators from Bloch-Orlicz spaces 
into a-Bloch spaces and between weighted Banach spaces of analytic functions in [7] and 
[14], respectively. In this paper we characterize the boundedness and compactness of the 
operators S UtV> from weighted Zygmund spaces to /z-Bloch spaces. We also consider the 
superposition operators from weighted Zygmund spaces to weighted Bloch spaces. 

Now we present the needed spaces and some facts. The Zygmund space Z consists of 
all / € H(D) such that 

sup(l - |~| 2 ) |/ ,/ (z) | < oo. 


2000 Mathematics Subject Classification. Primary 47H38; Secondary 46E15, 47B38. 
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With the norm 

\\f\\z = |/(0)| + |/'(0)| +sup(l - \z\ 2 )\f"{z)\, 

zE D 

it is a Banach space. By Zygmund’s theorem (see Theorem 5.3 in [9]), we know that / £ Z 
if and only if / is continuous on D and 

\f( e i(e+h)) + /(e<(»-fc)) _ 2f{e ie )\ 
h> o,®eR ^ 


In closed subspaces of Z, the little Zygmund space Zq is usually considered, which is defined 
by 

Z 0 = {feZ: lim (l-| 2 | 2 )|/"( 2 )|=0}. 
phi 

Let a € (0, oo). The weighted Zygmund space Z a consists of all / € H( D) such that 

sup(l-|*| 2 )“l/"(*)l <+oo. 

zgB 

With the norm 

\\f\\z a = |/(0)| + |/ / (0)| + sup(l - \z\ 2 r\f"(z)\, 

zE D 

Z a is also a Banach space. For the weighted Zygmund spaces and the operators from them 
into some other spaces, see, e.g., [10], [12] and [15]. 

Suppose that /j is a positive continuous radial function on D (that is, p(z) = /i(|z|)) 

and decreasing on [0, 1) with liiri r ,1 /j(r) = 0. Let p be a weight. The /x-Bloch space B M 

consists of all / € H( D) such that sup z£ p p(z)\f'(z)\ < oo. With 

II/IIb„ = \f(0)\ + supn(z)\f(z)\, 

zE D 

is a Banach space. When fi(z) = 1 — \z\ 2 * , the space B lt is just Bloch space and denoted 
by B; while when n(z) = (1 — \z\ 2 ) a with a > 0, the space becomes the weighted 
Bloch space B a . The ^(-Bloch spaces appear in the literature in a natural way when one 
considers properties of some operators in certain spaces of analytic functions; for example, 
if n(z) = (1 — |z|) log 1 _ 2 | z | , Attele in [3] proved that the Hankel operator on Bergman 
spaces induced by a function / is bounded if and only if f £ B The logarithmic Bloch 
type space has been defined and studied in [16]. Recently, the Bloch-Orlicz spaces have 
been introduced by Ramos-Fernandez in [13]. 

Throughout this paper, constants are denoted by C, they are positive and may differ 
from one occurrence to the other. The notation a ~ b means that there is a positive 
constant C such that a/C < b < Ca. 


2. The operator S U) , p : Z — > B^ 

First we enumerate several useful lemmas. The first one below is well-known. 

Lemma 2.1 There is a positive constant C a depending only on a such that for any z G IS) 

and f £ Z a 

(i) 


(ii) 


m < 


/'(*) I < 


C a \\f\\z a 


0 < a < 2, 

Ca\\f\\z a 

log !_|*|> - 

a = 2, 

C a \\f\\z a 

(i-M 2 ) 2 - a , 

a >2. 

'C'aH/lk 

K 1 

0 < a < 1, 

C a \\f\\ Zc 

. lo § 1-N 2 > 

a = 1, 

Ca\\f\\ Zc 

3 " 

1 

(N 

~bT 

1 

i—i 

a > 1. 
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3 


Let a £ D and l/y/2 < |a| < 1, define 

f(z) = (z- l)((l + lo gr l-) 2 + l) 


and 


9 a 0 ) = 


.f(az) 


(log- 


1 


a \ 1 — |a| 2 / 

The function g a is called the test function with the following property (see [11]). 
Lemma 2.2 The function g a belongs to Z and ||g a ||.z — 1- 
The following result can be found in [17]. 

Lemma 2.3 Let a £ (0,1]. Then for every bounded sequence {/„} in Z a and f n 
uniformly on every compact subset of D as n — > oo, we have 

(i) if a = 1, then lim sup |/n(^)| = 0. 

ra— >°o 

(ii) if 0 < a < 1, then lim sup ]/' (,z)| = 0. 

n—>oc 


The next result is often used in dealing with the compactness of operators on analytic 
function spaces. Since the proof is standard (see Proposition 3.11 in [8]), it is omitted . 

Lemma 2.4 Let u £ 11(D) and an entire function. Then the bounded operator S u<lp : 
Z a — > Bfj, is compact if and only if for any bounded sequence {/„} in Z a such that /„ — > 0 
uniformly on every compact subset of D as n — > oo, it follows that lim^oo ||S„ i¥ ,/ ra ||B = 0. 

Now we characterize the boundedness of the operator S U)lf : Z — > B hl . 

Theorem 2.1 Let u £ H( D) and an entire function with <p'(0) ^ 0. Then the operator 
S u : Z —> Bfj, is bounded if and only if u £ B^ and 

2 

L := sup n(z)\u(z) | log < oo. 

1 - | zy 


Proof. Suppose that the operator S u>ip : Z — > is bounded. By taking / 1 the constant 
function, we obtain u £ B f. Since operator S u>ip : Z — > B^ is bounded, for the function 
f -2 — 9a there exists a positive constant C such that 

OO > C||S tt , v || > \\S u ,MK > 9 (a)\(S u , v f 2 y(a)\ 

= n(a)\u'(a)<p(f 2 (a)) + u(a)tp'(f 2 (a))f! 2 (a)\ 

> n(a)(\u(a) | \ip'(f 2 (a)) \ \f 2 (a) \ - \u' (a)\\ip(f 2 (a))\) . 

From this, we get 

/j,( a )\u' (a)\\ip(f 2 ( a ))\ + C\\S U , V \\ > fj,(a)\u(a) \ \ip'(f 2 (a)) \ \f 2 (a) \ . 

Set M = Cq || / 2 1 | 2 and Mi = max \<p(z)\. By Lemma 2.1 (i), we have 

\z\=M 


m i||w||b m + Cll^ll > /j,(a)\u'(a)\\tp(f 2 (a))\ + C , ||S' Ui¥ ,|| 

> p(a)\u(a) | \ip'(f 2 (a)) \ \ f 2 (a) | 

= n(a)\u(a) | \<p'(g a (a)) | log 1 

1 2 

> 2A i ( a )| u («)|k , (3a(a))|log — - 


where we have used that when |a| > 1/V2, 


log 


1 


> 
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It is easy to see that g a (a) — * 0 as |a| — > 1. Therefore from this and the fact that 


we obtain 


It is clear that 


lim |v? , ( 5a (a))| = |^(0)| ± 0, 
l<»hi 


sup fj,(z)\u(z) | log j-jj < 00. 

i/2<pi<i i — l^r 


sup n(z)\u(z ) I log < OO. 

*i<i /■?. 1 — zr 


\z\<l/2 1 — \ z \ 

Consequently, we obtain L < oo. 

Now let u£B fl and L < oo. Let / € Z and \\f\\z < M. Set Mi = ^ max |<p( 2 )| and 
M 2 = max \p r (z) I . Then by Lemma 2.1, we have 

|z|=C 0 M 

IIS^y/IK = |u(0)<p(/(0))| + sup p(z) | (S u ^fY(z) | 

zgB 

= |«(0M/(0))| +sup/x(2:)|u , (2:)vj(/(2)) +m(2)<^ / (/(2;))/ , (2:)| 

zSD 

< CaALllwlle^ + sup /Li(z)|u' ( 2 ) || <£>(/(;>:)) | + sup/x(2)|w(2:)||< / 9 / (/(2))||/ , (;z)| 

z6D zgD 

< C a M\\u\\i3. + Mi||u||b + C a MM 2 sup g,(z)\u(z) I log - — %- - 

zeD 1 1 1 — 

< (■ C a M + + C a LMM 2 

< 00 . 

This shows that the operator S u ^ : Z — > B^ is bounded. □ 

There are a lot of examples satisfying the conditions of Theorem 2.1. Here we take the 
following two examples. Since the first is clear, its proof is omitted. 

Example 2.1 Letu(z) = a 0 + aiZ+a 2 z 2 -\ h a n z n and p(z) = b 0 +biz+b 2 z 2 H h b m z m , 

where bi y^ 0. Then the operator S U:lp : Z — > B^ is bounded. 

Example 2.2 Let u(z ) = A ffZ be the automorphism of D and tp(z) = e z . Then S Ut(p : 
Z — > B^ is bounded. 

Proof. Since ||w||oo < 1 and it is easy to see that 

, .. ,, 1 - lal 2 2 

|1 — az p 1 — |a| 

we get u £ B^ and L < 00 . By Theorem 2.1, the operator S u ,tp '■ Z — > B^ is bounded. □ 

From the proof of Theorem 2.1, we can obtain the following sufficient condition of 
boundedness for the operator S UfV> : Z — > B 

Theorem 2.2 Let u £ H(JD>) and tp an entire function. If u £ B M and L < 00 , then 
S UtV : Z —y B^ is bounded. 

We begin to study when the operator S u>lp : Z — > B^ is compact. 

Theorem 2.3 Let u £ H( D) and ip an entire function with y>(0) = 0 and ip'(0) yf 0. Then 
the operator S UtV> : Z —> B^ is compact if and only if u £ B^ and 

2 

lim n(z)\u(z)\ log -rj = 0. 


Proof. Suppose that the operator S Utip : Z — > B^ is compact. Of course, it is bounded, 
and then u £ B^. Now let us suppose, by the way of contradiction, that 

2 

lim n(z)\u(z) | log _ , |2 yf 0. 


490 


ZHI JIE JIANG et al 487-495 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 

WEIGHTED SUPERPOSITION OPERATORS 5 

Then there exists some £q > 0 and a sequence {z n } C D such that \z n \ — > 1 as n — » oo and 

2 

H{ z n) \u(z n ) | log , |2 > £ 0 . 

-L l-^n | 

For each n € N, take the function f n = g Zn . From Lemma 2.2 it follows that ||/n|| 2 : < C. 
One can easily check that /„ — > 0 uniformly on every compact subset of D as n — > oo. 
Thus it follows from Lemma 2.4 that 

II || | (-^n) | 

= K z n)\u' (Zn)<p(fn(Zn)) + u(z n )(p' (f n (z n )) f n (z n )\ 

> li{z n )(\u(z n )<p' (f n (z n ))f^(z n )\ - \u'(z n )ip(f n (z n ))\) 

= fJ,(z n )\u(z n )\\ip'(f n (z n ))\\f^(z n )\ - n(z n )\u' (z n )\\(p(fn(Zn))\ 

> ll(z n )\u(z n )\\ip' (f n (z n ))\ log 1 - \\u\\ Bll \ip{fn{z n ))\ 

-L | Zn | 

1 I II 2 

> -M(z n )p(^n)||^ / (/n(^n))|lQg 1 _ ^ | 2 ~ IMI | <P(fn(Zn)) \ 

> ^\<f' (fn(Zn)) |eo- ll«l|B^|^(/n(^n))|- 

From this and since Lemma 2.3 (z) implies that |v 5 (/n(z n ))| = 0 as n — > oo, we get 

0= lim \\S u , v f n \\ B > J 1^/(0) |e 0 , 

n—*oo Z 

which arrives at a contradiction. 

Conversely, by the definition of limit we have that for any e > 0, there is a <5 > 0 such 
that 

2 

n{z)\u{z)\log < e 

for all z € {z £ D : 8 < \z\ < 1}. Let M 0 > 0 and ||/ n ||.z < M 0 and f n — ► 0 uniformly 
on every compact subset of D as n — * oo. By the Cauchy integral formula and an easy 
calculation, it is clear that {/^} also uniformly converges to zero on every compact subset 
of D as n — > oo. Let M = max |<^ / (z)|. By Lemma 2.1 and Lemma 2.3 (z), we have 

|z|=C a M 0 

WSuwfnWs,, = |w(0)<y?(/„(0))| + SUp/z(z)|(S Ul¥ ,/ n )'(z)| 

zeD 

= |u(°M/n(°))| + sup n(z)\u' (z)ip(f n (z)) + u(z)ip'(f„(z))f„(z)\ 

zE D 

< [«(°M/n(0))j + SUp p,(z)\u'(z)\\ip(f n (z))\ + Slip p(z)\u(z)\\tp' (f n {z))\\f n (z)\ 

z6D zgD 

< |u(0)<p(/ n (0))| + ||iz||b sup \tp(f n (z))\ + sup [i{z)\u(z)\\ip'{f n {z))\\fn(z)\ 

z6D I z | < <5 

+ sup p{z)\u{z)\\y'{f n {z))\\f' n (z)\ 

8<\z\<l 

< |u(0)v?(/ n (0))| + \\u\\ B sup \ip(f n (z))\ +Mmax/z( 2 :)|u( 2 :)|max|/;( 2 )| 

z6D M<<5 |z|<<5 

2 

+ C a M 0 M sup p{z)\u{z) log . 

6<]z|<i i-pr 

Taking the limit as n — > oo in this inequality, we obtain linin^oo |.S'„ iV / n || l B )i = 0. By 
Lemma 2.4, the operator S UtV> : Z — > is compact. □ 

Remark 2.1 Considering Theorem 2.3, we have a reason to regard as the limit 
as an important factor for the operator S Ut(p : Z — > to be compact. 
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Theorem 2.4 Let u £ 74(D) and ip an entire function with y>(0) 
S u >ip : Z — > B fl> o is bounded if and only if u £ B ^ o and 


lim u(z)\ 


l(z) log 


1 - 


= 0. 


0 and p’(0) ^ 0. Then 


Proof. Suppose that the operator S U)lf : Z — > £> ;ij o is bounded, then by taking / the 
constant function we have u £ B fli o- Now let us suppose, by the way of contradiction, that 

2 

hm ^ z )\ u ( z )\log— — t^O. 

Then there exist some £o > 0 and a sequence { z n } CD with \z n \ —> 1 such that 

Take the function / = g Zn . Since S UtV> : Z — > B Mi o is bounded, S U)V f £ B fl> o> that is, 

lim g(z)\(S u , v fy{z)\ = 0; 

\Z\—>1 

in particular, 

lim i-L(z n )\(S u ^fy(z n )\ =0. 

Letting n — > oo in 

ti(z n )\(S u , v fy(z n )\ = p{z n )\u'{z n )p{f{z n )) + u(z n )p'(f(z n ))f'(z n )\ 

> fi(z n )\u(z n ) | |(^ / (/( 2 ; r j)) | \ f'(z n ) | - g(z n )\u' (z n )\\ip(f(z n ))\ 

1 2 

> 2 h( z n)\u{z n )\\ 0 g 1 _ \ip'{f(z n ) \ - p(z n )\u' (z n )\\ip(f (z n ))\ 
arrives at a contradiction. 

Conversely, by Theorem 2.1, we know that S u>lp : Z — > B^ is bounded. It is enough to 

prove that for any f £ Z, it holds S u ^f £ £v,o- Let f £ Z, M\ = max \<p(z)\ and 

M=ll/llz 

M 2 = max |^/(,z)|. Then for any e > 0, there is a S > 0 such that 

WHI/IU 




and 


M- 2 ) «( 2 ) tog 


2Mi 


< 


1 - |z| 2 2M 2 ||/|| 2 

for all z £ {z £ D : S < \z\ < 1}. So for z £ {z £ D : 6 < \z\ < 1}, it follows that 

h{z) I ( S U}V f)'{z ) I = p{z) I {S u>v f)'(z) I = n{z) I u'(z)ip{f(z)) + u(z)<p'(f(z))f(z) I 


< M ± n(z) u'(z ) + M 2 \\f\\zp{z) u(z) log 


i-w 


< £. 


This shows that S u ^f £ □ 

Theorem 2.5 Let u £ 74(D) and ip an entire function with y>(0) = 0 and p'(0) ^ 0. Then 
the bounded operator S Ufip : Z — > B^g is compact if and only if u £ 7? Mi o and 

2 

lim p,{z) \u{z) log = 0. 

I*l-i i-M 


Proof. Similarly as in the proof of Theorem 2.3, this result is true. □ 
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3. The operator S v : Z a Bp 

Although we can obtain some results of the operator S v : Z a — > Bp from the preceding 
discussions, we still will individually consider this operator. 

Theorem 3.1 Let a £ (0, 1) and ip an entire function. Then the following assertions hold: 

(i) The operator S v : Z a — > Bp is bounded . 

(ii) If (p( 0) = 0, then the operator S v : Z a — > Bp is compact. 

Proof. We first prove (i). Let M > 0, / G Z a and j|/||,z < M. Set Mi = max \ip'(z)\. 

\z\=C a M 

Then we have 

(1 - \z\y\(S v fY(z)\ = (1 - \z\ 2 )y{f{z))\\f'{z)\ < C a MM x ( 1 - \z\ 2 f < 00 . 

This means that the operator S v : Z a — > Bp is bounded. 

Now we prove (ii). Suppose that ||/„|| 2 : q < M and {/„} uniformly converges to zero on 
every compact subset of D as n — > oo, then 

\\S v fn\\Bp = b(/n(0))| +sup(l - \z\ 2 ) 0 \(S v f n )' (z)\ 

ze d 

= k(/n(0))| +sup(l - |(/(/„( 2 ))||/;(>)| 

z6D 

< l^(/n(0))l + Mi SUp |/^ (2)|, 

zeD 

where Mi = max |y> , (z)|. By (/?(0) = 0 and Lemma 2.3 (ii), we know that lim \\S v f n ||g 3 = 

|z|=C a M n — >oo 

0. By Lemma 2.4, the operator : Z a — > Bp is compact. □ 

When a — 1, from Theorem 2.1 and Theorem 2.2 we can obtain characterizations of the 
boundedness and compactness of the operator S v : Z — > Bp. It is unnecessary to go into 
details here. 

Theorem 3.2 Let a € (1,2) and <p an entire function. We have the following assertions: 

(1) If a<l + P, then (i) the operator S v : Z a — > Bp is bounded, and 
(ii) when <p(0) = 0, the operator S v : Z a — > Bp is compact. 

(2) If a > 1 + p, then the operator S v : Z a — > Bp is bounded if and only if p is a 
constant function. 

Proof. We first prove the assertion (i) of (1). Let M > 0, / G Z a and H/H^ < M. Set 
Mi = max |<p , ( 2 )|. Then we have 

|z|=C a M 

(1 - \z\ 2 f\(S v f)'(z)\ = (1 - \z\ 2 )P\v'(f(z))\\f(z)\ < CMMi(l - Izl 2 ) 1 -^ < 00 . 

This shows that the operator S v : Z a —> Bp is bounded. As the proof of Theorem 3.1 (ii), 
the assertion (ii) follows. 

Note that we have the relation Z a = B a - ±. By this and Theorem 4 in [5], the assertion 
(2) is true. □ 

Theorem 3.3 Let a = 2 and <p an entire function. 

(1) When P > 1, (i) the operator S v : Z a — » Bp is bounded if and only if ip is a 
polynomial of degree s < 1, and 

(ii) the operator S v : Z a —> Bp is compact. 

(2) When p = 1, (i) the operator Sep : Z a — > Bp is bounded if and only if ip is a linear 
function, and 

(ii) the operator S v : Z a — > Bp is compact. 

(3) When 0 < p < 1, the operator S v : Z a — > Bp is bounded if and only p is a constant 
function. 
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Proof. By Theorem 7 of [5], the assertions (?) of (1) and (?) of (2) hold. Also from 
Theorem 4 of [5], the assertion (3) follows. Now we want to prove the assertion (??) of (1). 
Let the operator S v : Z a — » Bp be compact. From the assertion (?) of (1), we know that, 
if ip is not a constant function, then <p(z) = az + b with a / 0. Therefore, it is enough 
to show that S v : Z a — > Bp is compact when ip(z) = az. At this time, S v is just the 
multiplication operator M a defined by M a f = a ■ f. Thus, by Theorem 3.1 of [19], we 
know that M a : Z a — > Bp is compact. Similar to the proof of the assertion (??) of (1), the 
assertion (ii) of (2) is right. □ 

Theorem 3.4 Let a > 2, (3 > 1 and ip an entire function. 

(1) The operator S v : Z a — > Bp is bounded if and only if 
(?) when a > (3, ip is a constant. 

(ii) when a = (3, p is a linear function. 

(???) when a < /3, ip is a polynomial of degree s < • 

(2) The operator S v : Z a — > Bp is compact if and only if ip is a polynomial of degree 
„ ^ / 3— 1 

S < a— 2 ' 

Proof. Note that when a > 2, it follows that Z a = B a - 1 = H a _ 2 , where H a -2 is called 
the weighted Banach space of analytic functions defined by 

Ha - 2 = {/ e H( D) : (1 - k| 2 )“- 2 |/(^)| < oo}. 

Then (1) and (2) follow from Theorem 4.2 of [14] and Proposition 3.1 of [4]. □ 
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ABSTRACT 

This article is concerned with the following rational difference equation x n+ i = 4+ ^ Cn ~ 3 a , — - with the initial 
conditions, X-z = d, X -2 = c, X-\ = b, and Xo = a are arbitrary real numbers, a, A and B are arbitrary constants. 
A detailed analytical study of the convergence of the solutions including their dependence on parameters and 
initial conditions is investigated. The local stability and global attractivity of the difference equation’s equilibrium 
points are discussed. The existence of periodic solutions in the proposed difference equation is also verified 
analytically. Moreover, numerical simulations are carried out to verify the correctness of the analytical results. 

Keywords: Difference equations, Recursive sequences, Analytical study, Infinite products, Convergence, Peri- 
odic solution. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

Difference equations arise from the study of the evolution of natural phenomena. The applications of difference 
equations are rapidly increasing to various fields such as economics [1], [12]-[14], mathematical, biology [15]-[16] 
physics and engineering [7]. Indeed, difference equations represent chief tools of investigating the qualitative be- 
haviors of dynamical systems [33] . Consequently, studying the solutions of difference equations and its qualitative 
behaviors have become focal topics for research [1]- [36] . 

In recent years, difference equations have been investigated by many authors. For some results: In [3], Aloqeili 
found the solution of the difference equation x n +\ = dJ l’^ c 1 x Xn ~ k ■ Cinar [5] obtained the solution of the difference 
equation x n+ i = 1+ ^ ,t ~ 1 ^ . In [9], Elabbasy et al. discussed the solution and the periodicity character of the 
difference equations x n+ \ = ax n — cx _£ x — . 

In this paper, we study to the following sequence defined recursively by 

(AX n —Z , A . 

Xn + 1 = , , p , (1 

A + Bx n - iX n -3 

with the initial data: X-z = d, X -2 = c, X-\ = b, and xo = a. 

Note first that, if a = 0, then for all n € N, x n = 0. Then we will consider that a/0. Although we can (by 
dividing the numerator and denominator by a) obtain a more simply form of such sequences, we will keep them 
in order to study of the behaviors with respect to a. 

Note also that, if one or more of the initial data a, b , c and d is zero, then it will be seen that one or more of the 
subsequences of (x n ) n modulo 4 vanish, so that we will suppose that abed ^ 0. 

The cases A = 0 and B = 0 are a trivial, therefore we will assume that J / 0 and B / 0. Finally, we will 
consider the convention: if (a p ) p is a sequence of complex numbers, and n > m, in Z, then %> = 1- 
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2. DEFINITIONS AND PRELIMINARIES. 

A difference equation of order k is an equation of the form 

X n -\-l — F(x n , *Tn— 1; •••> ^n—(k— 1) ) ? ^ — 0, 1, ..., (2) 

where F is a function that maps on some set I k into I. A solution of Eq. (2) is a sequence x n that satisfies 
Eq. (2) for all n > 0. With each solution x n of the Eq. (1), we associate the vector of initial conditions 
W0c) = (xo,X-i,...,X-k+l) € I k . 

The norm of the vector u € I k will be defined as ||u|| = J2°i=- k +i l u *l- 
Definition 1. (Equilibrium point) 

A point x £ R. is called an equilibrium point of Eq. (2), if 

x = F(x, x , ..., x). 

Let x € K be an equilibrium point of Eq. (2), and denote by v(x) € I k the vector v(x) = ( x,x , ...,x). 

Suppose that the function F is continuously differentiable in some open neighborhood of an equilibrium point x. 
Consider the linearized equation of Eq. (2) about the equilibrium point x: 

Vn+l = qoVn + qiVn-l + + Qk-lVn- (fe- 1 ) , (3) 

where qi = §£~(x, x , ..., x), i = 0, 1, A; — 1, and the characteristic equation of Eq. (3) about x: 

A fe — <Zo/\ fe 1 — ... — q k _ 2 A — q k -i = 0. (4) 

Definition 2. 

1. When all the roots of Ecp (4) have absolute value less than one, then the equilibrium point of Eq. (2) is 
locally asymptotically stable. 

2. If at least a root of Eq. (4) have absolute value greater than one, then the equilibrium point of Eq. (2) is 
unstable. 


Definition 3. 

1. An equilibrium point x of Eq. (2) is called hyperbolic if no root of Eq. (4) has absolute value equal one. 

2. If there exists a root of Eq. (4) with absolute value equal to one, then the equilibrium point x is called 
nonhyperbolic. 

3. An equilibrium point x of Ecp (2) is called saddle if there exists a root of Eq. (4) has absolute value less 
than one. and another root of Eq. (4) greater than one. 

4. An equilibrium point x of Ecp (2) is called a repeller if all roots of Eq. (4) has absolute value greater than 
one. 

5. A solution x n of Ecp (2) is called nonoscillatory about x or simply nonoscillatory if there exists N > —k 
such that either x n > x, Vn > N or x n < x, Vn > N. Otherwise, the solution x n is called oscillatory about 
x, or simply oscillatory. 

6. A solution x n of Eq. (2) is called periodic with period p if there exists an integer p, such that 

•Kn+p *r n , VixA k. (5) 

A solution is called periodic with prime period p if p is the smallest positive integer for which Ecp (5) 
holds. 
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3. ANALYTICAL EXPRESSIONS OF ( X N ) N 
The following Theorem gives an analytical expression of the sequence (x n ) n . 

Theorem 1. Let (x n ) n be the sequence given by (1) and the initial data that follow, then For all n > 2 


X4n-3 — 


n— 2 2p+l 

da n J] ( A 2p+ 2 + Bbd Y ^a 2p+1_i 

p— 0 i=0 


n— 1 


p—0 


2 P 


H [A 2p+1 + BbdY Ai 0i 


2 p—i 


i = 0 


^4n— 1 — 


n— 1 2 p 

ba n JJ (A 2p+1 +BbdJ2 A 

p—0 


i a 2p ~ i 


i= 0 


n— 1 


p—0 


2p+l 

U ( A 2p+ 2 + Bbd Y A i a 2p+1 " i ) 

i= 0 


ca 


" 5 %4n— 2 — 


n—2 2p+l 

n (^ 2p+2 + Bac a 

p—0 i — 0 


*a 2p+1_ * 


n— 1 


2p 


[J (y ! 2p+1 +BacY 

p=0 i=0 

n—1 2p 

aa n Y[ (A 2p+1 +BacY A 


% 4 n 


p—0 


i a 2p ~ i 


i = 0 


n— 1 2p+l 

[ J (r 2p + 2 + Bac Y A i a 2p+1 ~ i 

p=0 i=0 


(6) 


(7) 


Proof. By induction, we prove the result for X4 n -3. Take n > 2, and assume that the results hold for the step 
n, then prove the result for the step n + 1, we get: 


£40+1) — 3 


OiX^n — 3 


Hence, we obtain 


A + BX4n-iX4n-3 


n — 1 


2p+l 


da n+1 JJ (t 2p + 2 + Bbd Y A 

p= 0 i=0 


*a 2p+1_i 


n—1 2p 2n—l 

JJ (t 2p+1 + BbdY Ai a 2p -*) T(T 2n + Bbd Y Aa>“ 1-i ) + Bbda 2n 


p—0 


i = 0 
n—1 


dot™ 


p—0 


2p+l 


i JJ U 2p+2 + Bbd Y A ' 


i=0 


iQ 2p+l-i 


i=0 


n—1 


p=0 


2p 


2n 


(T 2p+1 + Aa 2p “M (A 2n+1 + Bbd (Y A 


i = 0 


\i„2n—i . ^ 2n 

’a + a 


£’40+l)-3 ~ 


n—1 2p+l 

da n+1 J] [A 2p+2 + Bbd Y A 

p—0 i = 0 


i a 2p+1 ~ i 


■2p 


H [A 2p+l + Bbd Y^ A 1 a 


2 p—i 


p—0 i—0 

Similarly, the expression for X4 n -2, a;4n-i, £’4n can be easily proved. 

Notation. If we denote by (P n ) n the sequence of two variables polynomials defined for every neN,i and y as, 

P n (x, y) = (A — a + Bxy)A n — Bxya n . 


The following Corollary gives a simplified analytic expression when l^a. 

Corollary 1. Consider the sequence ( x n ) n defined by the Eq. (1) for A ^ a, the subsequences can be written 
as: 

n—2 n—2 

da n (A - a) P 2p + 2 (b, d) ca n (A - a) P 2p + 2 (a, c) 

p—0 p—0 

x An-3 = — [ , £4n-2 = ~ [ > 


n p 2 P +i (b,d) 

p—0 


P 2p +i(a, c) 

p=0 
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^4n— 1 — 


n— 1 

ba n P2 P +i(b, d ) 

p—0 

n— 1 

n p wM ) 

p— 0 


and 


n — 


n— 1 

aa n P 2p+ i(a, c) 

p— 0 

n— 1 

n f 2 p+ 2 (a, c) 

p—0 


Proof. It is sufficient to use the binomial identity x p+1 —y p+1 = (x — y) J2k=o xk V V k analytical expression 

of the subsequences defined by Eq. (6) and (7). 

Corollary 2 . Consider the sequence (x n ) n defined by the Eq. (1). For A = a 7 ^ 0, the sequence can be expressed 
in Gamma form as 


XAn-Z = 


%4n—l — 


B 23 "" r 2 | 4 u" ir( 4 i + 11 
Btr3 <2 fL + m m +2n > ' 

'• r ^ + 2 " +iir 2 ' 4 i +i1 

22 ^m + 1)r \ M5 + ” + 1 )’ 


^4n— 2 — 


B “ r 3 < 4 u i)r < 5 ^ +2 ">’ 


i) 


%4n 




where T is the Euler ’s Gamma function. 
Proof. Using Eq. (6) we have: 


X4n-3 = 


n—2 2p+l 

dA n J] ( A 2p+ 2 + Bbd E j[2p+] 

p — 0 i— 0 

n— 1 2 p 

JJ 

p—0 i = 0 

n—2 ^ .. _ 

dA H Bbd (m +2p+2 ) fflH 

p—0 


n— 1 


A 


p=i 


2 Bbd 


n— 1 


n B “(^ +2j,+i ) Bi >n 


2n— 1 


p=0 
^2^n— 2p2 / 


(_2iIM + n ) F( ~ Bbd. + ^ 


A 


P=1 


( — 
V Bbd 


Bbr(^-+2n)r 2 * ( 
V Bbd J V 


~A~ 


2 Bbd 


+ 1 


Similarly, one can prove the other relations. This ended the proof. 

Remark 1. 


1. A common hypothesis in the study of rational difference equations is the choice of positive coefficients and 
initial data. Therefore, all the solutions will be automatically well defined. It is, in general a problem of 
great difficulty to determine the good set of initial conditions without finding the analytical expression of 
the considered sequence. 

2. According to the Corollaries 1 and 2, the good set G of the sequence (x n ) n is given as 

(a) When A/a, 


G = 


| (a, b, c, d) e R 4 such that bd, aceR- 


-(A - a)A n 
B(A n - a n ) ’ 


n <E N 
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(b) When A = a, G = {(a, b, c, d) € R 4 such that g^, gU ^ 2Z_}. 

3. If we choose for example a = A = B, we obtain the expression of the general term which can be written 
and in gamma form as 


2 2,, -“r 2 (ob + 1 inM 

^ 2 (^ + l)r(^+2n)’ 


^4n— 2 — 


2 2 "~ 2 r 2 (^ + n)r(^) 
«r 2 (^ + i)r(i- + 2n)’ 


%4n—l 


br( s L + 2 n+l)r 2 (^ + l) 
22"r( 5 L + l)r2(W.+n+l)’ 


^4 n 


«r(^ + 2n + i)r 2 (^ + i) 
2 2 " r (^ + l)r 2 ( 2 ^ + n + 1)‘ 


In the following section we will study the convergence of sequence (. x n ) n . This will depend evidently on the 
parameters a, A, B and the initial data. 


4. CONVERGENCE OF SOLUTIONS OF EQ. (1) 

Consider the function F defined on R 4 as: F(uq,U\,U 2 ,u 3 ) = A ^*g* lU • Using the function F, Eq. (1) can be 
wiitten as F^Xm x n — i,:£n— 2 ?*Tn— 3 )- 

Theorem 2. The following statements are true: 

(1) For B{A — a) > 0, Eq.(l) has a unique equilibrium point x = 0, then 

(a) If A = a, the equilibrium point is nonhyperbolic. 

(b) If g > 1, the equilibrium point is locally asymptotically stable. 

(2) For B{A — a) < 0, then 

(a) The Eq. (1) has exactly three equilibrium points which are 

xi = 0, x 2 = \J Tf 1 , x 3 = (8) 


(b) If 0 < A < a, then 

(i) The equilibrium point x\ = 0 is a repeller. 

(ii) The equilibrium points X 2 , x 3 are hyperbolic. 

Proof. (1) For B(A — a) > 0, x is an equilibrium point is equivalent to 

x = aX Tj -2 ^ Bx 3 + (A — a)x = 0 => x(Bx 2 + A — a) = 0. 

A + 1jX z 


This shows clearly that if B(A — a) > 0, x = 0 is the unique equilibrium point of Eq. (1). 

Cji = fg(0, 0,0,0), then q 0 = qi = q 2 = 0 and q 3 = — g, the characteristic equation of the linearized equation 
associated with Eq. (1) is then all real roots have absolute value equal to one, so the equilibrium points is 
nonhyperbolic. a: is an equilibrium point is equivalent to 


A 4 



(9) 


(a) Suppose that A = a, then all real roots have absolute value equal to one, so the equilibrium points is 
nonhyperbolic. 

(b) Suppose that g > 1, so all the roots of Eq. (9) have absolute value less than one, according the linearized 
stability Theorem, the equilibrium point x = 0 is locally asymptotically stable. 

(2) For B{A — a) < 0, the equation x(Bx 2 + A — a) = 0 has exactly three solutions which are the equilibrium 
points in Eqs. (8). 
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(a) The characteristic equation about x\ = 0 is A 4 — ^ = 0, since 0 < A < a then all roots has absolute value 
greater than one and xi = 0 is repeller. 

(b) The characteristic equation about x -2 is A 4 + ^-^A 2 — ^ = 0. The real roots of this equation are 

and — they are less than one, so the equilibrium point X 2 is hyperbolic. The proof for x% can be similarly 
obtained. 


As it is expected, the convergence of ( x n ) n depends on the parameters a , A, B, and the initial data. We will 
distinguish the following cases: 

(i) Case \£\ > 1. 

Theorem 3. Assume that I — I > 1 

i a. i 

(1) If [A — a + Bbd) {A — a + Bac) ^ 0, then every solution of Ecp (1) converges toward zero. 

(2) If A — a + Bbd = A — a + Bac = 0, then the solution of Eq. (1) converges iffa = 6 = c= d = ± J 

(3) If (A — a + Bbd) (A — a + Bac ) = 0 but not both terms of the product are zero, then every solution of Eq. 

(I)- 

Proof. (1) Suppose that (A — a + Bbd)(A — a + Bac ) ^ 0, then Corollary 1 implies that 


doc n (A—a) n"T 0 2 ( A 2p+2 {A-a+Bbd)-Bbda 2p + 2 j 
*^4n— 3 / \ 

n^o 1 ( A 2 P+ 1 (A-a+Bbd)-Bbda 2 P+ 1 J 

da n {A—a)A n ~ 1 Ilp=o (l~ A-l+mi (f f P+2 ) 

{A—a+Bbd)A 2n ~ 1 fIp=o (l~ A-f+BM (f ) 2p+1 ) 


Denote by /3 = A _^ B bd an< ^ by (Up)p the sequence defined as U p = 


1 — 8(°l) 2 p+ 2 
i_^(|) 2 P+ i , we get 


^4n— 3 


rf(f)"(A-q) 

{A- a A Bbd) (l - /3(f) 2 "" 1 ) 


n—2 


II 'V 

p—0 


We have either: for p £ N big enough, U p > 1 or for p € N big enough, 0 < U p < 1. 
Using Taylor expansion of the U p , we obtain 


U P = (1 - P(jf p+2 )( 1 + P(j) 2p+1 + o(j) 2p+1 ) = 1 + P(j) 2p+1 + o(j) 2p+1 , 


then U p is equivalent to 1 + /3(^) 2p+1 which is the general term of a convergent infinite product. 

We can easily deduce that {x^ n -^) n converges toward zero, same discussion can be obtained for the other 
subsequences. 

(2) If A — a + Bbd = A — a + Bac = 0, then by the proof of (1), the subsequences {x^ n -^) n and (x± n _i) n are 
constants: x^ n -s = d and X 4 n _i = b, also the subsequences a: 4„_2 = c and X 4 n = a. Thus every solution of Eq. 
(1) converges to a real number l if and only if a = b = c = d = l. 

(3) Consider for instance the case A — a + Bbd = 0 and A — a + Bac ^ 0, by (2), the subsequences ( x± n -z) n 
and (u’ 4 n _i)„ are constants X 4 n _3 = d and x± n ^i = 6, in other hand and also by the proof of case (1), the 
subsequences (x 4 n - 2 ) n and ( x± n ) n converge to zero, then the sequence ( x n ) n diverges. The proof is completed. 

(ii) Case |£| = 1. 

Theorem 4. Assume that |^| = 1. We distinguish two subcases, A = a and A = —a. 

(1) If A = a, and let sequence ( x n ) n be the sequence given by the formula (1), then the sequence ( x n ) n converges 
toward zero. 
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(2) If A = —a, and let sequence (x n ) n be the sequence given by the formula (1), then we have X 4 n -i = 
dX4 b n _ 3 , X 4 n -2 = and the sequence ( x„)„ is divergent. 

Proof. (1) For A = a, let <5 the parameter S = ~jjh- In the proof of Corollary 2, we find that 

n— 1 j5_ _j_ ^ 

XAn ~ 3 = Bb(S+ 1) II ( g+1 I -I ) • 

p = 1 2 p' 

— + 1 

Denote by (W p ) p the sequence defined as W p = , , then we get: 

For p big enough, we have 0 < W p < 1. The Taylor expansion for W p gives: 
ir p = ( 1 + A)(i-m. + 0 (i)) = i_^ + 0 (i) ) 

which is a general term of divergent infinite product. Since for p big enough, 0 < W p < 1, then lim^oo Tl™ = \W p = 
0. So, we get lim^oo #4 n _3 = 0. Similarly, one can easily prove that the other subsequences converge to zero, 
therefore the sequence (x n ) n converges to zero. 

(2) To prove the second part, we replace a by (—A) in the expression of X 4 n s of Eq. (6), we obtain 


X4n-Z 


d(-AT YlpZo A 2p+1 [A+Bbd^AoA-lY 

n ”^ 1 A*p(A+Bbdj:ll o(-l) fc ) 


d 

(-i -a- 1 )"’ ' 


In other hand, If we replace a by (—A) in the first term of Eq. (7), we obtain 

x 4 „_i = b{-AT npi ( A2P I1+? M) ) - &(-i - s^r. 


Thus X 4n -1 = dzhzA' hence 

(a) If |1 + (5 _1 | > 1, then the subsequence (;E4 n _3) n converges to zero, so ( |ai4 n _i|)n g° es to infinity. 

(b) If 1 1 + 5 _1 | < 1, then the subsequence (|x4 n _3|)„ goes to infinity. 

This completed the proof. 

(iii) Case \£\ < !• 

Theorem 5 . Let (x n ) n be the sequence given by the formula (1), then 

For |A| < l, then the subsequences ( X4 n -3) n , (x4 n _i)„, ( 24^-2)™ and ( X4 n ) n converge. 

Proof. We need to prove that (24^-3)™ converges. Using Corollary (1), we obtain 


da 71 (A— a) fU=o ( A 2p+2 (A-a+Bbd)-Bbda 2p+2 ) 

. „ _ V / _ a- A TT ra " 2 T4 

X 4n-3 — —f T — —p, \ 12ra— 1 \ 1 lp=0 V P’ 

IlpTo 1 ( A 2 P+ 1 (A-a+Bbd)-Bbda 2 P+ 1 J Bb(l — JA ) 

where 7 = , A = £ and (V p ) p is the sequence defined by V p = ^I^ap+i ■ For p € N big enough, we 

have two cases; either VJ,>lorO<V^<l. Applying the transformation of infinite product of positive terms 
to infinite series, and assuming po to be big enough, we get 

_ a Po n—2 

x 4 Tt - 3 = m ( i a - 7 A 2 "- i ) (n^) exp ( e in M- 

' ' ' p— 0 p=po+l 

It is clear that the sequence converges toward The Taylor expansion of V p to the first 

order gives 

V P = = 1 + 7(1 - A)A 2p+1 + o(A 2p+1 ). 
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So ln(V^) is equivalent to 7(1 — A)A 2p+1 , which is the general term of a convergent infinite series, then the 
sequence (x4„_3)„ is convergent. Similarly, one can prove that the other subsequences are convergent. 

Remark 2. (Commentary on the convergence of (x n ) n in the case |d| < 1). 

Suppose that |d| < 1, according to Theorem 5, the subsequences {x4 n -3) n , (x4 n -i) n , {x4 n -2) n and (x4 n ) n 
converge, denote by: I3 , I2, h and Iq their limits respectively. 

The subsequences (x4 n -3) n and {x4 n -\) n are related by the equations: 

X4(n+ 1)-3 = A+Bi- 4 „_ iI4 „_ 3 ’ (Id) 


aX4n—i 

*^4(n+l) — 1 - A+Bx 4 (n+ i)_ 3 ® 4 n-l • 


( 11 ) 


Passing to the limit as n goes to infinity in Eq. (10), we obtain I3 = a+ q ^] 3 ; i , then (Si) 


'h = 0 , 

< or 

1 3 7^ 0 and l\ 


a— A 

bi 3 • 


Passing to the limit as n goes to infinity in Eq. (11), we obtain l\ = tl , then (S2) 


Combining systems (Si) and (S2), since a / i, we obtain 


'h= 0 , 

< or 

h ^ 0 and l 3 = 


[ h — h — 0 


or 


< 


h 7^ 0, 


l 3 ^0 and (S') : { 


h = 

and 


a— A 
Bh ’ 


V 


a— A 

1 - Bl 3 ■ 


The proposition l 3 

liniyi—^oQ J0[p_Q E p = 

that 


= h = 0 contradicts the fact that the infinite product A converges, hr fact if 

0, then linr^oo X)p= Po hr(V),) = —00, and this is absurd. Hence the only possibility is 


h 7^ 0, 


I3 ^ 0 and (S) : 


h 


oc—A 
Bh ’ 


< and 


v 


a.— A 

1 - bi 3 ■ 


One can easily see that (S) is equivalent to I3 = ^gjd. f f unc ti° n defined on K* as f(x) = Ah- we 

have fof = Id and, li and l 3 are related by f(l 1) = l 3 . 


f(x) =x<=> 


a — A 
Bx 


x x = 


a — A 
B ‘ 


Hence: / has fixed points if and only if ^d > q. 

The numerical example (Figure 4) given in the end of this paper confirm that even we chose > 0 and 

|d| < 1 ; and I3 may be different, which implies the sequence (x n ) n may converge or diverge. 

Finally based on the preview discussion of all preview cases, The following Theorem is now proved. 

Theorem 6. (Boundedness of (x n ) n ). The Eq. ( 1 ) has an unbounded solutions if and only if A = — a . 


5. PERIODICITY CHARACTER OF SOLUTIONS OF EQ. (1) 

In the sequel, we need the following lemma, which describes sufficient conditions for Eq. (1) to have a periodic 
solution. 

Lemma 1. Let ( x n ) n >-3 be a solution of Eq. ( 1 ) and the initial data that follow. Suppose that there are real 
numbers I3, I2, h, lo such that lim^oo X4 n -j = lj for j = 0, ..., 3. 


503 


E. M. Elsayed et al 496-507 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO. 3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Let (■ y n )n >-3 be the period-4 sequence such that y-j = lj, for all j = 0, ...,3, then the sequence ( y n )n >-3 is a 
period-4 solution of Eq. (1). The periodicity results are given by the following Theorem 
Theorem 7. Let (x n ) n >s be a solution of Eq. (1) and the initial data that follow, then 

(1) For | > 1, 

(a) If (A — a + Bbd)(A — a + Bac ) 7 ^ 0, then then Eq. (1) has no periodic solutions. 

(b) If A — a + Bbd = A — a + Bac = 0, then the solution of Eq. (1) is a periodic-4 solution. 

(c) If either A — a + Bbd or A — a + Bac equals zero but not both of them, then Eq. (1) has a periodic-4 
solution. 

(2) For |^| = 1, Eq. (1) has no periodic solutions. 

(3) For |A| < 1, Eq. (1) has periodic-4 solutions. 

Proof. (1) Suppose that > 1, 

(a) If (A — a + Bbd)(A — a + Bac ) 7 ^ 0, then by Theorem 3, every solution of Eq. (1) converges to zero, 
hence, the solutions are not allowed to be periodic (since the solutions are not identically zero). 

(b) If A — a + Bbd = A — a + Bac = 0, then by Theorem 3, the subsequences of (x n ) n ( 24 n -j)m j = 0, .., 3 
are constants: X 4 n -z = d, X 4 n -2 = c, :r 4 „_i = b and x± n = a, and the sequence d, c, b, a, d, c, b , a... is a periodic-4 
solution of Eq. (1). 

(c) Consider for instance the case A — a + Bbd = 0 and A — a + Bac 7 ^ 0, by the proof of Theorem 3, 
the subsequences ( £ 4 ^- 3 )™ and (x 4 n -i) n are constants and equal d and b respectively. Also according to the 
proof of Theorem 3, the subsequences (£ 4 ^- 2 )™ and (, Xi n ) n converge to zero. Applying Lemma 1, the sequence 
d, 0, 6 , 0, d, 0, b , 0, ... is a periodic-4 solution of Eq. (1). 

(2) The case A = a is similar to (1) (a). 

If A = —a, then every solution of Eq. (1) is unbounded, so Eq. (1) has no periodic solutions. 

(3) If |^| < 1, then by Theorem 5, there are real numbers 1 3 , I 2 , li and Z 0 , such that lim^oo aq n -j — lj for all 
j = 0, .., 3. 

Applying Lemma 1, the sequence I 3 , 12 , h,lo, h, h, hJo--- is a periodic-4 solution of Eq. (1). 

This completes the proof. 

Remark 3. 

(1) Note that if |^| > 1, A — a + Bbd = A — a + Bac = 0 , a = c, b = d, then Eq. (1) has periodic-2 solution 
a, b, a, b , .... 

(2) If |^| < 1, A — a + Bbd = A — a + Bac = 0, then, by the proof of Theorem 7, we deduce that the values of 
the limits of the subsequences are Z 3 = d, h = c, l\ = b and l 0 = a. 

6. NUMERICAL SIMULATION 

Example 1 . Figure (1) illustrates the case |^| > 1, (A — a + Bbd) (A — a + Bac) 7 ^ 0, we choose a = 2, b = — 3, 
c = 2, d = —2, B = 2, A = 1.1 and a = 1. We notice that the solution is oscillating about zero with a decreasing 
amplitude. In fact, according to Theorem 3, the solution has to converge to zero. 

Example 2. In order illustrate the case |^| > 1, A — a + Bbd = A — a + Bac = 0, we choose a = c = 2, 
b = d = — 2 , B = —3, A = 13 and a = 1. Figure (2) depicts that the obtained solution is a 2-prime periodic 
solution. This is coherent with Remark 3. 

Example 3. The case |^| > 1, A — a + Bbd = 0 and A — a + Bac 7 ^ 0 is illustrated in figure (3), in which we 
set a = c = 1, b = d = —2, B = —2, A = 9 and a = 1. The subsequences (a: 4 „_ 3 ) ra and (x 4 ra _i) ra are constants 
(x 4 n - 3 ) n = d and (a; 4 n _i)„ = b, and the subsequences (a: 4 „_ 2 )n and (x 4 n ) n converge to zero, by Lemma 1, the 
sequence d, 0, 6 , 0, d, 0, b, 0, ... is a periodic-4 solution of Eq. (1). 

Example 4. Figure (4) illustrates the case |^| < 1, we choose a = — 1, b = 0.5, c = —0.2, d = 0.8, B = 1, 
A = 0.5 and a = 1. the subsequences (x 4 n -z)m {x 4 n-i)m ( 24 ^- 2 )™ an d ( x 4 n)n converge. 
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Example 5. To illustrate the case A = a, we choose a = 0.1, b = 0.2, c = 0.3, d = —0.4, B = 1, a = 0.5 and 
A = 0.5. We notice in the figure (5), that the solution converges to zero (which is coherent to Theorem 4 part 
(1)), and the Eq. (1) has no periodic solutions (which is coherent to Theorem 7 part (2)). 

Example 6. In figure (6) (case A = —a), we choose a = 0.2, b = 0.3, c = 0.1, d = —0.3, B = 2, a = —0.4 and 
A = 0.4. We notice that the solution is oscillating about zero with an increasing amplitude and the solution is 
unbounded, which is coherent to Theorem 4 part (2). 


ill 
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Figure 1. 


Figure 2. 




Conclusion 

In this work, some dynamical behaviors of the rational difference equation x n+ \ = j^ + g ^ n ~^ x — - with the 
initial conditions, x _3 = d, x _2 = c, x_i = b, and xq = a are arbitrary real numbers, A and B are arbitrary 
constants, have been investigated. A detailed analytical study of the convergence of the solutions including their 
dependence on parameters and initial conditions has been illustrated. The local stability and global attractivity 
of the difference equation’s equilibrium points have been demonstrated. The existence of periodic solutions in the 
proposed difference equation has also been shown analytically. Finally, numerical simulations have been carried 
out to match the analytical results. 
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Figure 5. Figure 6. 
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QUADRATIC //-FUNCTIONAL EQUATIONS 

JUNG RYE LEE 1 , CHOONKIL PARK 2 *, AND DONG YUN SHIN 3 * 


Abstract. In this paper, we solve the quadratic p-functional equations 

f{x + y) + f(x-y)-2f(x)-2f(y) (0.1) 

where p is a fixed non- Archimedean number or a fixed real or complex number with p ^ —1, 2, 
and 

2/(^) + 2/ (^) -/(*)- /(y) (0.2) 

= p(f(x + y ) + /(* -y)- 2 f(x) - 2 /( 2 /)), 

wherep is a fixed non- Archimedean number or a fixed real or complex number with p ^ —1, |. 


Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional 
equations (0.1) and (0.2) in non- Archimedean Banach spaces and in Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [25] con- 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [13] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [22] for linear mappings by 
considering an unbounded Cauchy difference. Gajda [11] following the same approach as in 
Rassias [22], gave an affirmative solution to this question for p > 1. It was shown by Gajda 
[11], as well as by Rassias and Sernrl [21] that one cannot prove a Rassias’ type theorem when 
p = 1. The counterexamples of Gajda [11], as well as of Rassias and Semrl [21] have stimulated 
several mathematicians to invent new definitions of approximately additive or approximately 
linear mappings, cf. Gavruta [12], who among others studied the Hyers-Ulam stability of 
functional equations (cf. the books of Czerwik [8, 9], Hyers, Isac and Th.M. Rassias [14]). The 
hyp erst ability of the Cauchy equation was proved by Brzdek [4], 

The functional equation 

f(x + y) + f(x -y) = 2 f(x) + 2 f(y) 

is called the quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. The stability of quadratic functional 
equation was proved by Skof [24] for mappings / : E\ — >• E 2 , where E\ is a norrned space and 
E 2 is a Banach space. Cholewa [7] noticed that the theorem of Skof is still true if the relevant 
domain E\ is replaced by an Abelian group. See [1, 5, 6, 10, 16, 17, 18, 19, 20, 23] for more 


2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; non-Archimedean norrned space; quadratic p-functional equa- 
tion. 
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functional equations. The survey on the Hyers-Ulam stability of functional equations was given 
by Brillouet-Bulluot, Brzdek and Cieplinski [3]. 

The functional equation 

2 / (x+J/) + 2 (x_J/) =/w + /(!/) 
is called a Jensen type quadratic equation. 

A valuation is a function | • | from a field K into [0, oo) such that 0 is the unique element 
having the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

\r + s| < |r| + |s|, Vr, s G K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of K and 
C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. 
If the triangle inequality is replaced by 

\r + s| < max{|r|, |s|}, Vr, sG/i, 

then the function | • | is called a non- Archimedean valuation, and the field is called a non- 
Archimedean field. Clearly |1| = | — 1| = 1 and \n\ < 1 for all n G N. A trivial example of 
a non-Archimedean valuation is the function | • | taking everything except for 0 into 1 and 
| 0 | = 0 . 

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call 
it simply a field. 

Definition 1.1. ([15]) Let A be a vector space over a field K with a non-Archimedean valuation 
| - | ■ A function || • || : A -A [0, oo) is said to be a non-Archimedean norm if it satisfies the 
following conditions: 

(i) || a: || = 0 if and only if x = 0; 

(ii) ||rx|| = |r|||x|j (r G K, x G A); 

(iii) the strong triangle inequality 

\\x + y\\ < max{||x’||, ||y||}, Vx,y G A 

holds. Then (A, || • ||) is called a non-Archimedean normed space. 

In Section 2, we solve the quadratic functional equation (0.1) in vector spaces and prove the 
Hyers-Ulam stability of the quadratic functional equation (0.1) in non-Archimedean Banach 
spaces. 

In Section 3, we solve the quadratic functional equation (0.2) in vector spaces and prove the 
Hyers-Ulam stability of the quadratic functional equation (0.2) in non-Archimedean Banach 
spaces. 

In Section 4, we prove the Hyers-Ulam stability of the quadratic functional equation (0.1) 
in Banach spaces. 

In Section 5, we prove the Hyers-Ulam stability of the quadratic functional equation (0.2) 
in Banach spaces. 

2. Quadratic ^-functional equation (0.1) in non-Archimedean Banach spaces 

Throughout Sections 2 and 3, assume that A is a non-Archimedean normed space and that 
Y is a non-Archimedean Banach space. Let |2| ^ 1 and let p be a fixed non-Archimedean 
number with p ^ —1,2. 

Lemma 2.1. Let X and Y be vector spaces. A mapping f : X —tY satisfies 

f(x + y) + f{x -y)- 2 f(x) - 2 f(y) = 0 (2.1) 
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for all x,y £ A if and only if the mapping f : A — >• Y satisfies 

2/ ( 2 4 Ll ) + 2/ - f(x) - f(y) = 0 (2.2) 

for all x, y G A. 

Proof. Assume that f : X —*Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get /( 0) = 0. 

Letting y = x in (2.1), we get /( 2x) — 4/(x) = 0 and so /( 2x) = 4 f(x) for all x € X. Thus 
/ (|) = \f(x) for all x G X. So / : X — > Y satisfies (2.2). 

Assume that / : X — >■ Y satisfies (2.2). 

Letting x = y = 0 in (2.2), we get /( 0) = 0. 

Letting y = 0 in (2.2), we get 4/ (|) = f(x) for all x G A. and so /( 2x) = 4/(x) for all 
x & X. So f : X Y satisfies (2.1). □ 

We solve the quadratic p- functional equation (0.1) in vector spaces. 

Lemma 2.2. Let X and Y be vector spaces. If a mapping f : X — >• Y satisfies 

f(x + y) + f(x-y)-2f(x)-2f(y) (2.3) 

for all x, y G X, then f : X -A Y is quadratic. 

Proof. Assume that / : X — > Y satisfies (2.3). 

Letting x = y = 0 in (2.3), we get —2/(0) = 2p/(0). So /( 0) = 0. 

Letting y = x in (2.3), we get 

/( 2x) - 4 f(x) = 0 

and so /( 2x) = 4 f{x) for all x G A. Thus 

/ (|) = )/(U (2-4) 

for all a: 

It follows from (2.3) and (2.4) that 

f{x + y) + f(x -y)- 2 f{x) - 2f{y) 

= |(/(* + y) + /(x - y) - 2/(x) - 2 /( 2 /)) 

and so 

f{x + y) + f{x - y) = 2 fix) + 2 /(y) 

for all x, y e A. □ 

We prove the Hyers-Ulam stability of the quadratic p-functional equation (2.3) in non- 
Archimedean Banach spaces. 

Theorem 2.3. Let <p : A 2 — >• [0, oo) 6e a function and let f : X — » A 6e a mapping satisfying 
fi 0) = 0 and 

lim =0, (2.5) 

J— >oo \2 J 27/ 
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II /(® + y) + fix - y) - 2 fix) - 2 fiy) 


( 2 . 6 ) 


-p 2/ 


x + y 


+ 2 / 


x-y 


~ fix) - f(y ) || < (pix,y) 


for all x,y £ X. Then there exists a unique quadratic mapping h : X — > Y such that 

11/0*0 - h{x ) || < sup{|4rV | 

for all x G X . 

Proof. Letting y = x in (2.6), we get 

11/(2®) - 4/(x)|| < <pix,x) 

for all x & X. So 


(2.7) 


( 2 . 8 ) 


/W- 4 /(|) 


< <P 


X X 
2 ’ 2 


for all x € X. Hence 


47 


- 4”7 


< max 


x 

2 m 

x 


(2.9) 


47(§)-4' + 7 


< max 1 14| ; 


< sup 

} 


X 




x 

2 Z+1 
x 


4 m ~ 1 y 


x 


x 


|4|V 


2 i+1 
x x 


|4| 


m—1 


— - 4 m / — 

— 1 / J \ om 


/( 7 t )- 4 / 7 ) 


27+ 1 ’ 2f +1 


for all nonnegative integers m and l with m > l and all x 6 X. It follows from (2.9) that the 
sequence {4 n /(^r)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
(4 n /(^r)} converges. So one can define the mapping h : X — > Y by 

Mx) := lim 4 n /( — ) 

V ' 714 OO ^ V 2 n 4 

for all x & X. Moreover, letting l = 0 and passing the limit m. — > oo in (2.9), we get (2.7). 

It follows from (2.5) and (2.6) that 

\\h(x + y) + h{x - y) - 2 h(x) - 2 h{y) 


~P 2 h 


x + y 


= lim |4|’ 


+ 2 h 
x + y 


x-y 

2 


- h(x) - h{y) 


+ f 


x-y 


-2/Ur -2/ [£ 


x + y 
2 n+1 


+ 2 / 


~P [2f 

< lim |4|> —) = 0 

— n-5>oo 1 1 r \2 n 2 n J 

for all x,y £ X. So 

h{x + y) + h(x — y) — 2 h{x) — 2 h(y) = p ( Th 


x-y 
2 n + 1 


x 


•7 \ On / *7 X On 


x + y 


+ 2/r 


x-y 


- h(x) - /r(y) 


for all x,y£l. By Lemma 2.2, the mapping h: X -+Y is quadratic. 


511 


JUNG RYE LEE et al 508-520 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


QUADRATIC p-FUNCTIONAL EQUATIONS 


Now, let T : X -A Y be another quadratic mapping satisfying (2.7). Then we have 


(®)-T(s)|| = 


21 


4 q h — - 4 q T — 


21 


< max 


x 


2i 


4 q h[— - 4 q f — 

\ cm J \ Cin 


X 


21 


21 


4 q T[— - A q f — 

\ ctn J \ cin 


X 


21 


< sup (|4| 9+ - ? 1 <p f 

je N l V 


x 


2 i+j ’ 2 1+3 


which tends to zero as q — > oo for all x € X. So we can conclude that h(x) = T(x) for all 
x € X. This proves the uniqueness of h. Thus the mapping h : X — > Y is a unique quadratic 
mapping satisfying (2.7). □ 


Corollary 2.4. Let r <2 and 9 be nonnegative real numbers, and let f : X -A Y be a mapping 
such that 


II f(x + y) + fix -y)- 2 fix) - 2 fiy) 


( 2 . 10 ) 


~P 2/ 


x + y 


+ 2 / 


x-y 


-fix) -f{y) ||<0(||x|r + ||y|n 


for all x,y G X. Then there exists a unique quadratic mapping h : X — > Y such that 

O A 

\\f(x)-h(x)\\<^\\xr 


for all x E X . 

Theorem 2.5. Let ip : X 2 -A [0, oo) be a function and let f : X — > Y be a mapping satisfying 
/( 0) = 0, (2.6) and 




for all x,y G X. Then there exists a unique quadratic mapping h : X — >■ Y such that 

II fix) ~ K x )\\ < SU P I TjuVi^x, 2 : >- 1 x) 


jeN 


|4| J 


( 2 . 11 ) 


for all x G X . 

Proof. It follows from (2.8) that 


fix) ~ ^ /(2s ) 


1 , 


for all x G X. Hence 




( 2 . 12 ) 


< max 

< max 


< sup 


{||l< / ( 2 ' I )-3i7T/( 2 ' +1 d 
/ ( 2 ^) - J/ ( 2 ' +1 x) 

p(2 q x, 2 q x) 


1 

T 

1 

PF 


i 


4m- 

1 

’ ’ |4 | m— 1 


T /(2”*-‘ a; ) - 5 L /(2 - a:) ||} 

/ (2” _1 l) - )/(2"*i) 


|4|i+! 
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for all nonnegative integers m and l with m > l and all i£l. It follows from (2.12) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
f(2 n x)} converges. So one can define the mapping h : X — > Y by 

h(x ) := lim -^-/( 2 n x) 

K ’ n-5>oo 4« J y ’ 

for all x € X. Moreover, letting l = 0 and passing the limit m — > oo in (2.12), we get (2.11). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 2.6. Let r > 2 and 6 be positive real numbers, and let f : X Y be a mapping 
satisfying (2.10). Then there exists a unique quadratic mapping h : X — >• Y such that 

\\f(x)-h(x) ||<^IM| r 

for all x G X . 

3. Quadratic /^-functional equation (0.2) in non- Archimedean Banach spaces 

Let |2| 7^ 1 and let p be a fixed non- Archimedean number with p — 1, 

We solve the quadratic p-functional equation (0.2) in vector spaces. 

Lemma 3.1. Let X and Y be vector spaces. If a mapping f : X — >• Y satisfies 

2/ (LP) + 2/ (^)- /(*)-/(,) (3.1) 

= p(f(x + y) + f(x - y) - 2 f(x) - 2 f{y)) 

for all x, y G X, then f : X — >■ Y is quadratic. 

Proof. Assume that / : X -A Y satisfies (3.1). 

Letting x = y = 0 in (3.1), we get 2/(0) = — 2p/(0). So /( 0) = 0. 

Letting y = 0 in (3.1), we get 

4/ (|) - f(x) = 0 (3.2) 

and so / (|) = \f(x) for all x G X. 

It follows from (3.1) and (3.2) that 

\(f( x + V) + f( x ~y)~ 2 f{x) - 2 /(t/)) 

= 2/ (^)+ 2 /(^ 1) -fto-m 

= p{f{x + y) + fix ~y)~ 2 fix) - 2 /( 2 /)) 

and so 

fix + y) + fix -y) = 2 fix) + 2f(y) 

for all x, y G X. □ 

We prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1) in non- 
Archimedean Banach spaces. 
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Theorem 3.2. Let ip : X 2 — > [0, oo) be a function and let f : X — >■ Y be a mapping satisfying 
/( 0) = 0 and 

l|2/ (nr) + 2f {^r) ~ /(l) - /<!,) < 3 - 3) 

~P (f(x + y) + f(x -y)- 2 f{x) - 2/(y)) || < ip(x, y) 
for all x,y € X. Then there exists a unique quadratic mapping h : X — > Y such that 

11/0*0 - M^OII < sup||4| J -V (^1,°)} (3-4) 

for all x € X . 

Proof. Letting y = 0 in (3.3), we get 

4 /(|)-/0*0 <¥>(*,0) (3.5) 

for all x € X. So 

| 4 '/(|)-4-»/(A_)|[ (3.6) 

< max {|'/ (T) - 4«/ (^) | , • • • , |*~7 (^) - 4-/ (£) | } 

< max j|4|‘ ||/ (|) - 4/ (j£j) || , ■ • • , |4|"-‘ ||/ (^d) - 4/ (|j) ||j 

£ m SL. 1 { |4| ^(5' 0 )} 

for all nonnegative integers m and l with m > l and all x E X. It follows from (3.6) that the 
sequence {4 n f (■§;)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{4 n /(jfr)} converges. So one can define the mapping h : X — > Y by 

h(x) := lim 4 n /( — ) 

V ' IH OO JK 2 n 

for all x € X. Moreover, letting l = 0 and passing the limit m — > oo in (3.6), we get (3.4). 

The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 3.3. Let r < 2 and 6 be nonnegative real numbers, and let f : X -A Y be a mapping 
such that 

P/ (^)+ 2 / (^) -/«-/« (3-7) 

-p(f(x + y) + f{x -y)- 2 f{x) - 2/(y))|| < 6»(||x|| r + ||y|| r ) 
for all Then there exists a unique quadratic mapping h : X Y such that 

II fix) ~ h{x ) II < 6l||x|| r 

for all x e X . 

Theorem 3.4. Let f : X 2 -A [0, oo) be a function and let f : X —*Y be a mapping satisfying 
/( 0) = 0, (3.3) and 
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for all x,y £ X. Then there exists a unique quadratic mapping h: X -A Y such that 

\\f(x) - h(x)\\ < sup (3.8) 

for all x G X . 

Proof. It follows from (3.5) that 

/(^)-|/( 2 ®) <p^(2z,0) 

for all x € X. Hence 

j/TU - (3.9) 

<ma*{||I/(2'z) - ^/(2'+V)||,... ,|^/(2“-L) -jL/(2'"x)|} 

£ mox { jljf ||^ l 2 ' 1 ) “ \ f i 2 '* 1 *) | ’ " ' • jlj^T ||7 1 2 ’” - ' 1 ) - \f ( 2mi )|} 

< SU P 

je{i+i,i+2,-} l l 4 P J 

for all nonnegative integers m and l with m > l and all x G X. It follows from (3.9) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence 
{^/( 2 n x)} converges. So one can define the mapping h : X — > Y by 

h(x ) := lim — /( 2 n x) 

K ’ n-5>oo 4P J y ' 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.9), we get (3.8). 

The rest of the proof is similar to the proof of Theorems 2.3. □ 

Corollary 3.5. Let r > 2 and 6 be nonnegative real numbers, and let f : X — > Y be a mapping 
satisfying (3.7). Then there exists a unique quadratic mapping h : X -A T such that 

II /(*) - h(x ) || < ^ikir 

for all x G X . 

4. Quadratic ^-functional equation (0.1) in Banach spaces 

Throughout Sections 4 and 5, assume that X is a normed space and that Y is a Banach 
space. Let p be a fixed real or complex number with p ^ — 1,2. 

We prove the Hyers-Ulam stability of the quadratic p-functional equation (2.3) in Banach 
spaces. 

Theorem 4.1. Let ip : X 2 -A [0, oo) be a function and let f : X — > Y be a mapping satisfying 
/( 0) = 0 and 

°° / \ 

V(x,v) : = < °°’ ( 41 ) 

II f(x + y) + f{x -l /) - 2 fix) - 2 fiy) (4.2) 

-p (V (^y^) + 2 / ( 2 ^w / ) “ fa)) II - ^0, y ) 
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for all x,y G X. Then there exists a unique quadratic mapping Q : X — >• Y such that 

II fix) - Q(x ) II < ^tf(x,x) 

for all x 6 X . 

Proof. Letting y = x in (4.2), we get 

11/(2®) — 4/(x)|| < <p(x,x) 

for all x € X. So 


(4.3) 


(4.4) 


/W - 4/ (|) 


< <P 


X y 
2 ’ 2 


for all x G X. Hence 


x 


47( ? )-4"7( — 


< e| N/H + 1/ (7 t 


3=1 
m— 1 

< J2 4 V 

j=i 


2j+i ’ 27+ 1 


(4.5) 


for all nonnegative integers m and l with m > l and all x € X. It follows from (4.5) that 
the sequence {4 fc /(^)} is Cauchy for all x G X. Since Y is a Banach space, the sequence 
{4 7(§ )} converges. So one can define the mapping Q : X — > Y by 


Q(x) :=l im4 / 

for all x & X. Moreover, letting l = 0 and passing the limit m — > oo in (4.5), we get (4.3). 
Now, let T : X — > Y be another quadratic mapping satisfying (4.3). Then we have 


||Q(x)-T(x)|| = 


4 q Q 


< 


x 


4 -4 V[~ 


4? 


2 9 


X X 


29 


- 4 q T 

+ 


X 


29 


4«T — - 4 q f — 

\ 0/7 J \ 0/7 


29 


< — T — , — , 

- o l 29 29 ' 


which tends to zero as q — > oo for all x 6 X. So we can conclude that Q(x) = T(x) for all 
x£l, This proves the uniqueness of Q. 

It follows from (4.1) and (4.2) that 

||Q(x + y) + Q{x - y) - 2Q(x) - 2Q(y) 


-P 2Q 


x + y 


+ 2Q 


x y 


<90*0 - Q(y) 


= lirn 4" 

n— >oo 


f 


x + y 


+ / 


x y 


X 


-2/Ur -2/ £ 


-p (2/ 
< lim 4"+ 


y 

2 n ’ 2 n 


x + y 
2 n+1 

= 0 


+ 2 / 


a - y 

2 n +i 


x 


-/ — -/ — 
•7 \ On / *7 \ Or/ 
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for all So 

Q{x + y) + Q(x -y)- 2Q(x) - 2 Q(y) = p ^ 2Q + 2 Q ~ Q( x ) ~ Q(y)) 

for all x, y € X. By Lemma 2.2, the mapping Q : X — > Y is quadratic. □ 

Corollary 4.2. Let r > 2 and 6 be nonnegative real numbers, and let f : X Y be a mapping 
such that 

II fix + y) + f{x -y)~ 2 f(x) - 2 f(y) (4.6) 

-p ( 2 / (Lp) + 2 / (L^) - f( X ) - /(„)) 11 < «(iMr + iisin 

for all Then there exists a unique quadratic mapping Q : X -A Y such that 

||/(x)-Q(z)||<— jllxf 

for all x € X . 

Theorem 4.3. Let <p : X 2 -A [0, 00 ) be a function and let f : X -A Y be a mapping satisfying 
/( 0) = 0, (4.2) and 

OO -y 

^(x,y) := J2 i < 00 

j = 0 

for all x,y € X. Then there exists a unique quadratic mapping Q : X -A Y such that 

\\f(x)-Q(x)\\<^(x,x) (4.7) 

for all x 6 X . 

Proof. It follows from (4.4) that 

f(x)-^f(2x) <^ip(x,x) 

for all 2 ; € X. Hence 

1 1 m — 1 1 1 

? /( 2 '-) - i^/( 2 ”X> < £ ij/(^)“4 TFT/( 23+1 d 

3=1 

m— 1 1 

< Y 7J+ t¥>( 2J ®,2 j x) (4.8) 

3=1 

for all nonnegative integers m and l with m > l and all x £ X. It follows from (4.8) that the 
sequence f(2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{^r/( 2 n x)} converges. So one can dehne the mapping Q : X Y by 

Q(x) := lim — /( 2 n x) 

K ' n- >00 4 n x ' 

for all x € X. Moreover, letting l = 0 and passing the limit m — > 00 in (4.8), we get (4.7). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 
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Corollary 4.4. Let r < 2 and 6 be nonnegative real numbers, and let f : X — > Y be a mapping 
satisfying (4.6). Then there exists a unique quadratic mapping Q : X — >■ Y such that 

2/9 

||/(x)-Q(x)||< I 3 y||x|r 

for all x £ X . 

5. Quadratic ^-functional equation (0.2) in Banach spaces 
L et p be a fixed real or complex number with p 7 ^ — 1, |. 

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional equation 
(3.1) in Banach spaces. 

Theorem 5.1. Let : X 2 — > [0, 00 ) be a function and let f : X — >■ Y be a mapping satisfying 
/( 0) = 0 and 

OO / x 

:=X)4V < 005 

\\2f(^) + 2f(^)-f(x)-m (5.1) 

-p (/(* + y) + /(* - y) - 2/(x) - 2/(y)) II < p(x, y) 

/or all i,j/£ X. Then t/iere exists a unique quadratic mapping Q : X ^ Y such that 

||/(x)-Q(x)||<tf(x,0) (5.2) 

/or all x E X . 

Proof. Letting y = 0 in (5.1), we get 

f(x) - 4/ ^ = 4/ - /(x) < v>(x, 0) (5.3) 

for all x G X. So 



for all nonnegative integers m and l with m > l and all x £ X. It follows from (5.4) that 
the sequence {4 k f(^f)} is Cauchy for all x € X. Since X is a Banach space, the sequence 
{4 fc /(Jc)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := Bm4‘/ (j) 

for all x G X. Moreover, letting l = 0 and passing the limit m — > 00 in (5.4), we get (5.2). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 

Corollary 5.2. Let r > 2 and 6 be nonnegative real numbers, and let f : X -A X be a mapping 
satisfying /( 0) = 0 and 

II 2 /(^) + 2 /(^)-/W-/W (5.5) 

-p(f(x + y) + f{x -y)- 2/ (x) - 2/(y))|| < 6»(||x|| r + ||y|| r ) 
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for all x,y E X. Then there exists a unique quadratic mapping Q : X -+ Y such that 

ii/w-«x)ii<2^w r 

for all x E X . 

Theorem 5.3. Let (p : X 2 — >■ [0, oo) be a function and let f : X -+ Y be a mapping satisfying 
/( 0) = 0, (5.1) and 

oo i 

x,y ) := J2 -'ll ) < oo 

1=1 

/or all x,y E X. Then there exists a unique quadratic mapping Q : X — > Y such that 

\\f(x) -Q(®)|| < ^(x,0) (5.6) 

for all x E X . 

Proof. It follows from (5.3) that 

f(x)-\f( 2 x) < ^ip(2x, 0) 

for all x 6 X. Hence 

11 m I 1 

¥ /p'x) - -/(2-X) < £ ( 2Jl ) - 4 ?h - f ( V+ ' X ) 

3 = 1 + 1 

m | 

< E ( 5 - 7 ) 

3 = 1 + 1 

for all nonnegative integers m and l with m > l and all x E X. It follows from (5.7) that the 
sequence {jsr/^x)} is a Cauchy sequence for all x & X. Since Y is complete, the sequence 
{^/( 2 n x)} converges. So one can define the mapping Q : X -+ Y by 

Q(x) := lim f(2 n x ) 

v 1 n-5-oo 4« V ' 

for all x E X. Moreover, letting l = 0 and passing the limit m — > oo in (5.7), we get (5.6). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 

Corollary 5.4. Let r < 2 and 6 be positive real numbers, and let f : X -+ Y be a mapping 
satisfying /( 0) = 0 and (5.5). Then there exists a unique quadartic mapping Q : X — > Y such 
that 

\\f(x)-Q(x)\\<XfL\\x\Y 

for all x E X . 
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Abstract. In this paper, we consider the modified partially degenerate Genocchi poly- 
nomials and investigate some properties of these polynomials. From these properties, we 
give some new and interesting identities of them. 


1. Introduction 

The Genocchi polynomials are defined by the generating function 
2t 00 t n 

-^e xt = Y,Gu(x)~ (see [2, 3, 7, 9, 12, 14, 17, 19, 27, 28]). (1) 

e T + 1 z — ' n\ 

n — 0 

When x = 0, G n = G„(0) are called the Genocchi numbers. From (1), we see that 



1991 Mathematics Subject Classification. 05A10, 11B68, 11S80, 05A19. 

Key words and phrases. Euler polynomials, Genocchi polynomials, degenerate Genocchi polynomials, mod- 
ified degenerate Genocchi polynomials. 
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Thus, by comparing the coefficients on both sides of (2), we get 

G n (x) = J2(l W""'- 


1=0 


From (1), we can derive the following equation: 

~ . t n -2 1 

n\ e~ 


) &n\X)— = - < 

n! e f + 1 


(1 — x)t 


n—0 


= E(-i 


n — 0 


By comparing the coefficients on both sides of (4), we get 

G n {x) = {-l) n ~ 1 G n {l^x). 


(3) 

(4) 

(5) 


The gamma and beta function are defined by the following definite integrals: for (a > 0, /? > 

0 ), 

poo 

( 6 ) 


and 


/>oo 

T(a) = / 

Jo 

B{a^f3)— f £ a_1 (l — t) f3 ~ 1 dt 
Jo 


poo j.a—1 


I o (i + t) a+ v 


dt 


(see [15, 23, 24]). Thus by (6) and (7), we get 


T(a + 1) = aT(a), B(a,(d) = 


r(a)r(^) 
r(a + /?) 


(7) 


( 8 ) 


The classical Genocchi numbers, a sequence of integers introduced by Angelo Genocchi 
(1817-1889), have been studied in various context in such diverse areas of mathematics and 
physics as number theory, combinatorics, complex analysis, topology, and quantum physics. 
In recent years, Genocchi polynomials and numbers have received considerable attention and 
many researchers have worked on them, their extensions and their connections with some 
combinatorial counting. 

The degenerate Bernoulli polynomials, the rst degenerate version of well-known families 
of polynomials, were introduced by Carlitz and rediscovered by Ustinov under the name 
of Korobov polynomials of the second kind. On the other hand, Korobov polynomials (of 
the rst kind) are the degenerate version of the Bernoulli polynomials of the second kind. 
Recently, many researchers began to study various kinds of degenerate versions of the familiar 
polynomials like Bernoulli, Euler, Genocchi, falling factorial and Bell polynomials by using 
generating functions, umbral calculus, and p-adic integrals. 

The goal of this paper is to introduce the modified degenerate Genocchi polynomials and 
numbers, a degenerate version of the classical Genocchi polynomials and numbers, in order to 
study their properties and obtain several new and interesting identities involving them. More 
precisely, we give some properties, explicit formulas, several identities, a connection with 
Genocchi polynomials, and some integral formulas. Here they were named as the modified 
degenerate Genocchi polynomials, since there existed what are called the degenerate Genocchi 
polynomials whose definition is slightly different from ours (see [1, 4-6, 8, 11-16, 18, 20, 21, 
22-26, 28]). 


522 


HYUCK IN KWON et al 521-529 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2. Modified degenerate Genocchi polynomials 


First, we note that 

e* = lim(l + X)i , t = loge* = lim log{ 1 + A)* = lim \log{l + A). 

From (1) and (9), we define the modified degenerate Genocchi polynomials as 

o 4- °° 4-n 

When x = 0, g n> \ = g n ,\(0) are called the modified degenerate Genocchi numbers. From 
(10), we get 

2 1 


(9) 


( 10 ) 


2< - (|iti)Li)( |u “ ti ) 

2 1 2 1 

— 1 (1 + A) A H 1 

(1 + A)a+1 v (1 + A) a + 1 

x j.n °° 4-n 

= + E^M 


n — 0 
oo 


n— 0 


= Y( 9n > a(i) 


9n, A J 


n— 0 


n! 


By comparing the coefficients on both sides of (11), we get 

So, a = 0 

Stc,a(1) T 9n , A = 
where S is the Kronecker delta. From (10), we note that 


v - 4.n ( _ 4-m 

E 9n,\{x)—j = ( Y y m ,\ , 

' n! \ ' m! 

n— 0 \m— 0 


/^(H-A) \ m 

Am=0 ' ^ ' TO '/ 


oo / n 


n\ / /os(l + A) A m \ t 

^ J 9n—m,X I y I # 


n! 


-EE 

n— 0 \m = 0 

Thus, by comparing the coefficients on both sides of (13), we obtain the following theorem. 


(ID 


(12) 


(13) 


Theorem 2.1. Let ?igNU {0}. Then we have 

n 

g n ,\{x) = Y 


m— 0 


n\ flog(l + \y „ 

9n—m , A I » j X 

m ' 


V A 


(14) 


From (10), we derive the following equation: 


vA t n -2 1 ,, o -o* 

Y^nAx)— = ^ J l + A) 

n — 0 


nl (1 + A)- + 1 

OO 




n— 0 


By comparing the coefficients on both sides of (15), 

9n, \(x) = (-1)” _1 3„ j a(1 - a;) (n > 0). 


(15) 


(16) 
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By (10), we see that 

— ^ n (n > 1 ). 

From (17), we get 

ffn+i,A(l) - g n + i,a _ f 1 d g n+h x(x) 
n + 1 J Q dx n + 1 

= J\n,x(x) ( l ° 9{1 + X) ^j dx. (n > 1 ). 
By (18), we obtain the following theorem. 


dx 


9n, \{x) = 9n-\,\{x) 


flogiy 


V 


Theorem 2.2. Let tigNU {0}. Then we have 

5»+i,a( 1) — <7n+i,A f 1 , s flog(l + A)\ 

TTT = 1 9 "' xW (— x— J dx 


(17) 


(18) 


(19) 


We note that the Stirling numbers of the first kind are defined as 

n 

(x) n = Si(n, l)x\ (n > 0), (see [1, 4 - 6, 8, 11 - 16, 18, 20, 21, 22 - 26, 28]). 


( 20 ) 


1=0 


where ( x) n = x(x — 1 )■ ■■ (x — n + l)(n > 1), and (x)o = 1- By (10), we see that 

2 1 , 

( 1 - A) Y 


(1 + X)i + 1 


= ( E 9k, > 


a” 


\k = 0 


k\ \ ' ml V A 

/ \m = 0 


= (E^llEE^o 


Kk = 0 


.m — 0 /— 0 
k \ / oo / °o 


tx\ \ A" 




' A m ,.\ t l 

T\ 


\k — 0 / \l — 0 \m—l 

oo/noo . 

= E (EE (Jfc-uS.KO ( x ) O 


'ZV A m \ t n 


From (21), we obtain the following theorem. 


(21) 


Theorem 2.3. Let tigNU {0}. Then we have 

JL YE /n\ /x\l \ m 

9n, a(*) = EE | \g n -i,\Si{m,l) (-) —l\. 

1=0 m=l ' ' 


( 22 ) 


Let d be an odd integer. Then we see that 

d - 1 

2t£(-l) , (l + A) 1 

;=o 

2 1 


1 + (1 + A) A 


1 - - 


(— (1 + A)a)' 
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2 1 


1 + (1 + A) a 
2 1 


_(l + (l + A )f) 


+ 


2 t 


1 + (1 + A) A 1 + (1 + A) * 

°° -in °° -in 

= E 5ll ’ A Tj + E 3 ”-^)- y 


(1 + A) i 


n—1 


n—1 


= y'ten.A +gn,\( d ))— } 

L ' 77, 


n—1 


_ ^5n+l,A + 9n+l,xi d )\ t 


Also, we see that 


n—0 


d—1 


n + 1 


2^(-l)‘(l + A)i 

i=o \n=0 A / 

n- 0 V 1=0 A / 


t n 

n\ 

t n 

n\ 


From (23) and (24), we obtain the following theorem. 


Theorem 2.4. Let ti€NU {0}. Then we have 

d—l 

. / Innl I 4- A I \ 

r = 


2 E(-!) 


1=0 


i P°g ( i + A) 


3+ In, A + <?n+l,A(d) 


n + 1 


From (10) and (14), we note that 

/ y n g n , x( x + y)dy = E ( ” Jfl'n-m.A 

J 0 m—0 A m / 


/ log( 1 + A) 


m r l 


y n+m dy 


( n \ 9n-m,\( x ) f log( 1 + A)V 
^ \m)n + m+ 1 \ A / 

m—0 x x x 7 


By (16), we get 


J y n 9<*A X + y) d v = (-1)" 1 J y” anA 1 ~ ( x + y)) d v 
= (-I)”- 1 E (")»„-„(-*> («i±F)”|‘ 9 « ( i _ sr# 

= E (”) + X) ( M1 + >) )'b[. + 1,»+1) 

rn=0 A / V / 

V EV + x ) p°-7( 1 + A) V" Ai+toA -1 

V m / ?r + to + 1 \ A / I m ) 

m—0 x 7 x / \ / 

By (26) and (27), we obtain the following theorem. 


(23) 


(24) 


(25) 


(26) 


(27) 
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Theorem 2.5. For n £ N, we have 

y^ / n\ g n -m,\i x ) f lo 90 + A) \ m 
z -— ' \m J n + m + IV A ) 

m—0 x 7 x 7 

V f n )( i) m 9n - m ’ x( ' 1 + x ^ f l °90 + A \ m A + m\~ 1 
1 m) n + m + 1 V A J \ m ) 

m—0 x ' x / \ / 


(28) 


From (17), we note that 

/ y n 9n,\{ x + y)dy 
Jo 

g n ,\(x + 1) n log{ 1 + A) f 1 n+1 

= — ; rrr 7 / y + g n -iA x + y)dy 

n+1 n + 1 A J 0 

g n ,x( x + 1) 9n-i,\( x + 1) n ^off(l + A) 


n+1 n+1 n+2 A 


(n + l)(n- 

fln,A(a: + l) + 1) n fo</(l + A) 


n+1 

+(-l) 

+(-l) 


A 


n+1 n+2 

2 g n - 2 ,\( x + 1) n(n - 1) 
n+1 (n + 2)(n + 3) 

3 n(n-l)(n-2) ( (log( 1 + A) 


(log( 1 + A) 


A 


(n + l)(n + 2)(n + 3) 
By continuing this process, we have 

nl 9nA X + 1) 


A 


3 „1 

/ 2/ n+3 ffn-3,A(a; + 2/)^ (29) 
Jo 


/ y n 9nA x + y) d y = 

Jo 

n— 1 

+ £(-i) 


n + 1 

n(n — 1) • • • (n — m + 1) 


m=l 


(n + l)(n + 2) • • • (n + m + 1) 


(log( 1 + A) 
A 


(30) 


9n—m,x( x + 1) 


Therefore by (26) and (30), we obtain the following theorem. 


Theorem 2.6. For n € N, we have 

/ n \ ffn-m, a(.'e) _ y^ (_i)^ 

\mj»i + m + l 

m—0 x 7 m—0 


(m) 9n-m,x(x + 1) / (Zoff(l + A) 


( n + m ) n + m + 1 V A 


(31) 


Taking x = 0, From (16) and (31), we obtain the following corollary. 


Corollary 2.7. For n £ N, we have 


E 


m—0 


n \ 9n-m , A _ 


= > (-i) 


(m) Sn-m, a(1) / (^(1 + A) 


— ' /n + m + 1 ( n+m ) n + m + 1 \ A 

=0 x 7 m—0 V m / x 


(32) 


For n € N, we observe that 

f y n gnA x + y) d y 
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A g n+ i, A (cc + l) 

log( 1 + A) n+1 log(l + A) n + 1 J 0 

»i 


/ V n 1 9 n+i,\{x + y)dy 

Jo 


A 1 

++i,a(z + 1) 

n 

i°g{ i + A) 

n+1 

n + 1 

A 

j g n+ i, A (x + 1) 

n 

Zog(l + A) 

^ n+1 

n + 1 

A 

( 9n+ i,x( x + x ) 

n 

log{ 1 + A) 

^ n+1 

n + 1 

A 

{ 9n+i,\(x + 1) 

1 

l°g{ 1 + A) 

^ n+1 

n + 1 

A 

( 9n+ l + (x+ 1) 

1 

fog(l + A) 

1 n+1 

n + 1 


y n 1 (-l) n 3n+i,A(l - (x + y))dyj 

£ J o y" _1 (i - y) l dy^ 


n+1 

;=o 


n+1 

l 


g n+1 ^\(-x)(-l) n B(n, l + 1) 


n+1 /n+l\ 


1=0 


(33) 

Therefore, by (30) and (33), we obtain the following theorem. 


Theorem 2.8. For n £ N, we have 

l 

)(- 

) 

g n+ i,\(x + 1) 


n— 1 

£< 

l - 0 


(?) 9n-i,\{l + x) ( log(l + A) A 
J ("+') n + l + 1 \ A 7 

("I 1 ) 


;+i 


n+1 


n+1 

^ / ~ 1 )*‘k+z++i-/,A(l + x) 


1 ^ 

1=0 


m 


(34) 


Replacing A by e — 1 and t by (e — l)f in (10), we get 

4-n n, 

£++)^ = - 
n! p. 

n— 0 


e* + 1 


= ^^(a+e-l)”- 1 -, (35) 

i n! 

n— 0 

where G n (x) are the Genocchi polynomials. By comparing both sides of (35), we obtain the 
following theorem. 


Theorem 2.9. For n € N U {0}, we have 

G n (x ) = 5 „, e -i(ar)(e - l) n_1 . 


(36) 


By (12) and (18), we get 


/■ i y r 1 d 

J g n ,\{x)dx = | og( - 1 + A ) ( n + 1 )~ 1 / fa.9n+\A x ) dx 


log{ 1 + A) 
A 

lc+1 + A) 
(~ 2)A 
lc+1 + A) 


(n + 1) ^Sn+i+l) -5 n+ i,A(0)) 
(n + 1) ^Jl+pA 


(37) 
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where n £ N. Also, we have 
/ gn,\(x)gm,\( x )dx 

Jo 

= loq( 1 + A) 71 + 1 ^ ra + 1 >x(l)fl l »n,A(l) — 5n+l,A(0)fl r m,A(0) 

A 1 log{ 1 + A) rl 


log{ 1 + A) n + 1 A 


m / 5„+i,A(a:)5m-i,A(®)rfa; 

Jo 


n + 1 




2 m(m — 1) f 1 

= (“I) 7 1 fw j AT / gn+2Ax)gm-2,\(x)dx 

(n+ l)(n + 2) J o 

By continuing this process, we obtain the following theorem. 


(38) 


Theorem 2.10. For m,n £ N, we have 
/ gn,x{ x )gm,\( X )dx 

Jo 

= (-l) m ~ 2 ^ AT [ 9n+m-2,\( X )92,\( X ) dx ■ ( 39 ) 

(n + 1 )(n + 2) • • • (n + m - 2) J 0 


Now, we have 


g n +m- 2 , a (a:)ff2,A (aOcfe 


= : r / 0n+m-i,A(z)sh,A(a;)dz 

n + m-li 0 

2 9n+m, a(*t) A 

n + m— 1 n + m Zog(l + A) 0 
2 A 2(/ n _j_ m ,\ 

n + m — 1 fog(l + A) n + m 
By (41), we obtain the following theorem. 


(40) 


Theorem 2.11. Form,n £ N, we have 


gn,\{x)g m ,\{x)dx 


= (— l) m 2 


n + m 


-l 


A 


m J log{ 1 + A) 


gn-\-m, X • 


(41) 
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Hesitant fuzzy implicative filters in EE-algebras 

Jeong Soon Han 1 , Sun Shin Ahn 2 ’* 

department of Applied Mathematics, Hanyang University, Ahnsan, 15588, Korea 
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Abstract. The notion of hesitant fuzzy implicative filter of a BE - algebra is introduced and related properties 
are investigated. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy implicative filter. Also, 
as a generalization of hesitant fuzzy implicative filter, we consider the hesitant fuzzy n-fold implicative filter. 
Characterizations of hesitant fuzzy n-fold implicative filter are discussed. 


1. Introduction 

In 2007, Kim and Kim [5] introduced the notion of a .BE- algebra, and investigated several 
properties. In [1], Ahn and So introduced the notion of ideals in .B E-algebras. They gave several 
descriptions of ideals in BE-algebras. Song et al. [8] considered the fuzzification of ideals in BE- 
algebras. They introduced the notion of fuzzy ideals in B E- algebras, and investigated related 
properties. They gave characterizations of a fuzzy ideal in B E- algebras. 

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. 
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [9] introduced 
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life. 
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and 
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory 
is used in decision making problem etc. (see [11, 12, 13, 14, 15]), and is applied to residuated 
lattices and MT L-algebras (see [4, 6]). 

In this paper, we introduce the notion of hesitant fuzzy implicative filter of a BE-algebra, 
and investigate some properties of it. We consider characterizations of hesitant fuzzy implicative 
filter of a BE-algebra. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy 
implicative filter. Also, as a generalization of hesitant fuzzy implicative filter, we consider the 
hesitant fuzzy n-fold implicative filter. We discuss characterizations of hesitant fuzzy n-fold 
implicative filter. 

2. Preliminaries 
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By a BE-algebra ([5]) we mean a system (X; *, 1) of type (2,0) which the following axioms 
hold: 

(2.1) (Vx G A) (x * x — 1), 

(2.2) (Vx G A) (x* 1 = 1), 

(2.3) (Vx G A") (1 * x = x), 

(2.4) (Vx, y , z E X) (x * (y * z) = y * (x * z) (exchange). 

We introduce a relation “ < ” on X by x < y if and only if x * y — 1. 

A SA'-algebra (A; *, 1) is said to be transitive ([5]) if it satisfies: for any x,y,z € X, y * z < 
(x * y) * (x * z). A BA-algebra (A; *, 1) is said to be self distributive ([5]) if it satisfies: for any 
x, yz e A , x*(y*z) = (x*y) * (x* z). Note that every self distributive £> A-algebra is transitive, 
but the converse is not true in general ([5]). 

Every self distributive BA-algebra (A; *, 1) satisfies the following properties: 

(2.5) (Vx, y, z E A) (x<y=^z*x<z*y and y * z < x * z), 

(2.6) (Vx, y G A) (x * (x * y) = x * y), 

(2.7) (Vx, y,z E X) (x * y < (z * x) * (z * y)), 

Definition 2.1. ([5]) Let (A; *, 1) be a BA-algebra and let F be a non-empty subset of A. Then 
F is a filter of A if 
(FI) 1 G F- 

(F2) (Vx, y E A)(x * y,x E F => y E F). 

F is an implicative filter of X if it satisfies (FI) and 
(F3) (Vx, y,z E A)(x *(y*z),x*yEF=^x*zEF). 

Definition 2. 2. ([9]) Let A be a reference set. A hesitant fuzzy set on E is defined in terms of a 
function that when applied to E returns a subset of [0, 1], which can be viewed as the following 
mathematical representation: 

He '■= {(e, h E (e))\e E E} 

where h E : E — >■ ^([0, 1]). 

Definition 2.3. Given a non-empty subset A of A", a hesitant fuzzy set 

H x := {(x,h x (x))\x E X} 
on satisfying the following condition: 

h x (x) = 0 for all x ^ A (2.8) 

is called a hesitant fuzzy set related to A (briefly, A-hesitant fuzzy set ) on A, and is represented 
by Ha '■= {(x, h^(x)) | x G A}, where Iia is a mapping from X to «£^([0, 1]) with /i^(x) = 0 for 
all x ^ A. 
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For a hesitant set H x {(a:, h x {x)) \ x G A} of a BE- algebra A and a subset 7 of [0, 1], the 
hesitant fuzzy 7-inclusive set of Hx, denoted by H x ( 7), is dehned to be the set 

H x {l) := {lc G A (7 C h x (x)}. 

For any hesitant fuzzy set H x = {(x,h x (x)\x G X} and G x = {(x, g x (x))\x G A}, we call 
H x a hesitant fuzzy subset of G x , denoted by H X EG X , if h x (x) C g x (x ) for all x G X. The 
hesitant fuzzy union of H x and G x , denoted by H x biG x , is dehned to be the hesitant fuzzy 
set ( h x Lig x )(x ) = h x (x) U g x {x) for all x G A". The hesitant fuzzy intersection of H x and G x , 
denoted by H x nG x , is dehned to be the hesitant fuzzy set ( h x Dg x )(x ) = h x {x) D g x (x) for all 
x G X. 


3. Hesitant fuzzy implicative filters 

Definition 3.1. ([3]) Given a non-empty subset (subalgebra as much as possible) A of X, let 
H x {(x, h A (x )) | x G X} be an A-hesitant fuzzy set on X. Then Ha '■= {(a;, h A (x)) \ x G X} 
is called a hesitant fuzzy filter of X related to A (briefly, A-hesitant fuzzy filter of X) if it satisfies 
the following condition: 


(Vx G A) (h A (x) C h A ( 1)) , (3.1) 

(Vx, y G A) ( h A {x *y)D h A (x) C h A (y)) ■ (3.2) 

An A-hesitant fuzzy filter of X with A = X is called a hesitant fuzzy filter of X. 

Proposition 3.2. ([3]) Let Ha '■= { (a;, h A {x))\x G A} be an A-hesitant fuzzy filter of X where A 
is a subalgebra of X. Then the following assertions are valid. 

(i) (Vx, y G A)(x < y h A {x) C h A {y)), 

(ii) (Vx, y, z G A)(h A (x * (y * z)) n h A (y) C h A (x * z)), 

(iii) (Va , x G A)(h A (o) Q h A ((a * x) * x). 

Definition 3.3. Given a non-empty subset (subalgebra as much as possible) A of X, let H A '■= 
{(x, h A (x)) | x G A"} be an A-hesitant fuzzy set on X. Then H A '■= {(x, h A (x)) | x G A} is called 
a hesitant fuzzy implicative filter of X related to A (briefly, A-hesitant fuzzy implicative filter of 
A) if it satisfies (3.1) and 

(Vx, y,z G A) (h A (x *(y* z)) n h A (x * y) C h A (x * z)) . (3.3) 

An A-hesitant fuzzy implicative filter of A with A = A is called a hesitant fuzzy implicative filter 
of A. 
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Example 3.4. Let A = {1, a, b, c, d, 0} be a B E-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

1 

a 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


For a subalgebra A = {1 ,a,b} of X , let Ha '■= {(x,Iia(x)) \ x G A"} be an A-hesitant fuzzy set 
on X defined by 

H a = {(1, [0, 1]), (a, (0, ±]), (b, (0, §)), (c, (0, ±)), {d, 0), (0, 0)} 

It is easy to check that Ha is an A-hesitant fuzzy implicative Liter of X. 


Proposition 3.5. Every A-hesitant fuzzy implicative filter of a B E-algebra X is an A-hesitant 
fuzzy filter of X. 


Proof. Let Ha '■= {(A, Iia(x)) \ x G X} be an A-hesitant fuzzy implicative Liter of X. It follows 
from (2.4) and (3.3) that 

h A (y *(x* z)) n h A (x * y) =h A (x * (y * z)) n h A (x * y) 

Ch A (x * z) 

for any x,y,z G X. Setting x 1 in (3.4), we have h A (y * z) D hA(y) Q h A (z). Therefore 
Ha ■— {(x,h A (x)) | x G X} is an A-hesitant fuzzy Liter of X. □ 

The converse of Proposition may not be true in general (see Example 3.6). 


Example 3.6. Let X = {l,a,b,c,d,0} be a B E-algebra as in Example 3.4. Let H x 
{(x,hx(x)) | x G X} be a hesitant fuzzy set on X dehned as follows: 


hx : X — > ^([0, 1]), x i-A 


72 if x — 1 

7 i if x G {a, b, c, d, 0}, 


where 71 and 72 are subsets of [0, 1] with 71 C 72. It is easy to check that H x is a hesitant fuzzy 
Liter of A. But it is not a hesitant fuzzy implicative Liter of A, since h x (d* (a*0)) D h x (d.*a) = 
72 $£ 7i = h x (d * 0). 


We provide conditions for a hesitant fuzzy Liter to be a hesitant fuzzy implicative Liter. 


Proposition 3.7. Let X be a self distributive BE-algebra. Let H x := {(x,h x (x)) \ x G A} be 
a hesitant fuzzy filter of X satisfying 


{Vx,y,z G A )(h x (x* (y * {y * z))) n h x (y*x)) C h x (y*z). (3.5) 

Then H x := {(x, h x (x)) \ x G A} is a hesitant fuzzy implicative filter of X. 
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Proof. Since x * (y * z) = y * (x * z) < (x * y) * (x * (x * z)) = x * (y * (x * z)) = y * (x * (x * z)) 
for all x,y G A, we have h x (x * (y * z )) C h x (y * (x * (x * z))) by Proposition 3.2(i). It follows 
from (3.5) that h x {x * z) D hx(y * (x * (x * z)) D h x (x * y) D h x (x * (y * z)) fl h x (x * y). Thus 
Hx '■= {(x,hx(x)) | x G A"} is a hesitant fuzzy implicative filter of X. □ 

Theorem 3.8. Let X be a transitive B E-algebra. For any hesitant fuzzy Liter Hx ■— {(x,h x (x)) 
x e X} of X , the following are equivalent: 

(i) H x {(x, hx(x)) \ x G X} is a hesitant fuzzy implicative filter, 

(ii) (Vx, ye X) (h x (x * (x * y)) C h x (x * y )) , 

(iii) (Vx, 2 /,z G X) (h x (x* (y * z)) C h x ((x*y) * (x*z))). 

Proof, (i) (ii) Assume that H x {(x, h x (x)) \ x G X} is a hesitant fuzzy implicative filter of 
X. Setting z y,y x in (3.3), we get 

h x (x * y) ffh x (x * (x * y)) fl h x (x * x) 

=h x (x * (x*y)) fl h x ( 1) 

=h x (x *(x*y)). 

Hence (ii) holds. 

(ii) =^(iii) Suppose that (ii) holds. Since x*(y*z) < x* (( x*y ) *(x*z)) = x* (x* ((x*y) *z)), by 
Proposition 3.2(i) we have h x (x * ((x *y) * (x* z))) = h x (x * (x * ((x *y) * 2 ))) D h x (x * (y * z)). 
It follows from (ii) that 

hxifx * y) * (x * z)) —h x (x * ((x * y) * z)) 

~2h x (x * (x * ((x * y) * z))) 

12h x (x *(y* z)). 

Thus (iii) holds. 

(iii) =^(ii) Assume that (iii) holds. By (3.2) and (iii), we have 

h x {x * z) ffh x ((x * y) * (x * z)) fl h x {x * y) 
flh x (x *(y* z)) n h x (x * y). 

Therefore H x := {(x, h x {x )) | x G A} is a hesitant fuzzy implicative hlter of X. □ 

Theorem 3.9. Let X be a self distributive BE-algebra. Then the hesitant fuzzy set H x '■ = 
{(x, h x {x )) | x G A} of X is a hesitant fuzzy implicative filter of X if and only if it is a hesitant 
fuzzy filter of X. 

Proof. By Proposition 3.5, every hesitant fuzzy implicative hlter of A is a hesitant fuzzy hlter of 
A. 
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Conversely, assume that Hx {(x,hx(x)) \ x G X} is a hesitant fuzzy filter of X. For any 
x,y,z G X, by (3.2) we have 

hx(x * z) D hx((x * y) * (x * z)) fl hx(x * y) 

=h x (x *(y* z)) n h x (x * y). 

Hence Hx '■= {(a;, hx(x)) \ x G X} is a hesitant fuzzy implicative filter of X. □ 

For any element x and y of a H E-algebra X and positive integer n, let x n *y denote x * (■ ■ ■ * 
(x * (x *y)) ■ ■ ■ ) in which x occurs n times, and x° * y = 1. 

Definition 3.10. Let X be a BE- algebra and let Hx '■= {(x,hx(x)) \ x G X} be a hesitant 
fuzzy set on X. Then H\ '■= {(x,hx(x)) \ x G A"} is called a hesitant fuzzy n-fold implicative 
filter of X if it satisfies (3.1) and 

(3.6) (Vx, y, z G X) (. hx{x n * (y * z)) fl hx(x n * y)) C hx(x n * z)) . 


Note that a hesitant fuzzy 1-fold implicative filter of X is a hesitant fuzzy implicative filter of 
X. 


Example 3.11. Let X := {l,a,b,c,d,0} is a transitive EE-algebra ([11]) with the following 
Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

b 

c 

b 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 
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1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Let Hx {(a;, hx(x)) \ x G X} be a hesitant fuzzy set on X defined as follows: 


hx ■ X — > ^([0, 1]), x ha 


72 if x G {1 ,b,c} 
7i if x G {a, d, 0 }, 


where 71 and 72 are subsets of U with 71 C 72. It is easy to check that H\ '■= {(x, hx(x )) | x G X} 
is a hesitant fuzzy n-fold implicative filter of X. 


Theorem 3.12. Every hesitant n-fold fuzzy implicative filter of X is a hesitant fuzzy filter of 
X. 


Proof. Taking x := 1 in (3.6) and (2.3), we have hx(z ) 5 hx(y * z) D hx(y)- Hence Hx 
{(x, hx(x)) | x G X} is a hesitant fuzzy filter of X. □ 

The converse of Theorem 3.12 may not be not true in general (see Example 3.13). 
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Example 3.13. Let X := {l,a,b,c,d,0} be a BE- algebra as in Example 3.11. Let H x be a 
hesitant fuzzy set on X defined as follows: 


hx : X — * ^([0, 1]), 


72 if x — 1 

7i if x G {a, 6, c, d, 0 }, 


where 71 and 72 are subsets of U with 71 C 73 , It is easy to check that H x is a hesitant fuzzy 
filter of X. But it is not a hesitant fuzzy 1-fold implicative filter of A", since hx(d *c) = h x (b) = 
71 ^ 72 = h x ( 1) = h x (d * (b* c)) fl h x (d * b). 


Theorem 3.14. Let X be a transitive BE-algebra. For any hesitant fuzzy filter H x 
{(a;, h x (x)) | x G X} of X, the following are equivalent: 

(i) H x ■— {(x, h x (x)) | x G X} is a hesitant fuzzy n-fold implicative filter, 

(ii) (Vx, y G X) ( h x (x n+1 * y) C h x (x n *y)), 

(iii) (Vx, y, z G A") ( h x {x n * (y * z)) C h x ({x n * y) * (x n * z))). 


Proof. (i)=>(ii) Assume that H x := {(x,hx(x)) \ x G A"} is a hesitant fuzzy n-fold implicative 
filter of X. Setting z := y,y := x in (3.6), we have 

h x (x n * y) Dh x (x n * (x * y)) fl h x (x n * x) 

=h x (x n+1 *y) nh x (l) 

=h x (x n+1 *y). 

Hence (ii) holds. 

(ii)=^(iii) Suppose that (ii) holds. Since x n * (y * z) < x n * ((x n * y) * ( x n * z)), we have hx(x n * 
(( x n *y)*(x n *z ))) D h x (x n *(y*z)). Sine e x n+1 *(x n ~ 1 *((x n *y)*z)) = x n *(x n *((x n *y)*z))) = 
x 11 * ((x n *y)) * ( x n * z)) and using (ii), we have 

hx(x n+1 * (x n ~ 2 * (( x n * y) * z)) =h x (x n * (x n_1 * ((x n * y) * z)) 

D hx(x n+1 * (x n_1 * ((x 11 * y) * z))) 
—hx(x n *((x n *y)*(x n *z))) ^ ^ 

3 h x (x n *(y*z)). 


By (ii) and (3.7), we have 

h x (x n+1 * ( x n ~ 3 


* (( x n * y) * z))) =h x (x n * (x n ~ 2 * (( x n * y) * z))) 
ffh x (x n+1 * (x n ~ 2 * ((x n * y) * z))) 
ffh x (x n *(y* z)). 


Continuing this process, we conclude that 

hx((x n * y) * (x n * z)) =hx(x n * ((x n *y) * z)) 

5 h x {x n *(y* z)). 
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(iii)=^(i) Let x,y,z G A. It follows from (iii) that 

h x (x n * z ) D h x ((x n * y) * ( x n * z)) fl hx(x n * y) 

2 h x ((x n *(y* z)) n h x (x n * y). 

Hence H x {(rr, h x (x)) \ x G X} is a hesitant n-fold fuzzy implicative filter □ 

Definition 3.15. Let n be a positive integer. A FF-algebra X is said to be n-fold implicative 
if it satisfies the equality x n+1 * y = x n * y for all x,y G X. 

Corollary 3.16. In an n-fold implicative B E -algebra, the notion of hesitant fuzzy filters and 
hesitant fuzzy n-fold implicative filters coincide. 

Proof. Straightforward. □ 

Theorem 3.17. A hesitant fuzzy set H x {( x,h x (x )) | x G A"} of a BE-algebra X is a 

hesitant fuzzy implicative filter of X if and only if the hesitant fuzzy y -inclusive set Hx ( 7 ) is an 
implicative filter of X for all 7 G &([0, 1]) with H x { 7 ) 0. 

The filter H x ( 7 ) in Theorem 3.17 is called the 7 -inclusive filter of X. 

Proof. Assume that H x {(x,hx(x)) \ x G A} is a hesitant fuzzy implicative filter of X. 
Let x,y,z G X and 7 G <^([0,1]) be such that x * (y * z) G H x (7) and x * y G H x ( 7 ). 
Then 7 C h x {x * (y * z)) and 7 C h x {x * y). Using (3.1) and (3.3), we have 7 C h x ( 1) and 
7 Q h x (x * (y * z) fl h x (x * y) C h x (x * z) for x,y, z G X. Hence 1 G H x (7) and x * z G H x (y). 
Thus H- x (y) is an implicative Liter of X. 

Conversely, suppose that H x ( 7 ) is an implicative Liter of A for all 7 G <^([0,1]) with H x ( 7 ) 

0. For any x G X, let hx(x) = 7 . Since H x ( 7 ) is an implicative Liter of A, we have 1 G H x ( 7 ) 
and so hx(z) = 7 ^ ^x(l)- For any x,y,z G A, let h x (x* (2/ *2)) = y x *( y *z) and h x (x*y) = y x * y . 
Take 7 = y x *{y*z) Fl y x *y Then x * (y * z) G H x ( 7 ) and x * y G H x ( 7 ) which imply that 
x * z & H x (y). Hence 

Av(ic * 2)17 = 7x*(j/*z) Fl 7 *,*^ = h x (x *(y*z)) Fl h x (x * y). 

Thus LF.y := {(x, h x (x)) \ x G A} is a hesitant fuzzy implicative Liter of A. □ 

Theorem 3.18. Every hesitant fuzzy implicative filter of a BE-algebra can be represented as a 
hesitant fuzzy y-inclusive set of a hesitant fuzzy implicative filter. 

Proof. Let F be an implicative Liter of a HA-algebra X. For a subset 7 of [0, 1], deLne a hesitant 
fuzzy set H x ■— {(a;, h x (x)) \ x G A} of A by 

z*:x^([o. j 

Obviously, F = H x ( 7 ) • We now prove that H x is a hesitant fuzzy implicative Liter of A. Since 1 G 
F = H x { 7 ), we have h_v(l) = 7 5 h x (x) for all re G A. Let x,y,z G A". If x*(y*z), x*y G F, then 
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x*z G F because F is an implicative filter of X. Hence hx(x*(y*z)) = hx(x*y ) = hx(x*z ) = 7, 
and so hx(x*(y*z))nhx(x*y) C hx(x*z). If x*(y*z) G F and x*y £ F, then hx(x*(y*z)) =7 
and hx(x *y) = 0 which imply that 

hx (x * (y * z)) D hx(x * y) — 7 O 0 = 0 C hx(x * z). 

Similarly, if x* (y * z) ^ F and x*y G F, then hx(x * (y * z)) fl hx{x * y) C h x (x * z). Obviously, 
if x * (y * z ) ^ F and x * y ^ F, then hx(x * (y * z)) fl hx(x * y) C h x (x * z). Therefore 
Hx {(x,hx(x)) | x G X} is a hesitant fuzzy implicative filter of X. □ 

For two elements a and b of X , consider a hesitant fuzzy set H^ b := {(x, hf^x)) \ x G X} 
where 


hy 6 : X — > ^([0, 1]), x ' — y 


71 if a * (b * x) = 1, 

72 otherwise, 


where 71 and 72 are subsets of X with 72 C 7J. 

There exist a, b G X such that H c ^ b is not a hesitant fuzzy implicative filter of X (see Example 
3 . 19 ). 


Example 3.19. Consider the HE- algebra X = {l,a,b,c,d,0} which is given in Example 3 . 4 . 
Then H l f a is not a hesitant fuzzy implicative filter of X since 

hy a (l * (a * b)) 0 h]f'( 1 * a) = 71 ^ /r^- a (l * b) = y 2 . 


Now we provide a condition for the hesitant fuzzy set H^ b to be a hesitant fuzzy implicative 
filter of X for all a, b G X. 

Theorem 3.20. If X is a self distributive B E-algebra, then the hesitant fuzzy set H^ b is a 
hesitant fuzzy implicative filter of X for all a, b G X. 

Proof. Let a, b G X. Obviously, 1 ) D h a x{x) for all x G X. Let x,y,z G X be such that 
a * (b * (x * (y * z))) 7^ 1 or a * (b * (x * y)) 7^ 1 . Then hf^fx * (y * z)) = 72 or h a f b (x * y) = 72- 
Hence 


h a f b (x *(y* z)) O h a x b (x * y) = 72 C ti${x * z). 
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Assume that a * (b* (x * (y * z))) = 1 and a* (b * (x * y)) = 1 . Then 

1 = a* (b * (x * (y * z))) 

= a * (b * ((x * y) * (x * z))) 

= a * ((b * (x * y)) * (b * (x * z))) 

= (a* (b * (x * y))) * (a * (b * (x * z))) 

= 1 * (a * (b * (x * z))) 

= a * (b * (x * z)), 

and so h^ b (x * (y * z)) D (x * y) =71 = h^ b (x * z). Therefore H^ b is a hesitant fuzzy implicative 
filter of X for all a,b E X. □ 

Theorem 3.21. If II x and G x are hesitant fuzzy implicative filters of a BE-algebra X, then 
the hesitant fuzzy intersection Hx f) Gx of Hx and G x is a hesitant fuzzy implicative filter of X. 

Proof. For any x E X, we have 

(h x Gg x ) (1) = hxiX) G g X ( 1) G h x (x ) D g x (x) = (h x Gg x )(x). 


Let x,y,z E X. Then 

(h x n g x )(x * z) = h x (x * z) n g x (x * z) 

2 (h x (x *(y* z)) n h x (x * y)) n (g x (x * (y * z)) n g x (x* y)) 

= (h x (x *(y* z)) Gg x (x*(y* z))) n (h x (x *y)tlg x (x* y)) 

= (hx n g x ) (x*(y* z)) n (h x Id g x ) (x*y). 

Hence H x H G x is a hesitant fuzzy implicative filter of X. □ 


The hesitant fuzzy union of hesitant fuzzy implicative Liters of a -BFLalgebra X may not be a 
hesitant fuzzy implicative Liter of X as the following example. 


Example 3.22. Let X = {1 ,a,b,c,d} is a B E-algebra with the following Cayley table ([5]): 


* 

1 

a 

6 

c 

d 

1 

1 

a 

6 

c 

d 

a 

1 

1 

6 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

6 

1 

b 

d 

1 

1 

1 

1 

1 


Let H x and G x be hesitant fuzzy sets of X dehned, respectively, as follows: 


h x : X — » ^([0, 1]), iK 


73 if x E {1,6} 

71 if x E {a, c, d} 
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and 


g x : X -> &{U), x ^ 


74 if x G { 1 , a, c} 
72 if x G {&, d} 


where 71, 72, 73, and 74 are subsets of [ 0 , 1 ] with 71 C 72 C 73 C 74. It is easy to check that 
Hx and Gx are hesitant fuzzy implicative hlters of X. But Hx 0 Gx is not a hesitant fuzzy 
implicative hlter of X, since 

(h x 0g x )(l * (c * d))n(h x 0g x )(l * c) = ( h x 0g x )(b ) n (h x 0g x )(c) 

= ( h x (b ) U g x (b)) n (h x (c) U g x (c)) 

= 73 n 74 = 73 ^ 72 = 71 u 72 

= h x (l*d) Ug x (l*d) = (h x 0g x )(l*d). 


Let H x be a hesitant fuzzy set set of a BE - algebra X. For any a,b G X and k £ N, consider 
the set 


h x [a k ; b] {x e X \ h x ( a k * (b* x)) = h x ( 1 )} 

where hx(a k * x) — hx(a * (a *(■■■* (a * (a * x)) ■■■ ))) in which a appears h- times. Note that 
a, b, 1 G h x [a k ; b] for all a, 6 G X and fceN. 

Proposition 3 . 23 . Let H\ be a hesitant fuzzy set of a B E-algebra X such that the condition 
(3.1 ) and hx(x*y ) = hx(x) U hx(y ) for all x, y G Ah For any a,b G A and k G N, if x G hx[a fc ; 6 ], 
then y * x G hx[a fc ; 6 ] for all y G A. 

Proof. Assume that x G h-x[a fc ; 6 ]. Then h x (a k * {b * x)) = h-x(l), and so 

h x (a k * (b * (y * x))) = h x (a k * (y * (b * x))) 

= hx(y * (a fc * (6 * x))) 

= h x (y) U h x (a k *(b*x)) 

= h x (y) U hx( 1 ) = hx{l) 

for all y G X by the exchange property of the operation *. Hence y*x G Fy [a fc ; b] for all y G X. □ 

Proposition 3 . 24 . For any hesitant fuzzy set Hx of a BE-algebra X, let a G X satisfy the 
following condition a * x = 1 for all x G X. Then hx [o k '■ b] = X = hx[b k ; a] for all b G X and 
keN. 


540 


Jeong Soon Han et al 530-543 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Jeong Soon Han and Sun Shin Ahn 


Proof. For any x G X, we have 

h x (a k * (b* x)) — h x (a k ~ 1 * (a* (b * x))) 

= h x (a k ~ 1 * (b * (a * x))) 

= h x (a k ^ 1 * (b * 1)) 

= hx(l), 

and so x G h x [a k ; b\. Similarly, x G h x [b k : a}. □ 

Proposition 3.25. Let X be a self distributive BE-algebra and let H x be an order-preserving 
soft set of X with the property (3.1). If b < c in X, then h x [a k ; c] C h x [a k ; b] for all a G X and 
keN. 


Proof. Let a, b , c, G X be such that b < c. For any k G N, if x G h x [a k ; c], then 

h x { 1) = h x (a k * (c * x)) = h x (c * ( a k * x)) 

C h x (b * (a fc * x)) = h x (a k * (b* x)) 

by (2.5), Proposition 3.2(i) and (2.4), and so h x (a k * (b * x)) = h x ( 1)- Thus x G h x [a k ',b], which 
completes the proof. □ 


The following example shows that there exists a hesitant fuzzy set H x of X , a,b G X and 
k G N such that h x [a k ; b] is not a filter of X. 


Example 3.26. Let X = {l,a, 6 , c} is a .BE-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


Let H x be a hesitant fuzzy set of X U defined as follows: 


h x : X — > ^([0, 1]), x ha 


72 if x — 1 
7i if x G {a, b, c}, 


where 71 and 72 are subsets of U with 7 x C 72 . Then it is a hesitant fuzzy set of X. But 
h x [c; b] = {a; G X\ h x (c* (b*x)) = h x (l)j = {1, a, b} is not an implicative filter, since 1* ( a*c ) = 
a G h x [c; b \ , 1 * a = a G h x [c; b] and 1 * c = c ^ h x [c; b] . 


We provide conditions for a set h x [a k ]b\ to be an implicative filter. 


Theorem 3.27. Let H x be a hesitant fuzzy set of a self distributive BE-algebra X. If h x is 
injective, then h x [a k \ b] is an implicative Liter of X for all a,b G X and k G N. 


541 


Jeong Soon Han et al 530-543 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Hesitant fuzzy implicative filters in Hill-algebras 

Proof. Assume that X is a self distributive BE - algebra and hx is injective. Obviously, 1 G 
hx[a k ; b\. Let a, 6, x,y, z E X and k G N be such that x * (y * z) G hx[a k ] b\ and x * y G hx[a k ; b\. 

Then h x (a k * (b * (x * (y * z)))) = hx( 1) which implies that a k * (b * (x * (y * z))) = 1 since hx is 

injective. Since X is a self distributive BE- algebra, we have 

h x { 1) = h x (a k *(b*(x*(y* z)))) 

= hx(a * (a * (6 * (x * (y * 2))))) 

= hx(a k ~ l * (a * (( b * (x * y)) * (b * (x * z))))) 

= hx{(a k * (b* (x * y ))) * ( a k * (b * (x * z)))) 

= h x ( 1 * ( a k * (b* (x * z)))) 

= h x (a k * (b * (x * z))), 

which implies that x*z E hx[a k ; b\. Therefore hx[a k ; b\ is an implicative Liter of X for all a,b G X 
and k G N. □ 

Theorem 3.28. Let Hx he a hesitant fuzzy set of a self distributive B-algebra X satisfying the 
condition (3.1) and 

(Vx,y G X) (h x (x *y) = h x [x) 0 h x (y)) • (3.8) 

Then hx [o k '■ b] is an implicative filter of X for all a,b G X and k gN. 

Proof. Let a,b G X and k G N. Obviously, 1 G hx[a k ; 6]. Let x,y,z G A" be such that a; * (y * z) G 
Av[a fc ; b] and x * y E h x [a k ; 6]. Then hx (a fc * (6 * (x * (y * z)))) = hx{ 1), which implies from 
(3.8) and (3.1) that 

hx(l) = hx(a k *(b*(x*(y* z)))) 

= h x (a k ~ l * (a * (b * (x * (y * z))))) 

= h x (a k ~ l * (a * ((b * (x * y)) * (b * (x * z))))) 

= h x ((a k * (b* (x * y))) * ( a k * (b* (x * z)))) 

= h x (a k * (b* (x * y))) O h x (a k * (b* (x * z))) 

= h x ( 1) O h x (a k * (b * (x * z))) 

= hx(a k * (b* (x * z))). 

Hence x * z E hx[a k ; b\ and therefore h x [a k ] b\ is an implicative Liter of X for all a,b E X and 
k E N. □ 
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Abstract. Let X and y be vector spaces. It is shown that a mapping / : X — » y satisfies the functional 
equation 




x + y + z 




x — y — z 




y — x — z 




z — x — y 


= f(x) + f(y) + f(z ) 


( 0 . 1 ) 


if and only if / : X — > y is a quadratic mapping. 

Furthermore, we prove the superstability and the Hyers-Ulam stability for the quadratic functional equation 
(0.1) by using a direct method. 


Keywords: Hyers-Ulam stability; quadratic functional equation; fixed point method; quadratic functional 
inequality; orthogonality space. 


1. Introduction and preliminaries 

Studying functional equations focusing on their approximate and exact solutions, conduces to one of the 
most substantial significant study brunches in functional equations, what we would call “the theory of stability of 
functional equations”. This theory specifically analyzes relationships between approximate and exact solutions 
of functional equations. Actually a functional equation is considered to be stable, if one can find an exact 
solution for any approximate solution of that certain functional equation. Another related and close term in 
this area is superstability, which has a similar nature and concept to the stability problem. As a matter of fact, 
superstability for a given functional equation occurs when any approximate solution is an exact solution too. 
In such this situation the functional equation is called superstable. 

In 1940, the most preliminary form of stability problems was proposed by Ulam [40]. He gave a talk and 
asked the following: “when and under what conditions does an exact solution of a functional equation near an 
approximately solution of that exist?” 

In 1941, this question that today is considered as the source of the stability theory, was formulated and solved 
by Hyers [14] for the Cauchy’s functional equation in Banach spaces. Then the result of Hyers was generalized 
by Aoki [1] for additive mappings and by Rassias [32] for linear mappings by considering an unbounded Cauchy 
difference. In 1994, Gavru(a [13] provided a further generalization of Rassias’ theorem in which he replaced the 
unbounded Cauchy difference by a general control function for the existence of a unique linear mapping. For 
more epochal information and various aspects about the stability of functional equations theory, we refer the 

°2010 Mathematics Subject Classification: 39B52. 

‘Corresponding authors. 
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reader to the monographs [15, 28, 33, 35], which also include many interesting results concerning the stability 
of different functional equations in many various spaces. 

Consider the quadratic functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y). (1.1) 

The function f(x) = cx 2 is a solution for the quadratic functional equation and obviously every satisfied 
function in this equation is said to be a quadratic function. A stability problem for this equation was first 
proved by Skof [39] and then was generalized by Cholewa [9], Czerwik [7, 8] and others [2, 4, 30, 31, 33, 34]. 
Moreover, there are some other different types of quadratic functional equations that their stability problems 
have been investigated by many authors. We refer the readers to the papers [3, 5, 6, 10, 11, 12, 16, 17, 18, 19, 
20, 21, 22, 23, 24, 25, 26, 27, 29, 36, 37, 38, 41], 

This paper is organized as follows: In Section 2, we consider the superstability of the quadratic functional 
equation (0.1) and in Sections 3 and 4, we prove two types of stability problems for the quadratic functional 
equation (0.1). 


2. Superstability of the functional equation (0.1) 

To commence proving the superstability of the quadratic functional equation (0.1), we first solve it and then 
will give a superstability theorem. 

Proposition 2.1. Let X and y be vector spaces. A mapping f : X — ► y satisfies (0.1) if and only if the 
mapping f : X — > y is a quadratic mapping. 


Proof. Sufficiency. Assume that / : X — » y satisfies (0.1). 

Letting x = y = z = 0 in (0.1), we have 4/(0) = 3/(0). So /( 0) = 0. 

Letting y = z = 0 in (0.1), we get 

2 'd) +v (-f )-'<*>. < 2 -‘> 

2/ (-f) + 2/ (f )=«-*> 

for all x £ X, which imply that f(x) = f{—x) for all x £ X . 

It follows from (2.1) that 4/ = f(x) and so /( 2x) = 4 f(x) for all x € X. 

Putting z = 0 in (0.1), we see that 

+ y) + ^f{x -y) = f(x) + f(y) 

for all x, y £ X, which means that / : X — > y is a quadratic mapping. 

Necessity. Assume that / : X — > y is quadratic. 

By (1.1), one can easily get /( 0) = 0, f(x) = f{—x) and /( 2x) = 4 f(x) for all x £ X . So by applying (1.1), 
we obtain 




x + y + z 




x — y — z 


K 


y — x — z 




z — x — y 




■«(!)♦/( 


y + z + y- z 




y + z-y + z 


= / 0 ) + fiv ) + f{z) 


for all x,y,z £ X, which is the functional equation (0.1) and the proof is complete. 


□ 
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Theorem 2.2. Let X ,y be normed spaces with norms || • ||;r and || • ||y, respectively. Let 8 be a nonnegative 
real number and ip : X 3 — > [0, oo) be a function with 

<p(0,0,0) = 0, <p(x, y, 3x + y) = 0 


for all x,y £ X . Suppose that f : X — ► y is a mapping such that 




< 


/O) - / ( 


x — y — z 
2 

z — x — y 


+ / ( 

+ 8-p(x,y,z) 


y — x — z 
2 


) - f(y) - /(«) 


for all x,y,z £ X . Then f is a quadratic mapping. 


(2.2) 


Proof. Putting x = y = z = 0 in (2.2), we get 


/( 0) y < o y + <5 • <p(0, 0, 0) = 0. 


So /( 0) = 0. 

Replacing x,y,z by 0,*,* in (2.2), respectively, we obtain 


||/(-*) - f( x )\\y < ||0||y + 8 ■ <p(0,x,x) = 0. 

So /(*) = f(—x) for all x £ X. 

Replacing x, y and z by x, —3x and 0, and then by 2x, —3x and 3* in (2.2), respectively, we have 


{f(x) - /(3m)] + 2/(2*) = 0, 

2[/(m) - /(3m)] + /(4a;) = 0, 

which result that /( 2x) = 4 f(x) and f(3x) = 9 /(*) for all x £ X. 

Letting x = v — u, y = 2u — v and z = 2v — u and then x = u + v,y = —3v and z = 3u in (2.2), respectively, 
we get the equalities 


f(2u-v) + f{2v-u) = f(u) + f(v) + f(2u-2v), 

f(2u - v) + f(2v - u) = f(3u) + f(3v) - f{2u + 2v). 


Thus 

f{u) + f{y) + 4 f(u -v) = 9 f(u) + 9 f(v) - 4 f(u + v), 

which is simplified to 

f(u + v) + f(u - v) = 2 f(u) + 2 f(v) 

for all u, v £ X . So / is quadratic. □ 


Theorem 2.2 covers several other cases for ip : X 3 [0, oo). For example, we can define ip satisfying the 
mentioned conditions with <p(x, y, z) := ||j/|| ^ — || 3m — z \\x or <p(x, y, z) := ||3m + y — z\\x- In addition, to make 
a simpler result, one can put 5 = 0. 


3. Hyers-Ulam stability of the functional equation (0.1): Type A 

In this section, we prove the Hyers-Ulam stability of the quadratic functional equation (0.1). We will suppose 
that A is a normed space and y is a complete normed space with norms || ■ \\x and || ■ ||y, respectively. 
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Theorem 3.1. Let ip : X 3 — > [0, oo) be a function with ip( 0, 0, 0) = 0 and the following condition holds: 

{ \\x\\x < \W\\x, or 

\\y\\x < \\y'\\x, or => 

\\z\\x < ||«'||Ar, 

for all x, y, z, x ' , y' , z' £ X . Denote by rj> a function such that 


V{x,y,z) < <p{x',y',z') 


OO 

4>(x,y,z) := ^2 2n <p ( 


x y z , 

— , — , — < oo 

2 n 7 2 n 1 2 n ' 


(3-1) 


(3.2) 


for all x,y,z £ X . Suppose that f : X — ► y is an even mapping satisfying 
' x + y + z' 


/(^) + /(^) + /(t t*) 


- f(y) - f(z) 


< 


/(*)-/( 


z — x — y 
2 


+ v(x, y, z) 

for all x,y,z £ X. Then there exists a unique quadratic mapping Q \ X such that 

|j f{x) - Q{x)\\ y < 2<j)(x, x, x) 


(3.3) 


(3.4) 


for all x £ X . 

Proof. Letting x = y = z = 0 in (3.3), we get 

||/(0)|| y < ||o||y + ^(0,0,0) = 0. 

So /( 0) = 0. 

Replacing x,y,z by x, *,4* and *,0,3* in (3.3), respectively, and then using (3.1), we obtain 
|J/(3*) + 2/(2*) — /(*) — /(4*)||y < <p(x,x,4x) < ip(4x,4x,4x), 

|| 2/(2*) + /(*) — /(3*)||-y < <p(x, 0,3x) < <p(4x,4x,4x) 
for all x £ X. These inequalities give 

1 1 4/(2*) - /(4*)|| y < 1 1 / (3*) + 2/(2*) - /(*) - f{4x)\\ y + ||2/(2*) + /(*) - f(3x)\\ y < 2<p(4*, 4*, 4*). 


Thus 


V(|) -/W 


< 2<p(x, *, *) 


for all x £ X. Using the induction method, we show that 


n — 1 

<’/(£)-/<.) 


(3.5) 


(3.6) 


for all n > 1 and all * £ X . The case n = 1 is the inequality (3.5). For the case n + 1, by (3.5) and (3.6), we 
have 

1 ( x 


4 Il+1 /( 2 ^ T )-/ (*) 


< 4 


< 4" • 


4 / G( 

*(£• 


X X 
2 n ’ 2 n 


n— 1 n 

E 2S+1 ( X X X \ _ 0 2s+l ( X 

2 tp \2 s, 2 s, 2 s ) ^ \ 2 s ’ 


* * 
2 s ’ 2 s 


for all x £ X, which ends the induction method. 

Assume that m, l are positive integers with m > l. From (3.6), it follows that 

m — 1 

(£) - p g) |l - 4' 4-/ ©) - / (|) |l < £ 
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for all x £ X, in which by (3.2) the right-hand side tends to zero as m,l —¥ oo. This clarifies that the sequence 
{4*7 (#0 } is Cauchy in the complete space y and therefore convergent in it. So we can define for all x € X, 
the mapping Q : X — > y by 

q(k) 

Now passing the limit n — > oo in (3.6) and then using (3.2), we obtain (3.4). 

To end the proof, we show that Q is a unique quadratic mapping. It follows from (3.3) that 


'x + y + z\ 

, 2 ) 

= lim 4" 


J x-y-z 
V 2 
'x + y + z\ 
, 2 n+1 ) 


7 y-x-z 
2 

' x-y-z \ 
, 2 n+1 ) 


- Q(y ) - Q(z) 


r y — x — z 

v 2 n+1 




< lim 4 n f(-)-r f ( Z - X - y ) + lim 4"<p ( — , 

_ n-s-oo \2 n J V 2 n + 1 / y oo V 2 n 2" 2 n J 

for all x,y,z £ X, in which by (3.2), the second term of the right-hand side tends to zero as n — > oo, and 


therefore we obtain 


|| c (£±!±i) + 0 (*zizi) + fl(t^) - CM - «.)||, < || «-) - a(^) ||, 

for all x,y,z £ X. Now by applying Theorem 2.2 (with 5 = 0), we conclude that Q is a quadratic mapping. 
Let Q! : X — > y be another quadratic mapping satisfying (3.4). Then we have 

||ow - cwllj, < 4 ”||e(^)-/(^ | +4"|c'(i)-/(i)|| 


< 2-4"-2(/>(— , — , — ) =4 

— r \2 n 2 n 2™/ 


OO 

^2 2s+ V ( 


XXX 
2 n ’ 2 n ’ 2 n 


for all x £ X. By (3.2), the right-hand side tends to zero as n -> oo, and thus Q(x) = Q! (x) for all x £ X. 
This means the uniqueness of Q : X — > y and so the proof is complete. □ 


Theorem 3.2. Let ip : X 3 — > [0, oo) be a function satisfying y>(0,0,0) = 0 and (3.1). Denote by a function 
such that 

OO 

<t>{x, y, z) ■■= ^2 ^ip(2 n x, 2 n y, 2 n z) < oo (3.7) 

n= 1 

for all x,y,z £ X. Suppose that f : X — > y is an even mapping satisfying (3.3). Then there exists a unique 
quadratic mapping Q : X — > y satisfying (3.4). 


Proof. As in the proof of Theorem 3.1, we can first get the inequality (3.5), and then by replacing x by 2x in 
(3.5), we obtain 

jf(2x)-f(x) < ^<p(2x,2x,2x) 

4 y 2 

for all x £ X. 

Using the induction method, we get 

n 

^/(2 n x)-f(x) 2 3 x,2 s x,2 s x) (3.8) 

y S =1 

for all n > 1 and all x £ X . 

Now by the same method which was done in the proof of Theorem 3.1, we have the Cauchy sequence 
| j fr f(2 n x) j-, and then the mapping Q : X — > y defined by 

Q(x ) := lim ^f( 2 n x) 

n— Hx> 4 n 

for all x £ X . 
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And finally we can conclude the inequality (3.4) by (3.7) and (3.8). 
The rest of the proof is similar to the proof of Theorem 3.1. 


□ 


Corollary 3.3. Let 8 be a nonnegative real number andpi,p 2 ,p 3 be positive real numbers such thatpi,p 2 ,p 3 > 2 
or Pi,P 2 ,P 3 < 2. Let f : X — » y be an even mapping satisfying 

' x + y + z' 






< 


/(*) - / ( 


x — y — z 
2 

z — x — y 


+ 




y — x — z 
2 


+ *(NI£ + I 


- f{y) - /(*) 

P2 I ||-||P3\ 

X ^ \\ z \\x J 


for all x,y,z G X. Then there exists a unique quadratic mapping Q : X — >• y such that 

II fW - Q ^\\y $ E | 2 1_4| ^ 


for all x £ X. 

Proof. Defining ip(x,y,z) = 5(||a;||^ 1 + ||; 
and Theorem 3.2 for the case Pi,P 2 ,P 3 < 2, we get the desired results. 


+ 1 1 z 1 1 5?) and applying Theorem 3.1 for the case pi,p2,P3 > 2, 


□ 


Corollary 3.4. Let 5 be a nonnegative real number andpi,p 2 ,P 3 be positive real numbers such that P 1 +P 2 +P 3 ^ 
2. Let f : X — ► y be an even mapping satisfying 




x + y + z 




x — y — z 




y — x — z 


< 


/(*) - / ( 


z — x — y 


+ *(NI2 


- f{y) - /(*) 

) 


115? 


for all x,y,z £ X. Then there exists a unique quadratic mapping Q : X — > y such that 


\f(x) - Q(x ) || < 


2P1+P2+P3 + 1 


y \2Pl+P2+P3 — 4 


IIP1+P2+P3 

\\x 


for all x £ X . 


IIP2 

\\x 


Proof. Defining ip(x,y,z) = <5(||a;||^ 1 
and Theorem 3.2 for the case Pi + P 2 + P 3 < 2, we get the desired results. 


|| 2 1|5?) and applying Theorem 3.1 for the case pi + P 2 + P3 > 2, 


□ 


4. Hyers-Ulam stability of the functional equation (0.1): Type B 

In this section, we bring another type of stability theorems for the quadratic functional equation (0.1) which 

is more prevalent in considering stability problems rather than the given type in the previous section. 

First of all, for convenience, we define for a given mapping / : X — » y, the difference operator: 

-n/r™ „ ^ f (x + y + z\ ( x — y — z\ ( y - x - z\ ( z - x - y\ 

Vf(x,y,z) =. f + f {-^2 — ) + f 

- f(x) - f(y) - f(z) 

for all x,y,z £ X. 

Theorem 4.1. Let ip : X 3 — > [0, oo) be a function satisfying ip( 0, 0, 0) = 0 and (3.1). Denote by <j> a function 
such that 

, -A 9" /2 n 2" 2" \ 

<Kx,y,z)~2^—<p{—x,—y,—z)< oo (4.1) 

n = 0 

for all x,y,z £ X . Suppose that f : X — ► y is an even mapping satisfying 

\\Vf(x,y,z)\\ y < y>(x,y,z) (4.2) 
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for all x,y,z £ X . Then there exists a unique quadratic mapping Q : X — > y such that 


\f(x) - Q{x)\\ y < </>(x,x,x) 


(4.3) 


for all x £ X . 


Proof. Letting x = y = z = 0 in (4.2), we get /( 0) = 0. 

Replacing x,y,z by 0, x, 3x and then by 2x,2x,2x in (4.2), respectively, we obtain 

\\2f(2x) + f(x)-f(3x)\\ y < ip(0,x,3x) < <p(3x,3x,3x), 


/( 2*) - f(x) - -f(3x) 


< ^-ip(2x,2x,2x) < ^-ip(3x,3x,3x). 

y 3 3 


Adding the above inequalities, we conclude that 3/(2x) — |/(3x) < ^<p(3x, 3x, 3x) and therefore 


f( 2 3 x )- f{x) 


3 J >\\y - 3 ' 
< X, X, x) 


for all x £ X . 

By the induction method, we can show that 




2 s 2 s 

—T I —X, —x, —x 


(4.4) 


for all x £ X . 

Now similar to the method in the proof of Theorem 3.1, we have the Cauchy sequence { £/(£*) } , and 
then the mapping Q : X — > y defined by 

Q(a:):= A“ 

for all x £ X. This definition and the inequality (4.4) lead us to the inequality (4.3). 

It follows from (4.1) and (4.2) that 

9” 


\VQ(x,y,z)\\ y < n lim - 


2 n 2 n 2 n \ ^ 9 n (2 n 2 n 2 n \ „ 

1 >t —x, —y, —z < lim —os —x, —y, —z = 0. 

V 3 n 3 77 ' 1 3 n J y ~ oo4 nV \3" 3 n 3 n J 

Hence VQ{x, y,z) — 0 for all x, y, z £ X . Now Proposition 2.1 signifies that Q is a quadratic mapping. 

The proof of the uniqueness of Q is similar to the proof of Theorem 3.1. 


□ 


Theorem 4.2. Let ip : X 3 — > [0, oo) be a function satisfying ip( 0, 0, 0) = 0 and (3.1). Denote by <f> a function 
such that 

± , . -A 4 n ( 3 n 3" 3 n \ 

0(x,y,z) <0 ° 

n=0 

for all x,y,z € X. Suppose that f : X y is an even mapping satisfying (4.2). Then there exists a unique 
quadratic mapping Q : X — » y satisfying (4.3). 


Proof. The proof is similar to the proof of the previous theorem and thus we omit it. 


□ 


Corollary 4.3. Let 5 be a nonnegative real number andpi,p 2 ,P 3 be positive real numbers such thatp\,p 2 ,ps > 2 
or pi,p 2 ,P 3 < 2. Let f \ X y be an even mapping satisfying 


\\Vf{x,y,z)\\y < <S(||x||£ + \\y\\ P x + INI*?) 

for all x,y,z £ X. Then there exists a unique quadratic mapping Q : X — > y such that 

3 nPi-2 

|| /(*) - S(«)|| y < J! |2£i _ 3P i | <5 H a: ll^ 

i=l I 9 4 | 

for all x £ X . 
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Proof. Defining ip(x,y,z ) = S ( ||£c||^ + \\y\\ P x + IMI^ 3 ) and applying Theorem 4.1 for the case Pi,P2,P3 > 2, 
and Theorem 4.2 for the case pi,p2,P3 < 2, we get the desired results. □ 


Corollary 4.4. Let 5 be a nonnegative real number andpi,p2,P3 be positive real numbers such that P1+P2+P3 7^ 
2. Let f : X — > y be an even mapping satisfying 


\Df(x,y,z) y < 


II P2 

II AT 


for all x,y,z £ X. Then there exists a unique quadratic mapping Q : X — > y such that 

2P1+P2+P3- 2 


\f(x) - Q(x) < 


2P1+P2+P3 3 P 1 +P 2 +P 3 


9 


MP1+P2+P3 

\\X 


for all x £ X. 


Proof. Defining ip(x,y,z) = 6 (HsH^ 1 • \\y\\ p ^ • ||z||^ 3 ) and applying Theorem 4.1 for the case Pi + P 2 + P 3 > 2, 
and Theorem 4.2 for the case pi + P2 + P3 < 2, we get the desired results. □ 

This paper is just a start for the quadratic functional equation (0.1). Actually this functional equation and 
its stability problems can be studied more in various mathematical structures and spaces. Such this studied 
approach can cause to have a deeper description of this equation’s unknown properties which will probably be 
more interesting and remarkable. 
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Some New Results on Preconditioned Generalized 
Mixed- Type Splitting Iterative Methods 


Guangbin Wang* 1 ", Fuping Tan* and Yuncui Zhang 5 


Abstract 

In this paper, we present three preconditioned generalized mixed-type 
splitting (GMTS) methods for solving the weighted linear least square 
problem. We compare the spectral radii of the iteration matrices of 
the preconditioned and the original methods. The comparison results 
show that the preconditioned GMTS methods converge faster than the 
GMTS method whenever the GMTS method is convergent. Finally, we 
give two numerical examples to confirm our theoretical results. 

Keywords: Preconditioning, GMTS method, linear system, convergence, com- 

parison. 

2000 AMS Classification: 65F10. 

1. Introduction 

We consider the following weighted least squares problem 

(1.1) min ( Ax — b) T W (Ax — b ) , 

x€R n 

where A £ R nxn i s nonsigular, b £ R n , W £ R nxn is a symmetric positive definite 
matrix, see [1,4,9]. 

In order to solve it, one has to solve a nonsingular linear system as 

(1.2) Hy = /, 
where 

(1.3) H = A T W~ X A=(^ I L ~ B & R nxn 

is an invertible matrix with 

B = (bij) pxp , C = (cij) qxq , L = ( kj) qxp , U = ( u ij) pxq > 

p + q — n and / = A T W~ 1 b £ R n , see [1,4]. 

Throughout the paper, we consider the following decomposition for the matrix 

H, 
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H = D — L — U , in which 

< l4 > *=(o ;)■ 


0 0 \ 

-L 0 ) ’ 


u = 


B —U \ 

0 C )‘ 


In [1] , authors established a generalized AOR(GAOR) method to solve systems of 
linear equations (1.2). In paper [2, 3] , authors studied the preconditioned GAOR 
methods. In [4], authors presented a generalized mixed-type splitting (GMTS) 
iterative method which is generalized GAOR method. And they studied the pre- 
conditioned generalized mixed-type splitting iterative methods to solve (1.2). They 
showed that the preconditioned GMTS methods converge faster than the GMTS 
method, whenever the GMTS method is convergent. 

In this paper, we propose three new preconditioners and give the comparison 
theorems between the preconditioned and original methods. These results show 
that the preconditioned GMTS methods converge faster than the GMTS method 
whenever the GMTS method is convergent. And we prove that in the case that the 
GMTS method is convergent, using the third preconditioned GMTS method leads 
to the better convergence rate than the first and the second preconditioned GMTS 
methods. In Section 4, we give two examples to confirm our theoretical results. 
And we know that the preconditioned GMTS methods with preconditioners in this 
paper have the better converge rate than the preconditioned GMTS method with 
preconditioner P* . 


2. Preliminaries 


2.1 Definition [5] A £ R n x n is called a Z-matrix if a.-,j < 0 for i,j = 
1,2 ,...,n (i ^j). 

2.2 Definition [5] Let A be a Z-matrix with positive diagonal elements. Then 
the matrix A is called an M-matrix if A is nonsingular and A -1 > 0. 

2.3 Definition [6] The splitting A = M — N is called 

(1) a regular splitting of A if M -1 > 0 and N > 0; 

(2) a nonnegative splitting of A if M -1 > 0, M~ 1 N > 0 and NAI~ 1 > 0; 

(3) a weak nonnegative splitting of A if M^ 1 > 0 and either M~ 1 N > 0 (the 
first type) or NM~ X > 0 (the second type); 

(4) a convergent splitting of A if p(AI~ 1 N) < 1. 

2.1. Lemma. [4] Let A be a Z-matrix. Moreover, suppose that A = M — N is a 
weak nonnegative splitting of the first type. Then p(A'I~ 1 N) < 1 if and only if A 
is an M-matrix. 

2.2. Lemma. [7] Let A = M — N be a regular splitting of A. Then p{Al~ 1 N) < 1 
if and only if A is nonsingular and A -1 is nonnegative. 

2.3. Lemma. [8] Let matrix A = ( aij) nxn be given such that 

(1) aij < 0 for i,j = 1,2 ,...,7i (ifi^j), 

(2) A is nonsingular, 

(3) A" 1 > 0. 

Then, 

(1) an > 0 for i = 1,2, ..., n, i.e., A is an M-matrix, 

(2) p(B) < 1 where B = I — D^ X A, where D = diag{an , ..., a nn }. 
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2.4. Lemma. [6] Let A = M\—N\ = M2 — N2 be two convergent weak nonnegative 
splittings of A, where A -1 > 0 , if Mf 1 > Mf 1 then p(Mf 1 Ni) < 

3. Comparison results 

Consider the linear system ( 1 . 2 ), the generalized mixed-type splitting (GMTS) 
iterative method is given as follows: 

( 3 . 1 ) (D + D 1 + L x - L)y( fc+1 > = (D, + L 1 + U)y {k) + f 

where D 1 L and U are defined by ( 1 - 4 ), and D\ is an auxiliary nonnegative block 
diagonal matrix, L\ is an auxiliary strictly nonnegative block lower triangular 
matrix such that 0 < D\ < D and 0 < L\ < L. Evidently, the iteration matrix of 
the GMTS iterative method is given as follow: 

T={D + D 1 +L 1 - L)-\D 1 + Li + U). 

In this paper, we propose the new preconditioners as follows, 

I + S, 0 


( 3 . 2 ) 

where 


P* — 


0 


I + Vi 


i = 1 , 2,3 



( 0 

0 

... 0 

0 ^ 


( 0 

b \2 

b i, p -i 

b\p 

\ 


621 

0 

... 0 

0 


0 

0 

... 0 

0 


II 

to 

7 

0 

... 0 

0 

, s 2 = 

0 

0 

... 0 

0 



\ 

0 

... 0 

0 ) 


V 0 

0 

... 0 

0 

/ 


S 3 = 


( 0 

621 

b p - 1,1 

V bpi 


b\2 

0 

0 

0 


V 1 = 


/0 

C21 


C 3 = 


C12 

0 


bi, p ~i 

0 


bi p \ 
0 

0 
0 


0 

0 

... 0 

0 ^ 


( 0 

C 12 

• • • c l,g — 1 

Clq 

\ 

C 21 

0 

... 0 

0 

, C 2 = 

0 

0 

... 0 

0 


Cg- 1,1 

0 

... 0 

0 


0 

0 

... 0 

0 


Cq 1 

0 

... 0 

0 ) 


V 0 

0 

... 0 

0 

/ 


Cq- 1,1 0 

V Cql 0 
Then P* H can be expressed by 

I- B 

L* 


c l,q—l 

0 


Clq \ 
0 


U* 

I -C* 


P*H = 

where B* = B - S t (I - B), C* =C-Vi(I- C ), L* = (J + V,)L, U* = (/ + Si)U. 
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Let us consider the corresponding splitting for the preconditioned GMTS method, 
that is the generalized mixed- type splitting for the H, = P* H = Mj — N t , where 


Mi = D* + D l + L 1 - L* Ni = D 1 +L 1 + U? 


and 


D* = 


I 0 
0 / 


L* = 


0 

—Lf 


U* = 


B* -U* 

0 c* 


, * = 1,2,3, 


D i is an auxiliary nonnegative block diagonal matrix with 0 < D i < D*, Li is an 
auxiliary strictly nonnegative block lower triangular matrix with 0 < L\ < L*. 
The iteration matrix of the preconditioned GMTS method is 

T* = (D* + D 1 +L 1 - L*)~ 1 {D l + h + U*). 


3.1. Lemma. [4] Assume that L < 0, U < 0, B > 0, C > 0 and H in (1.2) is 
irreducible. If D i is nonsingular, then the iteration matrix of the GMTS method 
is irreducible. 


3.2. Lemma. [4] Assume that L < 0, U < 0, B > 0, C > 0, then the corresponding 
splitting of GMTS method is a regular splitting for the matrix H. 


Similar to the proof of Lemma 3.2, we can prove the following lemma. 

3.3. Lemma. Assume that L < 0, U < 0, B > 0, C > 0, then the corresponding 
splitting of PGMTS method is a regular splitting for the matrix P* H ( i = 1,2,3). 

3.4. Theorem. Let H be an M-matrix, then P* H (i = 1,2,3) is an M-matrix. 


Proof. Consider the following splitting for H, H = M\ — N\, 
where Mi = (P^)" 1 , Ad = (Pf)~\L* + U*), 


and L* = 


0 


U* = 


B{ -Uf 

0 c? 


We can see that Mf 1 N\ = L* + U* and Mf 1 > 0. ThenP = M\ — N\ is a weak 
nonnegative splitting of the first type. By the assumption H is an M-matrix, hence 
Lemma 2.1 implies that p{Mf l N\) < 1. Let us assume that P * H = I — L* — U* , 
using the fact that p(L* + U*) = p(Mf l Ni) < 1, by Lemma 2.2 and Lemma 2.3, 
it is easy to know that PfH is an M-matrix. The similar results can be gotten 
when i = 2, 3. □ 


Now, we will show that in the case that the GMTS method converges, the 
preconditioned GMTS methods converge faster. 

3.5. Theorem. Let T and T* be the iteration matrices of the GMTS and the 
preconditioned GMTS methods, respectively, assume that the matrix H is irre- 
ducible, L < 0, U < 0, B > 0, C > 0, 0 < Pi < D, 0 < D ± < D{, 0 < L 1 < L, 
0 < U <_L*,bip > 0 ,_Cjp > 0, for some i € {2,3 ,...,p},j e {2.3, ...,r/}. If 
p(T ) < 1,D\ < Di and Li <L\, then p(Tf) < p(T). 

Proof. As the matrix H is irreducible, so the P* H is irreducible. And by Lemma 
3.1, we know that T and T* are irreducible. Consider the GMTS splitting for the 
matrix H = M — N, where M = D + D\ + L\ — L, N = D\ + L\ + U. 
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Obviously, H = M—N is a regular splitting, and by the assumption p(AM 1 N) < 
1, we can get that H is an M-matrix. From Theorem 3.4, we know that P*H is 
also an M-matrix. Thus, from Lemma 3.3, we know that H i = M\ — N\ is a regular 
splitting. Therefore, as H is an M-matrix, we can get p(T * ) = p^M^Ni) < 1. 

Now, we define the following splitting for the matrix H, H = M* — N*, in 
which M* = (I + Nf = (I+ *Si ) — 1 fVi and 


Si = 


Si 

0 


0 

Vi 


Consider the iteration matrix of the GMTS method T = M 1 iV, it is easy to see 
that 


M - Mi 


£>n ~D ?i 0 \ 

£21 + £ — L21 — L\ D22 — £>22 J ! 


where 


D 1 


£>11 0 
0 D 22 


< D, Di 


D 


11 


0 

D. 


22 


< D 


* 

1 ’ 


0 r 

0 

j < L and £1 = | 

' 0 

n ) 

\ £21 

0 , 


v £21 

0 J 


It is known that £* = (/-)- Vi)£, hence L\ — L = V\L <0. 

By computations, we know that M\ < M, so Mf 1 > Af _1 . Consequently, 

M~ l < Mf 1 < M^(I + Si) = (Mi*)" 1 . 


From Lemma 2.4, we deduce that 

piM^Ni) = p((M* ) _1 A/'i ) < p(AI~ 1 N), 

so p(Tt) < p(T). □ 


Similar to the proof of Theorem 3.5, we can get the following two theorems. 

3.6. Theorem. Let T and XJ be the iteration matrices of the GMTS and the 

preconditioned GMTS methods, respectively. Assume that the matrix H is irre- 
ducible, L < 0,U < 0,B > 0,(7 > 0,0 < £) 2 < £», 0 < D 2 < D^,0 < L 2 < L, 

0 < £2 <_L* 2 ,b lti > 0,_c\j > 0, for some i <E {2,3 G {2,3 If 
p(T) < 1,D 2 < D 2 and £2 < £ 2 ; then p[Tf) < p[T). 

3.7. Theorem. Let T and Tf be the iteration matrices of the GMTS and the pre- 
conditioned GMTS methods, respectively. Assume that the matrix H is irreducible, 
L < 0, U < 0, B > 0, C > 0, 0 < £>3 < D, 0 < D 3 < £)%, 0 < £3 < £, 0 < £3 < 
£ 3 . b i, 1 > 0,Cyi > 0,& M _> 0, Cip > 0, for some i G {2,3 G {2, 3, ...,q}. If 
p(T) < 1, £>3 < £>3 and £3 < £ 3 , then p{Tf) < p(T). 

Now, we prove that in the case that the GMTS method is convergent, using the 
third preconditioned GMTS method leads to the better convergence rate than the 
first and the second preconditioned GMTS methods. 

3.8. Theorem. Suppose that the matrix H is irreducible, L < 0,17 < 0, B > 
0, C > 0, bip > 0, Cpi > 0,61,1 > 0, ci j > 0, for some i G {2,3 ,...,p},j G 
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{2, 3, q}, the auxiliary block diagonal matrices are chosen as ail and the aux- 
iliary block lower triangular matrices as Pi.L* for i = 1, 3, 0 < a 3 < q-i < 1, 0 < 
Pi <p3< I- Then p(T%) < p(Tf) if p(T) < 1. 


Proof. By the assumption p(T) < 1, and according the Lemma 2.1, H is an M- 
matrix. Assume that P* H = Mj — Ni , i = 1 , 3 where 


Mi = 


I + D'u 
L\, + L* 


Dl 


Ni = 


B* + D\ i -U* 


C* + D\ 


and L 21 = ~PiT*,D\ 1 = aiI p ,D 22 = O-Jq for i = 1,3. 

Now, we define the following splitting for the matrix H 1 i.e. H = Mi — Npi = 
1, 3) such that M t = (I + S i )~ 1 M i and Ni = (J + Si 
Si 0 


where Si = 
Since 


0 Vi 


Lh - L 3 21 = -foLl + p 3 L% > p 1 L * 3 - p x L\ = —pi(L* - L%), 


SO 


then 


L\ 1 ^ L 3 21 +Ll~L* 3 >( 1 - fc){L\ - L\), 


D 1 — D 3 
^11 - L 'n 


> 


T 21 ~ T 21 + L\ — 

0 


M\ — M 3 — 

\ 

(«1 — )I p 
a - ppim- l * 3 ) 

as L\ — L 3 = (Vi — V 3 )L > 0, then M\ > M3. 

Notice that Mf 1 > OjM^" 1 > 0, hence Mf 1 < Mf 1 


0 


n 1 — d 3 

^22 ^22 


(cti — a 3 )I q 


and 


Mf 1 = Mf 1 (I + Si)~ 

= Mf 1 + Mf 1 ^! 

< Mf 1 + Mf^Si - S 3 ) + 

< Mf 1 + M3- 1 S 3 

= M^(J + S 3 ) = Mg"'. 


Since H is an M-matrix, Lemma 2.4 implies that 
P(M 3 1 N 3 ) < p{Mf 1 Nf). 

According Mf 1 N t = Mf 1 N i for * = 1,3, we can conclude that 


p{T 3 ) < p(Tf). 


□ 


Similar to the proof of Theorem 3.8, we can get the following theorem. 

3.9. Theorem. Suppose that the matrix H is irreducible, L < 0,U < 0, B > 
0, C > 0, 6,.i > 0, Cj t i > 0,61,1 > 0, Cij > 0, for some i € {2,3 ,...,p},j € 
{2, 3, ..., q}, the auxiliary block diagonal matrices are chosen as ail and the aux- 
iliary block lower triangular matrices as PiL* for i = 2, 3, 0 < 03 < 02 < 1, 0 < 
P 2 < Ps < I- Then p(T 3 *) < p(Tf) if p(T) < 1. 
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4. Examples 

4.1 Example Consider 
I — B U 


H = 


I-C 


where B = {b tJ ) pxp , C = ( Cij ) (n _ p)x(n _ p) , L = {hj) {n _ p)xp and U = {uij) px(n _ p) 

with 


bii — 


1 


10 x (i + 1) 


, i = 1,2, ••• ,p, 


hj = on “ *<•?> * = .P- 1, 3 = 

30 30 x j + i 

, = 1 1 

13 30 30 x (i-j + !)+*’ 


i>j, i = 2, ••• ,p, j = 1,2,- •• ,p-l, 


1 


— 


10 x (p + i + 1) 

1 1 

Cy 30 30 *(p + j)+p + i 

1 1 

Cij ~ 30 30 x(i-j + l)+p + i 


, i = 1,2,- •• ,n-p, 

7, * <i, * = 1,2,- ■■ ,n— p— 1, j = 2, - ,n-p, 


1 


30 x (p + i — j + 1) + p + i 30 


t, i > j, i = 2,-- - ,n-p, j = 1,2, •• • ,n-p-l, 


1 


7-xx> * = 1,2,--- ,n-p, j = 1,2,--- ,_p, 


1 


1 


Un — 


-577, * = 1,2 ,- •• ,p, j = 1 , 2 ,--- ,n — p. 


13 30 x (p + j) + i 30’ 

In the experiments, the auxiliary matrices are chosen such that 

D 1 = 0.5( — — 1)/, D 1 = 0.5( — — 1)7, Li = 0.5(1--)L^, L 1 = 0.5(1 --)£*. 

U) U> U> OJ 

From Table 1, we see that these results accord with Theorems 3.5 - 3.9. 


Table 1. The spectral radii of the GMTS and preconditioned GMTS 
iteration matrices 


n 

UJ 

r 

p 

pen 

P{Tt) 

p(n) 

p(n*) 

10 

0.9 

0.8 

5 

0.2352 

0.2156 

0.2140 

0.2048 

20 

0.8 

0.6 

5 

0.5736 

0.5609 

0.5605 

0.5568 

20 

0.8 

0.6 

10 

0.5551 

0.5413 

0.5404 

0.5334 

25 

0.8 

0.6 

8 

0.7164 

0.7074 

0.7070 

0.7033 

30 

0.9 

0.7 

10 

0.8680 

0.8635 

0.8633 

0.8613 

30 

0.9 

0.7 

20 

0.8676 

0.8630 

0.8627 

0.8605 


In [4], the authors considered the following preconditioner 


(4.1) P* 


7 + 5 0 \ 

0 7 + h )’ 
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where 


0 


° 

\ kp 1 
' a 

(° 

o 



0 

0 

0 

0 

0 

0 


0 

0 


0 0 \ 
0 0 

0 0 
0 0 / 

0 0 \ 
0 0 


0 0 

0 0 / 


Table 2. The spectral radii of the preconditioned GMTS iteration matrices 


n 

UJ 

r 

P 

a = /3 

P(T*) 

P{Tl) 

P{T$) 


10 

0.9 

0.8 

5 

3 

0.2335 

0.2156 

0.2140 

0.2048 

20 

0.8 

0.6 

5 

2 

0.5729 

0.5609 

0.5605 

0.5568 

20 

0.8 

0.6 

10 

2 

0.5542 

0.5413 

0.5404 

0.5334 

25 

0.8 

0.6 

8 

3 

0.7161 

0.7074 

0.7070 

0.7033 

30 

0.9 

0.7 

10 

2 

0.8678 

0.8635 

0.8633 

0.8613 

30 

0.9 

0.7 

20 

2 

0.8673 

0.8630 

0.8627 

0.8605 


Here, T* is the GMTS iteration matrix for solving P*Hy = P*f. 

From Table 2, we see that the preconditioned GMTS methods with precondi- 
tioners in this paper have better converge rates than the preconditioned GMTS 
method with preconditioner P*. 

4.2 Example The coefficient matrix H in Equation (1.2) is given by 


where 


H = 


B = 


L = 


I-B 

L 


U 

I-C 


bn 

i 

4 

0 

1 

4 


1 

4 

0 

1 

4 

0 


0 

1 

4 

0 

1 

4 


0 

0 

1 

4 

0 


c = 


-1 0 


0 

-i 0 

0 



0 
0 

o 3 / 


Table 3 displays the spectral radii of the corresponding iteration matrices with 
w = 0.9,7 = 0.8 and different values of bn and cp. 

From Table 3, we can see that p(T*) < p(T) for i = 1,2, 3 and p{T%) < p{T*) 
for i = 1,2 when p(T) < 1. These numerical results are in accordance with the 
theoretical results given in Theorems 3.5- 3.9. 
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Table 3. The spectral radii of the GMTS and preconditioned GMTS 
iteration matrices 


bn 

Cll 

P{T) 

pm) 

pm) 

pm) 

0 

0 

0.6804 

0.6303 

0.6381 

0.6140 

0 

0.3 

0.7657 

0.7253 

0.7323 

0.7071 

0.2 

0.2 

0.7614 

0.7186 

0.7265 

0.6987 

0.2 

0.5 

0.8860 

0.8677 

0.8713 

0.8596 

0.5 

0.5 

0.9553 

0.9483 

0.9499 

0.9453 


5. Conclusion 

In this paper, we propose three new preconditioners and give comparison the- 
orems between the preconditioned and original methods. These results show that 
the preconditioned GMTS methods converge faster than the GMTS method when- 
ever the GMTS method is convergent. Finally, we give two examples to confirm 
our theoretical results. 
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A Linear Adaptive time-stepping Method for Solving Vibration 
Problems with Damping Terms 

Jianguo Huang 1 and Huashan Sheng 
School of Mathematical Sciences, and MOE-LSC, Shanghai Jiao Tong University 

Shanghai 200240, China 

Abstract 

A linear adaptive time-stepping method is devised for linear or nonlinear damping 
vibration analysis, which has wide applications in civil engineering. In the time di- 
rection, the underlying problem is discretized by a linear C-continuous discontinuous 
Galerkin method combined with the technique of linearization. By means of the energy 
method, some optimal a posteriori error estimates are established for linear vibration 
problems. Motivated by these estimates, we design an adaptive time-stepping strategy 
for actual computation. Numerical results are performed to illustrate the efficiency of 
the adaptive method. 

Keywords. Time-stepping method, Vibration, Damping, A posteriori error analysis, 
Adaptive algorithm 


1 Introduction 

This paper aims to design and analyze an adaptive time-stepping method for solving 
the following problem: 

For any real number T > 0, find u : [0, T] — >• R d (with d the spatial dimension) such 
that 

|Mu"(f) + F(f,u(t),u'(t))=0, 0 <t<T, 

\ u(0) = u 0 , u'(0) = v 0 , 

where (•) / and (■)" denote respectively the first and second order derivatives in time; M is 
a given (d x d) matrix and F is a given vector-valued function from [0, T] xR d xR d into 

uo and vo are two given vectors in R d . 

The above problem is frequently encountered in structure analysis of dynamical transient 
response (cf. [5]). Concretely speaking, the mathematical models for structure analysis are 
described by a system of second-order linear/nonlinear evolution equations, which give rise 
to the problem (1.1), after spatial discretization by finite element methods, finite difference 
methods or spectral methods (cf. [2,9,11,16,17,21,22]). 

When the vector- valued function F is linear with respect to u and u', there are various 
numerical methods for solving the problem (1.1). The most widely used may be classified as 
modal superposition (cf. [6,14]) and direct-time integration methods including the Runge- 
Kutta, central difference, Houbolt, Newmark-/? and Wilson-0 methods (see [11] and the 
references therein for details). The space-time finite element method (cf. [7, 12, 13]) is 
another widely developed approach for solving second order time evolution equations. One 
typical way is using the time-discontinuous Galerkin (TDG) method (cf. [7,15]) in the time 
direction for the displacement and velocity fields together, but it has the disadvantage that 
an ill-conditioned (4 x 4) block system must be solved at each time step, which is time 
consuming. To overcome this difficulty, some linear (^-continuous time-stepping methods 
were used in [18], where only the primal variables are involved and only a (lx 1) block system 

1 Corresponding author. E-mail address: jghuang@sjtu.edu.cn. The work of this author was partly 
supported by NSFC (Grant no. 11571237). 
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should be solved at each time step. Moreover, an adaptive method was proposed in [18] 
for solving second order abstract evolution equations, where the optimal a posteriori error 
estimates are established, which, in conjunction with the error equidistribution strategy and 
some ideas implied in the Runge-Kutta-Felberg method, leads to an adaptive time-stepping 
method. 

In this paper, we intend to use some ideas in [18] to develop an adaptive time-stepping 
method for solving the problem (1.1). In the time direction, the problem (1.1) is discretized 
by a linear (7°-continuous discontinuous Galerkin method combined with the technique of 
linearization (including three linearization methods). Then, by means of the energy method, 
some optimal a posteriori error estimates are established for linear vibration problems via 
some ideas in [18]. It deserves to emphasize that the mathematical argument developed 
here is greatly simplified by using the Lagrange basis functions instead of the Legendre 
polynomials. Motivated by these estimates, we construct a posteriori error estimates for 
nonlinear problems, based on which we design an adaptive time-stepping strategy for actual 
computation. Numerical results are performed to illustrate the efficiency of the adaptive 
method. 

The rest of this paper is organized as follows. In Section 2, we present a time-stepping 
finite element method for the problem (1.1), and the detailed implementation of the previous 
method is also developed for actual computation. In Section 3, a posteriori error analysis 
is established in detail for linear vibration problems. In Section 4, we propose an adaptive 
algorithm based on some a posteriori error estimates. A series of numerical results are 
performed in the final section. 

2 A linear time-stepping finite element method 

2.1 The formulation of a linear time-stepping finite element method 

Throughout this paper, we assume that Problem (1.1) has a unique solution and the 
matrix M is symmetric positive definite. We use a standard time-stepping method to 
discretize Problem (1.1) (cf. [10,18,19]). To this end, we first partition the time interval 
I := (0, T ) with the nodes 

0 = to < t\ < • • • < fjv = T, 

to get the following subintervals: 

Jn — (Li— ldn]i k n — t n t n — 1, 1 ^ 71 ^ N. 


Define 


Vi = jv : I ->• R d ; v € C(I), v|j n (t) = wj, Wj € R d , 1 < n < N j, 

W -2 = jv : / ->• R d ; v G C 1 ^), v|j n (f) = yVw j, w j G R d , 1 < n < IV j, 

f 1 1 

v : I -> L 2 (J); v| Jn (f) = w j € R d , 1 < n < N L q = 0,1. 

3 = 0 J 


n q = 


Let Vi(J n ) and W 2 (J n ) be the restrictions of Vi and >V 2 to J n , respectively. Similarly, 
denote by H q (J n ) the restriction of 7i q to J n . Thus, our time-stepping method for (1.1) is 
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to find U € Vi such that 

/ «U", w') M + (F(i,U,U'), w'))dt + (uj- 1 -ur 1 , w^ 1 } =0, 

> J Jn 1 ) 

U° = u 0 , U°=v 0 , w € Vi(J n ), 1 <n<N, 

where 

(a, b) := b T a, (a, b) A := b T Aa, a,b£l d , A G R dxd , (2.2) 

w± _1 := lim w'(f n _i ± s), w n_1 := w(f n _i). 

s-t 0+ 

2.2 Implementation of the time-stepping method 

Since U £ Vi, we have by a direct manipulation that, for any t € J n , 

U (t) = U”" 1 + (t - U'(t) = UK, U"(t) = 0. (2.3) 

To implement the method (2.1) in actual computation, we require to linearize the nonlinear 
function F(t, U, U') with respect to U. As shown in Figure 1, for a given function g(t), its 
linearization over J n are usually the interpolants given by 

X L g{t) = g(tn-i) + (t ~ t n -i)g' (t n -i) or X R g(t) = g(f n _i) + (t-t n _i)g'(t n ), t e J n . 



(a) X L 


(b) X R 


Figure 1: Diagrams of the (local) interpolate operators X R and X R . 


Note that the function F = F(t,U,U / ) is discontinuous at the interior node t n . Re- 
calling the expression (2.3), we have by the direct computation that the right limit of F at 
t = t n - 1 can be expressed as 


r\n— 1 


= F(t n _!, IT- 1 , U"- 1 ) = F(t n -u V n ~\ U 


n — 1 XT n ' 


(2.4) 


Using the chain rule for differentiation and (2.3), we find that, at t = t n , the left limit of 
the full derivative of F(t, U, U / ) with respect to t is given as follows: 

F- =^(*n, U Il ,U!) + |*j(t n ,^UK)UK+ U n , U” )0 

OF dF . 

= ¥ (in,U n ,U!) + — (f n ,U",UK)UK 


dF 

~dt 


+ 


dF 


U" 


Similarly, we have 


™-l ,_SF 

F + -a, t 


dF 

n — 1 + d\J 
+ 


tr 
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With these results in mind, we have by the definitions of the interpolation operators Xj J 
and X R that 

Left side Scheme : F (t, U (t), U'(t)) » Z L F = F”" 1 + (t - t n _i) F"" 1 , (2.5) 

Right side Scheme : F(t,U(t),U'(t)) » 1 R F = F”" 1 + (t - t„_i)F2.. (2.6) 


Now, inserting (2.3) and (2.6) into the first equation of (2.1) and taking w to be w* 
or (t — t n - i)w*, where w* is any constant vector in M rf , we find that the method (2.1) is 
equivalent to finding {U'Lj.^Lo suc h that 



rtdF 
2 dU 


t" 


U r 


+ -k 2 

+ 2 k n 


3F 

~dt 


+ kn F”- 1 

t" 


MU!" 1 , l<n<N. 


(2.7) 


Note that the quantities ^ | n , |jj| n and F” 1 are all the functions of the unknown vector 

U” , so the above scheme is implicit. However, if we use the linearization formulation (2.5) 
instead of (2.6), then the system (2.1) reduces to 


kldF 

M + — 

2 3U 


u: 


1 , 2 <9F 
+ 2 K ~dt 


+ knFT 1 = MU 


n— 1 


1 <n< N. 


(2.8) 


It is noted that in most vibration problems, it suffices for us to deal with the linear damping 
case, indicating that the function F is linear with respect to the independent variable u 7 . 
In this case, since the quantities and in (2.8) do not depend on U”, the 

system (2.8) is essentially a linear system of the unknown vector U” . Hence, we can work 
out UL with much less computational cost, compared to the method (2.7). 

In order to balance the efficiency and stability of the time-stepping method, it is very 
natural to split the nonlinear term F into two parts F l and F r, which correspond to the 
non-stiff and the stiff terms of the original system (1.1), respectively. Then, it is better for 
us to use XlF l +Z#F# to approximate F in (2.1). In other words, we have 

Semi - side Scheme : F « 1 L F L + 1 R F R = F” -1 + (t - t n - 1 ) (F2+ 1 + F R _) . (2.9) 

It is noted that for the linear damping system, the semi-side scheme also yields a linear 
system for getting the unknown vector U” . 

Now, let us present the solution process of the method (1.1) in detail. Once we obtain 
U in J n -i, we can get U” by solving the system (2.7) or (2.8). Then the function U over J n 
is completely determined using the formulation U(t) = U” -1 + (t — t n - i)U” for all t € J n . 
On implementing this computation recursively, we can thereby determine the function U 
completely. 

In the last part of this subsection, we give the solution process explicitly for the vibration 
analysis related to linear transient dynamic response. At this moment, we can reformulate 
the problem (1.1) as follows. 

For any real number T > 0, find u : [0, T] — >• such that 

' Mu" + Cu' + Ku = f , 0 < t < T, 

< u(0) = u 0 , (2.10) 

„ u'(0) = v 0 , 

where C and K are the (d x d) damping and stiffness matrices of the dynamic system, 
respectively. We assume that C and K are symmetric and semi-definite. Observing that 


F(f, u (t), u'(t)) = Cu 7 + Ku — f, 
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we have from the variational formulation (2.1) that 

^|k + U! = Mur 1 - ^KU"- 1 + f , 1 < n < N, (2.11) 

where f n := f T fdt. 

J Jn 


3 A posteriori error analysis for linear problems 

For the numerical method (2.1) for the linear vibration problem (2.10), following the 
similar arguments leading to Theorem 2.5 in [18], we can derive some stability estimates to 
the numerical solution U and then establish the required a priori error estimates. Another 
way to derive such estimates is to use the mathematical argument due to [24], Since the 
objective of this article is to develop efficient adaptive time stepping method for the linear 
vibration problem (2.10) and the generalized problem (1.1), we will focus on in this section 
a posteriori error analysis for the problem (2.10) discretized by the method (2.1). Motivated 
by such an analysis, we will heuristically mention in the next section some error estimators 
for the nonlinear problem (1.1) and then devise the corresponding adaptive time stepping 
method. 

3.1 Reconstruction 

As shown in [18], in order to get efficient a posteriori error estimates for the method 
(2.1), we require to construct a higher order reconstruction U from the approximate solution 
U. So let us first recall such a reconstruction given in [18]. Introduce an invertible linear 
operator I 2 : Vi — >• W 2 as follows. With any w E Vi we associate an element w := / 2 W € 
W 2 defined by locally interpolating w in each subinterval J n ( 1 < n < N), i.e. , w|j n E 
y^ 2 {Jn) is uniquely determined by 

w(f) = w(f n _i) + fc n w!(~ 1 d»o( t y 7l ~ 1 ) + k n w_$i( ~ , tn ~ 1 ), 1 < n < IV, (3.1) 

K n tin 

and the initial values w(0) = w(0), w'(0) = w'(0). In (3.1), the definition of <ho, 'hi are 
given as 

$o(0 = -^ 2 + £, <M0 = ^ 2 - (3-2) 

We call w a time reconstruction of w, as shown in Figure 2. It is easy to check by the 



Figure 2: Diagram of I 2 W. 

above construction that 

w'(t n ) = w", 1 < n < N. (3.3) 
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Thus, for an approximate solution U, the reconstructed function we hope to find is 
U € VV 2 , defined by 


U(t) = U(t n _r) + fe n U” _1< h 0 (^ tn ~ U ' 1 T ' Tn ^ * n_1 


hj: 


+ kn U-^>r(- 




), 1 < n < N. (3.4) 


By a direct computation we have 


U"(t) = l<n<N. 

fcn. 


(3.5) 


Observing that the function U (t) can be rewritten as 

- t 
k 


U (t) = U(t n _r) + k n \J n + - l ^C tn ” 1 ' 


+ fc w U»T 1 ( t tn ~ 1 ), t€J n , 

rbn. 


subtracting which from (3.4) we know 


u(t) - u (t) = u n_1 - u n_1 + k n (\] n r l - ur 1 ) ^ ,* ra 1 


, t g J n 


(3.6) 


Hence, 


U n - U n = U”- 1 - U”- 1 + -kl U", t G Jn, 


i.e., 


U n -U n = 2 ieJ n . 

m=l 

Moreover, by integration by parts and (3.3), it follows that 

f <U", w') M df = f (U", w') M dt + (Ur 1 - U- _1 , wr%, w g Vi(J n ), 

J Jn J Jn 

and use the variational equation in (2.1) we further have 

[ ((U", w') M + (CU' + KU - f, w')) dt, = 0, weVi l<n<N, 


(3.7) 


i.e., 


MU" + P o (CU' + KU-f) = 0, tGJ„, (3.8) 

where P q (q = 0, 1) stands for the (local) L 2 orthogonal projection operator on to H q (J n ) 
(cf. [1]), defined by 

[ (P q V - V, w)dt = 0, W €H q (J n ). (3.9) 


3.2 Error estimates 

Let || • ||, || • || m, II ■ lie and II ‘ || k be the norms (or seminorms) over M d , defined by the 
inner products (2.2), respectively. We further define 

IMIl-(G) = ess sup ||v(f)|| M , ||v|| L °° (G) = ess sup ||v(i)|| M -i, (3.10) 

M tec teG 

where M _1 is the inverse of the matrix M. We assume that for the given function /, the 
linear problem (2.10) has a unique solution satisfying that 

u G C([0, T]; M d ) fl C' 1 ([0, T]; R d ). 

Let e := u — U and R be the residual of U given by 

R(f) := M^(MU"(f) + CU'(f) + KU(f) - f(f)), t G J n , 1 < n < N. (3.11) 
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Theorem 3.1 Let u and U be the solution of (2.10) and (2.1), respectively. Let U be the 
reconstruction of U by (3.1). Then for any t £ [0,T], there holds 


max ||( u -U) / (t)||m < 2 / ||R(a)|| M da, 

0 <^<* Jo 

where R is given by (3.11). 

Proof. Subtracting (3.11) from (2.10) gives 

Me"(i) + C eft) + K e(t) = -MR(f). 

Then, we test (3.13) by e' and integrate over t £ [0, t\ to get 

[ ((e"(a), e'(a)) M + (e'(a), e'(a)) c + (e(a), e'(a)} K ) ds 
Jo 

= f (-R(a), e'(a)) M ds. 


(3.12) 


(3.13) 


(3.14) 


Moreover, using integration by parts and noting that e(0) = e'(0) = 0, we arrive at 

2 II® , ( t )IIm + II ( s ) II c ds + ^ l|e(7" ) ||jc = (— R(s), ^(s))m da, r£[0,t]. (3.15) 

Hence, it follows from (3.15) and the Cauchy-Schwarz inequality that 

1 ~ f T ~ _ 

^(max || e '(T)|| M ) 2 < max / |(R(s), e'(s)) M | ds 

Z 0 <r<t 0 <r<t J q 


< [ |(R(s), e'(s)) M | ds < max ||e'(r)|| M / ||R(s)||m da, 
Jo 0<T<t J 0 


which readily yields 


max ||e'(T)|| M < 2 / ||R(a)|| M da, 


0 <T<t 


as required. I 

Now, we proceed with the efficiency of the above a posteriori error estimates. 
Lemma 3.1 For t £ J n , 1 < n < N , 


(3.16) 


U (t) - iW(t) = (t- t n _i - -kn) U“. 


Moreover, for 1 < n < N, 
Furthermore, there holds 

rt 


\\(xj-vy\\ L ~ {Jn) = k n \\v"\\ L ~ {Jn) . 


2 / ||R(a)|| M da < £ -fcfj|KU( 3 )|| L ^_ i(Jm) + *A&||KU''|| L oo_ l(i7m) 

*'° m—1 ' 


+ l^||KU'|U»_ i(Jm) + kl\\ CU"|| ls _ l(Jm) 

+ 2 f ||f(a) — Pof(s)||M- 1 daV 

J Jm / 


(3.17) 


(3.18) 


(3.19) 
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Proof. First of all, recalling the definition of (Local) L 2 projection (3.9), we can deduce 
that 

P 0 U(t) = f U(s)ds = f (IT- 1 + (s - t n -i)U”)ds 
tin J J n tin J J n 

= u n ~ 1 + ^k n tsi, t€J n , 

SO 

u (t) - P 0 U(t) = (t- tn - 1 - \kn)t n _, t G Jn. (3.20) 

On the other hand, differentiating (3.6) with respect to the variable t directly yields 

(U — uy(t) = —(t — tej n , (3.21) 

which implies (3.18). 

Moreover, we have by (3.8) and (3.11) that 

MR = K(U - P 0 U) + C(U' - Po(U')) - (f - P 0 f)- (3.22) 

Write 

K(U - P 0 U) = K(U - U) + K(U - P 0 U), 
and owing to the fact thatPo(U / ) = U' we know 

C(U' - P 0 (U')) = C(U - U)'. 

Hence, the equation (3.22) can be reformulated as 

MR(s) = K(U - U)(s) + K(U - PqU)(s) + C(U - U)'(a) - (f - P 0 f)(s), 


which, in conjunction with (3.6), (3.20) and (3.21), yields the estimate (3.19). ■ 

Now, let us continue to discuss the lower and upper a posteriori error bound for the 
method (2.1). 

Theorem 3.2 (lower and upper bounds) Let u and U be the solution of (2.10) and 
(2.1), respectively. Let U be the reconstruction of U by (3.1). Then for t G [0, T\, 1 < n < 
N, 


max 

l<m<n 



< ll(u-U)'|| L oo(o, t ) + max ||(u-U)'(t)|| m 

< i max^ m ||U"|| L .( Jm) + 4 ^ ||R(s)|| m da, 


(3.23) 


where the a posteriori term R is given by (3.11). 

Proof. Using the triangle inequality and (3.18), we obtain 

= II( u -U)'IIl^(0,0 

< II (u - U)'|| L oc (0jt) + max || (u - U)'(r)|| M , 


(3.24) 
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which implies the left side estimate of (3.23). Again, by the triangle inequality, (3.18) and 
(3.16), we have 

|| (u - U)'|| L oc (0it ) < max || (u - U)'(t)I|m + ||(U - U)'(r)IUs3(o,t) 


< max /c m ||U // || L oo (Jm) + 2 / ||R(s)||m ds. 

l<m<n iVi ' 


(3.25) 


This together with (3.16) and (3.24) yields 


max || (u - U)'(t)|| m + II (u - U)'(t)I|l~(o,0 


< 1 ™ax n /c m ||U // || L oc (Jm) +4 / ||R(,)|| m ds, 

— — J 0 


which leads to the right side estimate of (3.23). 


4 An adaptive algorithm 


Motivated by Theorem 3.2 (cf. the estimate (3.25)), we are tempted to introduce a 
posteriori error estimator of the time-stepping method (2.1) for solving even a nonlinear 
problem (1.1) heuristically. That means, let 


77 := max k n 
l<n<N 


I IT' 


\L™(J n ) + 2 / URWIlMd* 


(4.1) 


where R is the residual of a nonlinear problem, defined by 


R (i) = MT 1 


MU"(t)+F(f,U(t),U , (f)) 


t € J n , 1 < n < N. 


Then the quantity r] may be viewed as a posteriori error estimator for the method (2.1). 
Until now, it is beyond our power to develop reliability and efficiency estimates for such an 
estimator. 

Based on the above error estimator, using the error equidistribution strategy as used 
in [4,20], we can construct the error indicator corresponding to the subinterval J n as 

0 := 2 max{ ©i, ©2 } , (4-2) 

where 

©i := fe n ||U // || L oo( Jn ), @2 := 2— I ||R(s)|| M ds. 

Tl J J fi 

The magnitude of 0 affects the choice of k n , the length of the subinterval J n . 

Next, let us study how to compute the quantities ©i and ©2 after we get U ? 1 at each 
time step by (2.1). First of all, from (3.5) and the definition of ©i, we have 

©i = ||U" - U” -1 ||m . 

For deriving © 2 , we should obtain R(t) in advance. It follows from (3.4) that 

u(t) = u(tn-i) + k ur^o(0 + kjnQiit), 

u'(t) = ur^i - 0 + U”?, U"(t) = -*-(-UT _1 + u”), 

h n 


(4.3) 


(4.4) 
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where £ = (t — t n - i)/k n and <i>o, '1*1 are defined as in (3.2). 

Furthermore, in actual computation, we will use the Gaussian quadrature formula (cf. 
[23]) to evaluate 02 numerically. In other words, for t € J n , 1 < n < N, 



where Q and Uj (1 < j < N g ) are the Gaussian quadrature points and weights on reference 
interval [0, 1], respectively. 

Remark 4.1 Let us discuss the cost of computing 02 briefly. It is evident that the cost is 
taken in numerical integration by Gaussian quadrature formula (4.5). Since the quadrature 
method is highly accurate, very few nodes are enough for actual computation ( with the 
number < 10/. Next, we have to evaluate ||R(-)||m at the quadrature nodes, the main cost of 
which corresponds to numerical solution of a linear system with M as a coefficient matrix. 
Generally speaking, the mass matrix M is a well- conditioned symmetric positive definite 
matrix, so the linear system can be solved by the conjugate gradient method very efficiently. 
According to the above analysis, we find that the cost for computing 02 is inexpensive. 

With the help of the previous preparations and using some ideas implied in the Runge- 
Kutta-Felberg method (cf. [23]), we are ready to present the following Algorithm 1 to 
compute the numerical solution of the problem (1.1) by using the adaptive time-stepping 
strategy. 


Algorithm 1 Adaptive Time Stepping Method 

Given a tolerance e, a parameter <5 € (0, 1), and the max (min) time step size k m ax (k ™ in ) 
by user 

• Step 0: Initialize n = 1, to = 0, k\ = fc max ■ U° = uo, U 0 . = vo 
WHILE f„_ i < T 
Step 1: Given t. n -u k n , U n_1 , U™ -1 

1(a): Get the numerical solution U n , U" by (2.7) 

1(b): Get the approximation U n by (3.4) 

1(c): Evaluate 0i by (4.3) 

1(d): Get R(t) at Gaussian quadrature points by (4.4) and (3.11) 

1(e): Summation to get the value of 02 by (4.5) 

1(f): Get 0 by (4.2) 

Step 2: If Se < 0 < e, k n+ \ = k n , go to Step 5 

Step 3: If 0 < Se, k n+ \ = min{2fe n , /c max }, go to Step 5 

Step 4: If 0 > e, k n = max{fc n /2, k m \ n }, go to Step 1 

Step 5 : Let t n = t n - 1 + k n , n = n + 1, go to loop condition judgment 

END WHILE 


Remark 4.2 Similar to the Runge-Kutta-Felberg method (cf. [23]), the parameter 5 £ (0, 1) 
in Algorithm 1 is used to determine how to enlarge the step size during the computation 
process (see Step 3 in Algorithm 1). The choice of S is very technical. If 6 is chosen too 
small, the over-refined meshes would be used in time, deteriorating the efficiency of Algo- 
rithm 1. If it is chosen too large, the algorithm would enlarge the step size more frequently, 
increasing the extra computational cost remarkably. From our numerical experience, it’s 
better to choose 5 such that 1/32 < <5 < 1/2. 
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5 Numerical experiments 

5.1 Efficiency of the estimators 

Example 5.1 (Nonlinear lumped mass system) For illustrating the effectiveness of 
the a posteriori error estimates developed in the previous sections, we first study the vi- 
bration of a multi- structure model, a similar one as given in [3]. As shown in Figure 3, the 
structure consists of two rigid elements (vehicles) with lumped masses equal to m\ and m 2 , 
respectively; these elements are connected with each other by soften, classical and harden 
springs with linear damping. And the restoring force of these springs are given as follows: 


Soften Spring Harden Spring 



Classical Spring (k c ) : 
Softening Spring (k s ) : 
Hardening Spring (kff) : 


fc = -Atirt, (5.1) 

fs = -K 2 tanh(«), (5.2) 

fh = At3'u(l + At 4lt 2 ). (5.3) 


In our actual computation, we choose m± = m 2 = 1, and choose the spring stiffness as 
Ati = At 2 = At 3 = 1. The damping coefficients are taken as c\ = C 2 = 1. Hence by d 
Alembert's principle, we can get the following system of nonlinear dynamic equations, 

( Mt)\" = ( Ciu[(t) + /a(«l(t)) + fc{ui(t)) - fc(u 2 (t )) - ( , 

[u 2 (t)J \C 2 u' 2 (t) + f h (u 2 (t)) + fc(u 2 (t)) - fc(ui(t)) - f 2 (t)J ’ 

where f\ and f 2 are the external forces. We choose T = 1 and the exact solution to be 
u(f) = (iti,it2) T = (sin(7rf), sin(27rf)) T , so the force term f can be computed by the equations 
(5.4). We solve the solution of the dynamical system by the method (2.1) combined with 
the right side scheme (2.7). 

In our numerical computation, for a given natural number N, we adopt the uniform 
partition in time with the mesh size k = T/N, 1 < n < N . To show the computational 
performance of our method, define 


Ed = [|(u- U)'(r)|| M , 

Etd = max ||(u — U)'(r)|| M , 


Et = 0 <t<T ~ ’ 

£1 = 2 I ||R(s)|| m ds , 

Jo 


£2= max k n \\XJ''\\r°°( j , 
0<n<N " 


e 3 = a? = 2e! + £2 ■ 


Effld 


g2 

Ed + Etd’ 


Effud 


£3 

Ed + Etd 


In Figure 4(a) we present the values of Et and £1 as well as their orders (which are 1). 
In Figure 4(b) we give the estimates of the reconstruction solution Et and Etd as well as 
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log 2 (l/fc) 


(c) Lower and Upper bound 


Figure 4: Example 5.1. Numerical results corresponding to estimators in Theorem 3.12 and 
Theorem 3.2. 


their orders. Moreover, we present the values of these effectivity indices in Figure 4(c), from 
which we can observe that 0.77 ~ Effld < 1 < Effud ~ 3.98. Therefore, our a posteriori 
error estimator (4.1) is rather efficient. 

5.2 Efficiency of the adaptive algorithm 

Example 5.2 (Nonlinear Klein-Gordon equation) In order to test the effectiveness 
of our adaptive Algorithm 1, we consider the nonlinear Klein-Gordon equations (cf. [8]), 

u tt (x, t ) - A«(x, t) + /3u t (x, t) + u 2 (x, t) = /(x, t), 

equipped with the homogeneous Dirichlet boundary condition and the initial conditions. Af- 
ter the discretization by P\ conforming element in the space direction, we obtain the follow- 
ing system of nonlinear ODEs, 

( Mu "(t) + Cu'(t) + Ku(t) + Mu 2 (i) = f (t), 0 <t<T, 

{ u(0) = u 0 , u'(0) = v 0 , 

where u is the vector representation of the finite element solution Uh in terms of the shape 
basis functions {g>i}, i.e., Uh(x,t ) = The ^ass matrix M, the stiff ma- 

trix K., the damping matrix C and the force F are defined respectively by [M],j = ipjipidQ, 
[K]jj = f n Vipj -Vifidfl, [C\ij = (3 and {f}* = f Q f(t)ipidfl. In the numerical 

computation, we choose the damping coefficient f3 = 0.05 and the terminal time T = 1.0. 
Consider the 1-dim case of the above problem with the force f given such that the exact 
solution is 

u(x , t ) = e~*/ 2 x(l — x) sin((1.57r + actan(500(2i — l))x), 0 < x < 1, 

which varies rapidly around t = 0.5. After the discretization in space direction with a 
fine uniform mesh h = 1/5000, we solve the semi-discrete problem by using Algorithm 
1 combined with the semi-side scheme (2.9) with F split into F h ’ := Cu' + Ku — f and 
F l := Mu 2 , so that we only require to solve a linear system at each time subinterval. When 
implementing Algorithm 1 in this example, we set the related parameters by e = 2.5e — 1, 
5 = 1/2, fc ma v = le — 1 and k m ; n = 2e — 4. 

To show the efficiency of Algorithm 1, we also carry out the numerical simulation using 
the uniform time stepping method with the same number of subintervals as for the adaptive 
method. The numerical solution obtained by the uniform time stepping method with k = 
fc min /100 is used as a reference solution. 
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(a) Time steps of Alg. 1 (b) Numerical solution of Alg. 1 



(c) Numerical solution with uniform (d) Reference solution 

stepsize 


Figure 5: Example 5.2. Comparison of numerical results. 


From Figure 5(a) we can see the time step size becomes extremely small around t = 0.5 
in order to capture the rapid change of the solution, and the step size will become large 
automatically when the solution varies slowly, which illustrates the efficiency of Algorithm 
1. The numerical results with Algorithm 1 and the uniform time stepping method, and the 
reference solution are shown in Figures 5(b), 5(c) and 5(d), respectively, from which we 
may find that the adaptive method can approximate the exact solution very well even if it 
varies rapidly, but the uniform time stepping method fails. We mention further that for the 
adaptive method in this example, the total CPU time used is approximately 147.1 s, while 
the one for computing 0 is only 7.4 s, only covers a very small amount of the total time. 
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Abstract 

Here we produce an interesting fractional means scalar inequality. 
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We make 


Remark 1 Let v > 0, n := \v\ (\ •] ceiling of the number), f (-, y) € AC n ([a, b ]), 
V y € [c, d] (it means 9 dx l-i v ' > € AC ([a, b]), V y € [c, d\). Then the left Caputo 
partial fractional derivative with respect to x, is given by (see [1], p. 270) 


d*af{x,y) 

dx v 


T(n-v) 


f X (x-t) 
J a 


i-u -1 d n f(t,y) 
dx n 


dt, 


(1) 


V y £ [c,d], and it exists almost everywhere for x in [a, b], T denotes the gamma 
function. 

Then, we get the left. Caputo fractional Taylor formula ([2], p. 54) 


f (x, y ) 


d k f (a, y) 




t) 


l 


dfgf {t, y) 

dx u 


( 2 ) 


[a,6], for each y € [c, d] . 

Above ( (x - t) u _1 d * a g^' v) € AC n ([a, b}), V y € [c, d\ . 

Let now f (x, •) € AC n ([c, d\), V x G [a, b } (it means 9 € AC ([c, d]), 

V i € [a, b]). Then the left Caputo partial fractional derivative with respect to 
y, is given by 


d*cf (x, y) 
dy u 


1 


T(n-v) 


rv 

/ {y - s) 

J c 


t-v-! d n f (x, s) 
dy n 


ds, 


(3) 


[a,i], and it exists almost everywhere for y in [c, d] . 
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Then, we get the left. Caputo fractional Taylor formula 

f <* »> - E ^ <» -<=>* + rp f - * r 1 (4) 


V y G [c, d] , /or eacft x G [a, 6] . 
Above ^ 

Assume 


Above ^ f y (y — s)" 1 ds ) € AC n ([c, d]), Vie [a, b] . 


d k f(a,y) 

dx k 


we get 


= 0, for k = 1, n — 1, V y £ [c, d] 


-1 d^ a f(t,y) 


dx v 


f {x, y) - f (a, y) = — J (x-t) 

Additionally assume f (a, y) = 0, V y G [c, d\, then 

f (*, y) = Yjy)[ { - X - t)V ~ x KJ {t ' v) 


dt. 


dx v 


dt, 


V y G [c, d ] , V x G [a, b] . 
Assume 


we get 


9 = f or k = n ~ V a; G [a, 6] 


f{x,y)-f(x,c) = (y-fi)" 1 d * cf d P^ ds ’ 


V y € [c,d], Vie [a, 6] . 

Additionally assume that f (x, c) = 0, V x € [a, 6], i/ien 


flx ' y) = ml (s ~ s) 


/-i d*J (x, s) 

dy v 


ds, 


V y G [c,d], ViG [a, 6] . 

Assuming (5) and (8), we get 


2/ (z,2/) - f {a, y) - f(x,c) = 


1 


rM U„ 


r /■% w ^ , r, 


.-1 dfj (x , s) 
dy v 


(5) 

( 6 ) 

(7) 


( 8 ) 

(9) 


( 10 ) 


ds L (11) 


V x G [a, 6] , V y G [c, d] . 

Additionally assume that f (a,y) = 0, V y G [c, d], and f(x,c) = 0, V 
a: G [a, &], we obtain 

t , ^ i f r, % a f fry) ^ , /■% (*,«) J i 

^ = 2I>) \/ * ~d?— dt + l (y - s ) —dj —‘ */’ 

( 12 ) 
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V x € [a, b] , V y G [c, d\ . 

We can rewrite (11) as follows: 


f ( x i y) - 


{ f{a,y) + f(x,c ) 


1 

2T>) 


(x-t) + ( « -») — < 13 > 


V a; € [a, 6] , V y € [c, d] . 

If 0 < v < 1, then n = 1, and (13) is valid without (5) and (8), which in 
this case are void conditions. 

Call 

( f(a,y) + f{x,c)' 


&f(x,y) := f (x, y) - 
Assume f £ C ([a, b\ x [c,d]), then 


V 


(14) 


pb pd po pa 

/ / A f (x, y ) dxdy = / f(x,y) dxdy 

J a J c J a J c 

( (b-a) ff f (a, y) dy + (d - c) / Q b / (x, c) da;' 


6 rd 


(15) 


Hence it holds 


(■ b — a) (d — 


~T1 1 l f A/ (x, y) dxdy = 

\ yd C) J a J c 


n d 

f (x, y) dxdy- 
(16) 


( b — a) (d— c) 
( 3 = 7 ) 5c f (°> V) d V + ( 5 = 3 ) 5a f (*> c ) 


Assume now that 

Clearly, it holds 
1 


9* a f(x,y) d"J(x,y) 


dx v 


dy v 


€ C ([a, 6] x [c, d\) 


(17) 


I A/ (x, y)| < 


2T(n) 


( x ~ tf 


KafKv) 


dx v 


f y 

dt+ (y- s Y 

J C 


Kef (x, s) 


dy v 


1 J 

f (a; - a) 1 " 

Kaf 

Av-c) v 

Kef 

2r (!/) 1 

l * 

dx v 

K - 

dy u 


l 

2T(v + l) 


(h-a) 1 


Kaf 

dx v 


+ (d - c) 1 


< 


ds } < 
(18) 


Kef 

dy v 
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That is 
\Af(x,y)\ < 
Hence 


2T (u + 1 ) 


(b — a) 1 


K„j 


l 

(b — a) (d — c ) 
1 

(■ b — a) (d — c) 
We have derived: 


dx v 


n d 

Af (x, y) dxdy 

pb pd 

/ / \Af (x,y)\dxdy < A. 

J a J c 


+ {d — c) 1 


K C S 


dy v 


< 


=:A. (19) 


Theorem 2 Let v > 0, n := \v\, f (-,y) G AC n ([a,b]), V y G [ c, d ] ; and 
G AC n ([c,d\), V x G [a, b\. Assume 9 = 0, fork = 

V y G [c, d] ; and 9 = 0, /or k = 1, ...,n - 1, V i G [a, 6] . Furthermore, 

assume f G C ([a, 6] x [c, d]) and d * a Q^’ v ' 1 , G C ([a, 6] x [c, d]) . Tden 

jT [ d f (x, „) - ( AAffMFpk !“/(“• ^ 


(6 — a) (d — c) 


< 


2r(i/ + i) 


(&- a) 1 


dU 

dx v 


+ (d - c) 1 


sw 

dy" 


( 20 ) 
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